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PREFACE TO THE SECOND EDITION 


In preparing the second edition of this volume, an effort 
has been made to adapt the book to the teaching requirements 
of our engineering schools. 

With this in view, a portion of the material of a more 
advanced character which was contained in the previous edi- 
tion of this volume has been removed and will be included in 
the new edition of the second volume. At the same time, 
some portions of the book, which were only briefly discussed 
in the first edition, have been expanded with the intention of 
making the book easier to read for the beginner. For this 
reason, chapter II, dealing with combined stresses, has been 
entirely rewritten. Also, the portion of the book dealing with 
shearing force and bending moment diagrams has been ex- 
panded, and a considerable amount of material has been added 
to the discussion of deflection curves by the integration 
method. A discussion of column theory and its application 
has been included in chapter VIII, since this subject is usually 
required in undergraduate courses of strength of materials. 
Several additions have been made to chapter X dealing with 
the application of strain energy methods to the solution of 
statically indetermined problems. In various parts of the 
book there are many new problems which may be useful for 
class and home work. 

Several changes in the notations have been made to con- 
form to the requirements of American Standard Symbols for 
Mechanics of Solid Bodies recently adopted by The American 
Society of Mechanical Engineers. 

It is hoped that with the changes made the book will be 


. found more satisfactory for teaching the undergraduate 


course of strength of materials and that it will furnish a better 
foundation for the study of the more advanced material 
discussed in the second volume. 
S. TIMOSHENKO 
Pato ALTO, CALIFORNIA 


June 13, 1940 
iii 





PREFACE TO THE FIRST EDITION 


At the present time, a decided change is taking place in 
the attitude of designers towards the application of analytical 
methods in the solution of engineering problems. Design is 
no longer based principally upon empirical formulas. The im- 
portance of analytical methods combined with laboratory 
experiments in the solution of technical problems is becoming 
generally accepted. 

Types of machines and structures are changing very rap- 
idly, especially in the new fields of industry, and usually time 
does not permit the accumulation of the necessary empirical 
data. The size and cost of structures are constantly increas- 
ing, which consequently creates a severe demand for greater 
reliability in structures. The economical factor in design 
under the present conditions of competition is becoming of 
growing importance. The construction must be sufficiently 
strong and reliable, and yet it must be designed with the 
greatest possible saving in material. Under such conditions, 
the problem of a designer becomes extremely difficult. Re- 
duction in weight involves an increase in working stresses, 
which can be safely allowed only on a basis of careful analysis 
of stress distribution in the structure and experimental investi- 
gation of the mechanical properties of the materials em- 
ployed. 

It is the aim of this book to present problems such that the 
student’s attention will be focussed on the practical applica- 
tions of the subject. If this is attained, and results, in some 
Measure, in increased correlation between the studies of 
strength of materials and engineering design, an important 
forward step will have been made. 

The book is divided into two volumes. The first volume 
contains principally material which is usually covered in 
required courses of strength of materials in our .engineering 
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schools. The more advanced portions of the subject are of 
interest chiefly to graduate students and research engineers, 
and are incorporated in the second volume of the book. This 
contains also the new developments of practical importance in 
the field of strength of materials. 

In writing the first volume of strength of materials, atten- 
tion was given to simplifying all derivations as much as 
possible so that a student with the usual preparation in math- 
ematics will be able to read it without difficulty. For example, 
in deriving the theory of the deflection curve, the area moment 
method was extensively used. In this manner, a considerable 
simplification was made in deriving the deflections of beams for 
various loading and supporting conditions. In discussing 
statically indeterminate systems, the method of superposition 
was applied, which proves very useful in treating such problems 
as continuous beams and frames. For explaining combined 
stresses and deriving principal stresses, use was made of the 
Mohr’s circle, which represents a substantial simplification in 
the presentation of this portion of the theory. 

Using these methods of simplifying the presentation, the 
author was able to condense the material and to discuss some 
problems of a more advanced character. For example, in 
discussing torsion, the twist of rectangular bars and of rolled 
sections, such as angles, channels, and I beams, is considered. 
The deformation and stress in helical springs are discussed in 
detail. In the theory of bending, the case of non-symmetrical 
cross sections is discussed, the center of twist is defined and 
explained, and the effect of shearing force on the deflection of 
beams is considered. The general theory of the bending of 
beams, the materials of which do not follow Hooke’s law, is 
given and is applied in the bending of beams beyond the yielding 
point. The bending of reinforced concrete beams is given 
consideration. In discussing combinations of direct and bend- 
ing stress, the effect of deflections on the bending moment is 
considered, and the limitation of the method of superposition 
is explained. In treating combined bending and torsion, 
the cases of rectangular and elliptical cross sections are dis- 
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cussed, and applications in the design of crankshafts are 
given. Considerable space in the book is devoted to methods 
for solving elasticity problems based on the consideration of 
the strain energy of elastic bodies. These methods are ap- 


. plied in discussing statically indeterminate systems. The 


stresses produced by impact are also discussed. All these 
problems of a more advanced character are printed in small 
type, and may be omitted during the first reading of the book. 

The book is illustrated with a number of problems to 
which solutions are presented. In many cases, the problems 
are chosen so as to widen the field covered by the text and to 
illustrate the application of the theory in the solution of design 
problems. It is hoped that these problems will be of interest 
for teaching purposes, and also useful for designers. 

The author takes this opportunity of thanking his friends 
who have assisted him by suggestions, reading of manuscript 
and proofs, particularly Messrs. W. M. Coates and L. H. 
Donnell, teachers of mathematics and mechanics in the 
Engineering College of the University of Michigan, and Mr. 
F. L. Everett of the Department of Engineering Research 
of the University of Michigan. He is indebted also to Mr. 
F. C. Wilharm for the preparation of drawings, to Mrs. E. D. 
Webster for the typing of the manuscript, and to the Van 
Nostrand Company for its care in the publication of the book. 


S. TIMOSHENKO 
ANN ARBOR, MICHIGAN 
May 1, 1930 





NOTATIONS 


Gz, Cy, ¢z.... Normal stresses on planes perpendicular to x, y 


and z axes. 

Opo ciris Normal stress on plane perpendicular to direction 
n. 

OYP oenn. Normal stress at yield point. 

DOSER RAN Normal working stress 

Sete isa Shearing stress 


Tav Tuz Tex. . Shearing stresses parallel to x, y and z axes on the 
planes perpendicular to y, z and x axes. 


Ces vadedend Working stress in shear 

TETEE Total elongation, total deflection 

Cine De Ea Unit elongation 

Ezy Eyy €z... Unit elongations in x, y and z directions 

o A Unit shear, weight per unit volume 

E..........Modulus of elasticity in tension and compression 

Gorre tand Modulus of elasticity in shear 

E ETEA Poisson’s ratio 

a EES Volume expansion 

}, eee Modulus of elasticity of volume 

Mireasa Torque 

| ee Bending moment in a beam 

Fates Shearing force in a beam 

Ts RE GET eh Cross sectional area 

y NA Pe enna Moments of inertia of a plane figure with respect 
to y and z axes 

ky Se Radii of gyration corresponding to J,, J; 

te eee Polar moment of inertia 

, Section modulus 

Crs ace ales Torsional rigidity 

DIE site irate Length of a bar, span of a beam 

T atte eae Concentrated forces 


eer ae Temperature, thickness 
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NOTATIONS 


Coefficient of thermal expansion, numerical coef- 
ficient 

Strain energy 

Strain energy per unit volume 

Depth of a beam, thickness of a plate 

Load per unit length 

Angles 

Pressure 

Diameters 


.. Radii 


Weight, load 
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STRENGTH OF MATERIALS 
PART I 


CHAPTER I 


TENSION AND COMPRESSION WITHIN THE ELASTIC LIMIT 


1. Elasticity.—We assume that a body consists of small 
particles, or molecules, between which forces are acting. 
These molecular forces resist the change in the form of the 
body which external forces tend to produce. If such external 
forces are applied to the body, its particles are displaced and 
the mutual displacements continue until equilibrium is estab- 
lished between the external and internal forces. It is said 
in such a case that the body is in a state of strain. During 
deformation the external forces acting upon the body do 
work, and this work is transformed completely or partially 
into the potential energy of strain. An example of such an 
accumulation of potential energy in a strained body is the 
` case of a watch spring. If the forces which 
produced the deformation of the body are 
‘now gradually diminished, the body returns 
wholly or partly to its initial shape and dur- 
ing this reversed deformation the potential 
` energy of strain, accumulated in the body, 
may be recovered in the form of external 
work, 

Take, for instance, a prismatical bar 
loaded at the end as shown in Fig. 1. 
Under the action of this load a certain elon- 
gation of the bar will take place. The point of application 
of the load will then move in a downward direction and 
Positive work will be done by the load during this’ motion. 

1 
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When the load is diminished, the elongation of the bar dimin- 
ishes also, the loaded end of the bar moves up and the poten- 
tial energy of strain will be transformed into the work of 
moving the load in the upward direction. . 

The property of bodies of returning, after unloading, to 
their initial form is called elasticity. Itis said that the body 
is perfectly elastic if it recovers its original shape completely 
after unloading; it is partially elastic if the deformation, 
produced by the external forces, does not disappear com- 
pletely after unloading. In the case of a perfectly elastic 
body the work done by the external forces during deformation 
will be completely transformed into the potential energy of 
strain. In the case of a partially elastic body, part of the 
work done by the external forces during deformation will be 
dissipated in the form of heat, which will be developed in the 
body during the non-elastic deformation. Experiments show 
that such structural materials as steel, wood and stone may 
be considered as perfectly elastic within certain limits, which 
depend upon the properties of the material. Assuming that 
the external forces acting upon the structure are known, it is 
a fundamental problem for the designer to establish such 
proportions of the members of the structure that it will 
approach the condition of a perfectly elastic body under all 
service conditions. Only under such conditions will we have 
continued reliable service from the structure and no permanent 
set in its members. 

2. Hooke’s Law.—By direct experiment with the exten- 
sion of prismatical bars (Fig. 1) it has been established for 
many structural materials that within certain limits the elon- 
gation of the bar is proportional to the tensile force. This 
simple linear relationship between the force and the elonga- 
tion which it produces was first formulated by the English 
scientist Robert Hooke ! in 1678 and bears his name. Using 
the notation: 


P = force producing extension of bar, 
/ = length of bar, 


1 Robert Hooke, De Potentia restitutiva, London, 1678. 
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A = cross sectional area of bar, 

ô = total elongation of bar, 

E = elastic constant of the material, called its Mod- 
ulus of Elasticity, 


Hooke’s experimental law may be given by the following 
equation: 


ô = JE: (1) 


The elongation of the bar is proportional to the tensile force 
and to the length of the bar and inversely proportional to 
the cross sectional area and to the modulus of elasticity. 
In making tensile tests precautions are usually taken to secure 
central application of the tensile force. In this manner any 
bending of the bar will be prevented. Excluding from con- 
sideration those portions of the bar in the vicinity of the 
applied forces? it may be assumed that during tension all 
longitudinal fibers of the prismatical bar have the same 
elongation and the cross sections of the bar originally plane 
and perpendicular to the axis of the bar remain so after 
extension. 

In discussing the magnitude of internal forces let us im- 
agine the bar cut into two parts by a cross section mn and 
let us consider the equilibrium of the lower portion of the 
bar (Fig. 1, 4). At the lower end of this portion the tensile 
force P is applied. On the upper end there are acting the 
forces representing the action of the particles of the upper 
portion of the strained bar on the particles of the lower 
portion. These forces are continuously distributed over the 


- cross section. A familiar example of such a continuous dis- 


tribution of forces over a surface is that of a hydrostatic 
pressure or of a steam pressure. In handling such continu- 
ously distributed forces the intensity of force, i.e., the force per 
unit area, is of a great importance. In our case of axial 
tension, in which all fibers have the same elongation, the 


2 The more complicated stress distribution near the points of appli- 
cation of the forces will be discussed later in Part II. 
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distribution of forces over the cross section mn will be uni- 
form. Taking into account that the sum of these forces, 
from the condition of equilibrium (Fig. 1, 4), must be equal 
to P and denoting the force per unit of cross sectional area 
by c, we obtain 


EEA (2) 


This force per unit area is called stress. In the following, 
the force will be measured in pounds and the area in square 
inches so that the stress will be measured in pounds per square 
inch. The elongation of the bar per unit length is deter- 
mined by the equation 


(3) 


and is called the unit elongation or the tensile strain. Using 
eqs. (2) and (3), Hooke’s law may be represented in the 
following form: 


M 
ll 
~ | D 


o 


eS ee (4) 


and the unit elongation is easily calculated provided the stress 
and the modulus of elasticity of the material are known. The 
unit elongation e is a pure number representing the ratio of 
two lengths (see eq. 3); therefore, from eq. (4), it may be 
concluded that the modulus of elasticity is to be measured in 
the same units as the stress g, i.e., in pounds per square inch. 
In Table I, which follows, the average values of the modulus 
E for several materials are given in the first column.® 

Equations (1)—(4) may be used also in the case of the com- 
pression of prismatical bars. Then 6 will denote the total 
longitudinal contraction, e the compressive strain and o the 
compressive stress. The modulus of elasticity for compression 
is for most structural materials the same as for tension. In 
calculations, tensile stress and tensile strain are considered 
as positive, and compressive stress and strain as negative. 





3 More details on the mechanical properties of materials are given in 
Part II. 5 
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TABLE 1: 
MECHANICAL PROPERTIES oF MATERIALS 














Materials E Yield Point Ultimate Strength 
lbs./in.? Ibs./in.? Ibs. /in.? 

Structural carbon steel 0.15 to 

0.25% carbon.............. 30 X 10°] 30 X 108-40 X 108 | 55 X 10%-65 X 10 
Nickel steel 3 to 3.5% nickel. . .| 29 X 10°] 40 X 10%50 X 103 | 78 X I0%~I00 X Io? 
Duraluminum................ To X 10| 35 X 10% 45 X 108 | Sg X 108-65 X 10 
Copper, cold rolled............ 16 X 108 28 X 10%40 X 10 
Glasse Raa Io X 108 3-5 X 103 
Pine, with the grain........... 1.5 X 108 8 X 10%20 X 108 
Concrete, in compression....... 4 X tof 3 X 103 

Problems 


_ 1, Determine the total elongation of a steel bar 25 in. long, if the 
tensile stress is equal to 15 X 10% Ibs. per sq. in. 
Answer. 


b=exX/=—i- atin 
2,000 80 





_ _.2. Determine the tensile force on a cylindrical steel bar of one 
inch diameter, if the unit elongation is equal to .7 X 107%, 
Solution. The tensile stress in the bar, from eq. (4), is 


g = e E = 21 X 108 lbs. per sq. in. 
The tensile force, from eq. (2), is 


P =ø- A= 21 X i108 xt = 16,500 lbs. 


3- What is the ratio of the moduli of elasticity of the materials 
of two bars of the same size if under the action of equal tensile forces 
the unit elongations of the bars are in the ratio 1 : 15/8. Determine 
these elongations if one of the bars is of steel, the other of copper and 
the tensile stress is 10,000 Ibs. per sq. inch. 

Solution. The moduli are inversely proportional to the unit 
elongations. For steel 





for copper 
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4. A prismatical steel bar 25 in. long is elongated 1/40 in. under 
the action of a tensile force. Find the magnitude of the force if 
the volume of the bar is 25 in. 

5. A piece of wire 100 ft. long subjected to a tensile force 
P = 1,000 lbs. elongates by 1 in. Find the modulus of elasticity of 
the material if the cross-sectional area of the wire is 0.04 sq. in. 


3. The Tensile Test Diagram.—The proportionality be- 
tween the tensile force and the elongation holds only up to 
a certain limiting value of the tensile stress, called the /imit 
of proportionality, which depends upon the properties of the 
material. Beyond this limit, the relationship between the 
elongation and the tensile stress becomes more complicated. 
For such a material as structural steel the proportionality 
between the load and elongation holds within a considerable 
range and the limit of proportionality may be taken as high 
as 25 X 10%30 X 10% Ibs. per sq. 
in. For such materials as cast iron 
or soft copper the limit of propor- 
tionality is very low, that is, devia- 
tions from Hooke’s law may be 
(a) noticed at a low tensile stress. In 
investigating the mechanical prop- 
erties of materials beyond the limit 
of proportionality the relationship 
between the strain and the corre- 
sponding stress is usually presented 
graphically by the sensile test dia- 
gram. Figure 2 (a) presents a typ- 
ical diagram for structural steel. 
Here the elongations are plotted 
along the horizontal axis and the 
corresponding stresses are given 
A by the ordinates of the curve 

ii OABCD. From O to 4 the stress 
and the strain are proportional; beyond < the deviation from 
Hooke’s law becomes marked; hence the stress at 4 is the 
limit of proportionality. Upon loading beyond this limit the 
elongation increases more quickly and the diagram becomes 


@ 


Tensile Test Diagrams 
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curved. At B a sudden elongation of the bar takes place 
without an appreciable increase in the tensile force. This 


phenomenon, called yielding of the metal, is shown in the 


diagram by an almost horizontal portion of the curve. The 
stress corresponding to the point B is called the yield point. 
Upon further stretching of the bar, the material recovers 
and, as is seen from the diagram, the necessary tensile force 
increases with the elongation up to the point C, at which 
this force attains its maximum value. The corresponding 
stress is called the u#imate strength of the material. Beyond 
the point C, elongation of the bar takes place with a dim- 
inution of the load and finally fracture occurs at a load 
corresponding to point D of the diagram. | 

It should be noted that the stretching of the bar is con- 


` nected with the lateral contraction but it is an established 


practice in calculating the yield point and the ultimate 
strength to use the initial cross sectional area 4. This ques- 
tion will be discussed later in more detail (see Part II). 
Figure 2 (4) represents a tensile test diagram for cast iron. 
This material has a very low limit of proportionality 4 and 
has no definite yield point. 
Diagrams analogous to those in tension may be obtained 


- , also for compression of various materials and such charac- 


teristic points as the limit of proportionality, the yield point, 
in the case of steel, and the ultimate strength for compression 
can be established. The mechanical properties of materials 
in tension and compression will be discussed later in more 
detail (see Part II). 

4. Working Stress.—A tensile test diagram gives very 


-valuable information on the mechanical properties of a ma- 


terial. Knowing the limit of proportionality, the yield point 
and the ultimate strength of the material, it is possible to 
establish for each particular engineering problem the magni- 
tude of the stress which may be considered as a Safe stress. 
This stress is usually called the working stress. 

“This limit can be established only by using very sensitive exten 


Someters in measuring elongations. See Griineisen, Berichte d. deutsch. 
dhys. Gesellschaft, 1906. 
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In choosing the magnitude of the working stress for steel 
it must be taken into consideration that at stresses below 
the limit of proportionality this material may be considered 
as perfectly elastic and beyond this limit a part of the strain 
usually remains after unloading the bar, i.e., permanent set 
occurs. In order to have the structure in an elastic condition 
and to remove the possibility of a permanent set, it is usual 
practice to keep the working stress well below the limit of 
proportionality. In the experimental determination of this 
limit, sensitive measuring instruments (extensometers) are 
necessary and the position of the limit depends to some extent 
upon the accuracy with which the measurements are made. 
In order to eliminate this difficulty one takes usually the 
yield point or the ultimate strength of the material as a basis 
for determining the magnitude of the working stress. De- 
noting by ow, ¢yp and ou respectively the working stress, the 
yield point and the ultimate strength of the material, the 
magnitude of the working stress will be determined by one 
of the two following equations: 


Cw = eR or ow = 7s. (5) 
n 

Here n and n, are factors usually called factors of safety, which 
determine the magnitude of the working stress. In the case 
of structural steel, it is logical to take the yield point as the 
basis for calculating the working stress because here a con- 
siderable permanent set may occur, which is not permissible 
in engineering structures. In such a case a factor of safety 
n = 2 will give a conservative value for the working stress 
provided that only constant loads are acting upon the struc- 
ture. In the cases of suddenly applied loads, or variable 
loads, and these occur very often in machine parts, a larger 
factor of safety becomes necessary. For brittle materials 
such as cast iron, concrete, various kinds of stone and for 
such material as wood, the ultimate strength is usually taken 

as a basis for determining the working stresses. 
The magnitude of the factor of safety depends very much 
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upon the accuracy with which the external forces acting upon 
a structure are known, upon the accuracy with which the 
stresses in the members of a structure may be calculated and 
also upon the homogeneity of the materials used. This im- 
portant question of working stresses will be discussed in more 
detail later (see Part II). Here we will include several simple 
examples of the determination of safe cross sectional dimen- 
sions of bars, assuming that the working stress is given. 


Problems 


1. Determine the diameter d of the steel bolts N of a press for a 
maximum compressive force P = 100,000 Ibs. (Fig. 3), if the working 
stress for steel in this case is ew = 10,000 
Ibs. per sq. in. Determine the total 
elongation of the bolts at the maximum 
load, if the length between their heads is 
l= goin. 

_ Solution. The necessary cross sec- 
tional area, from eq. (2), 










ET 30-108 60°" Fic. 3. 


2. A structure consisting of two 
equal steel bars (Fig. 4) 15 feet 
long and with hinged ends is sub- 
mitted to the action of a vertical 
load P. Determine the necessary 
Pp s cross sectional areas of the bars 

and the deflection of the point B 

@ when P = 5,000 lbs., oy = 10,000 

Fic. 4. Ibs. per sq. in. and the initial angle 

ro of inclination of the bars 0 = 30°. 
olution, From Fig. 4 (b), representing the condition for equi- 
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librium of the hinge B, the tensile force in the bars is 


P 


ary for 6 = 30°; S = P = 5,000 lbs. 


The necessary cross sectional area 


The deflection BB, will be found from the small right triangle 
DBB, in which the arc BD, of radius equal to the length of the bars, 
is considered as a perpendicular dropped upon 4B,, which is the 
position of the bar 4B after deformation. Then the elongation of 
the bar 4B is 


and the deflection 


It is seen that the change of the angle due to the deflection BB, is 
very small and the previous calculation of S, based upon the 
assumption that @ = 30°, is accurate enough. 

3. Determine the total elongation of the steel 

bar 4B having across sectional area 4 = 1 in? and 
submitted to the action of forces Q = 10,000 lbs. 
ust0in, and P = 5,000 lbs. (Fig. 5). 
Solution. The tensile force in the upper and 
— lower portions of the bar is equal to Q and that 
t= t0in in the middle portion is Q — P. Then the total 
elongation will be 






P 
E i _ „Qh , (Q -— P)h _ _ 10,000 X Io 
urtoin ô= 27 ZE = 27 X go X 108 
= Spox ie STE ete Seinen 
g IX 30X08 150 ' 600 120 ` 33 1n. 


Fig. 5. 


4. Determine`the cross sectional dimensions of 
the wooden beam BC and of the steel bar 4B of the structure 4BC, 
loaded at B, when the working stress for wood is taken aso, = 160 
lbs. per sq. in. and for steel øw = 10,000 lbs. per sq. in. The load 
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P = 6,000 lbs. The dimensions of the structure are shown in 
Fig. 6. Determine the vertical and the horizontal components of 
the displacement of the point B due to deformation of the bars. 
Solution. From Fig. 6 (b) giving the condition for equilibrium of 
hinge B, similar to the triangle 4BC of Fig. 6 (a), we have 
Pts 


S = gr 10,000 lbs.; 


P-12 





= 8,000 Ibs. 





The total elongation of the steel bar and the total compression of 
the wooden beam are 


S:2  ¥0,000-15-12 . 
IREA g RI T OOR 
5, — St _ 160 X12 X12 _ . 
Toe en OO 


To determine the displacement of the hinge B, due to deformation, 
arcs are drawn with centers 4 and C (Fig. 6, a) and radii equal to 
the lengths of the elongated bar and of the compressed beam re- 
spectively. They, intersect in the new position B’ of the hinge B. 
This is shown on a larger scale in Fig. 6 (c), where BB, is the elon- 
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gation of the steel bar and BB the compression of the wooden beam. 
The dotted perpendiculars replace the arcs mentioned above. 
Then BB’ is the displacement of the hinge B. The components of 
this displacement may be easily obtained from the figure. 

5. Determine in the previous problem the inclination of the 
bar 4B to make its weight a minimum. 

Solution. If @ denotes the angle between the bar and the 
horizontal beam and /, the length of the beam, then the length of 
the bar is / = /,/cos 6, the tensile force in the bar is S = P/sin 6 and 
the necessary cross sectional area is 4 = P/o,sin 0. The volume 
of the bar will be 


It is seen that the volume and the weight of the bar become a 
minimum when sin 26 = 1 and 0 = 45°. 

6. The square frame 4BCD (Fig. 7, a) consisting of five steel 
bars of 1 in cross sectional area is submitted to the action of two 
forces P = 10,000 lbs. in the direction of the diagonal. Determine 
the changes of the angles at 4 and C due to deformation of the 
frame. Determine the changes of the same angles if the forces are 
applied as shown in Fig. 7 (4). 


p p 





@) 


Fic. 7. 


Solution. In the case shown in Fig. 7 (a) the diagonal will 
take the complete load P. Assuming that the hinge D and the 
direction of the diagonal are stationary, the displacement of the 
hinge B in the direction of the diagonal will be equal to the elongation 
of the diagonal 6 = P//4E. The determination of the new position 
C’ of the hinge C is indicated in the figure by dotted lines. ` It is 
seen from the small right triangle CC,C’ that CC’ = 6/J2. Then 
the angle of rotation of the bar DC due to deformation of the frame 
is equal to 
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CC’ by2 ô P 


DC ~ V2 7 1-E~ 3,000 








radian. 
Then the increase of the angle at C will be 


radian. 





2X ETE EA 
3,000 1,500 
The solution of the problem shown in Fig. 7 (4) is left to the student. 
7. Determine the position of the load P on the beam ABD so 
that the force in the bar BC becomes a maximum. Determine the 


| wy angle 0 to make the volume of the bar BC a minimum (Fig. 8). 





D pre 6' 
A 8 
Cc 


Fic. 8. Fic. 9. 


Answer. The force in the bar BC becomes maximum when the 
lad P has its extreme position on the right at point D. The 
volume of the bar will be a minimum when 6 = 45°. 

8. Determine the necessary cross sectional area of the steel bar 
BC (Fig. 9) if the working stress se = 15,000 lbs. per sq. in. and the 
uniformly distributed vertical 
load per foot of the beam 4B 
is g = 1,000 lbs. 

Answer. A=0.6 sq. in. 

9. Determine the necessary 
Cross sectional areas of the bars 
AB. and BC of the structures 27000 27000 ¢ 
shown in Figs. 10 (a) and (b) : 3 7 
if ow» = 16,000 lbs. per sq. in. 

Answer. In the case of 8 (o} 
Structure 10 (a) the cross sec- 
tional area of 4B should be 2.5 
sq. in. and of the bar BC 2.0 sq. in. In the case of Fig. 10 (4) 

_ the cross sectional area of the bar 4B should be 2.25 sq. in. and of 
the bar BC 2.03 sq. in. 

Io. Solve problem 3 assuming that the material is duraluminum 
and that P = Q = 10,000 lbs. per sq. in. : 





Fie. 10. 


+ 
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11. Find the cross-sectional areas of the bars CD in Figs. roa 
and 1o% and the total elongation of these bars if the material is 
structural steel and øw = 16,000 lbs. per sq. in. 

12. Solve problem 9 assuming that the load is applied at only 
one joint of the upper chord at a distance 8 ft. from support 4. ` 


5. Stress and Strain Produced in a Bar by its Own 
Weight.—In discussing the extension of a bar, Fig. 1, only 
the load P applied at the end was taken into consideration. 
If the length of the bar is large, its own weight may produce a 
considerable additional stress and should be taken into ac- 
count. In this case the maximum stress will be at the built-in 
upper cross section. Denoting by y the weight per unit 
volume of the bar, the complete weight will be 4y/ and the 
maximum stress will be given by the equation: 

Omar = a = i+ yl. : (6) 
The second term on the right side of eq. (6) represents the 
stress produced by the weight of the bar. The weight of 
that portion of the bar below a cross section at distance x 
from the lower end (Fig. 1) is yx and the stress will be given 
by the equation: 


PHA 
s= tae (7) 


Substituting the working stress Sw for Gmax in eq. (6), the 
equation for calculating the safe cross sectional area will be 


P 


Le eer 





(8) 


It is interesting to note that with increasing length / the bar’s 
own weight becomes more and more important, the denomi- 
nator of the right side of eq. (8) diminishes and the necessary 
cross sectional area 4 increases. When y = oy, i.e., the 
stress due to the weight of the bar alone becomes equal 
to the working stress, the right side of eq. (8) becomes 
infinite. Under such circumstances it is impossible to use a 
prismatical design and recourse to a bar of variable cross 
section is made. 


TENSION AND COMPRESSION 15 





In calculating the total elongation of a prismatical bar 
submitted to the action of a tensile force P at the end and 
its own weight, let us consider first the elongation of an ele- 
ment of length dx cut from the bar by two adjacent cross 
sections (see Fig. 1). It may be assumed that along the very 
__.. short length dx the tensile stress is constant and is given by 
| A eq (7). Then the elongation dô of the element will be 
| 


_odx P+ Ayx 
dô = E = — ZE dx. 
The total elongation of the bar will be obtained by summing 
the elongations of all the elements. Then 
O 'P + Ayx l 
a ô = i WE = aE bP + 4 Ay). (9) 


Comparing this with eq. (1) it is seen that the total elongation 
_ 7. produced by the bar’s own weight is equal to that produced 
-- by a load of half its weight applied at its end. 


Problems 


1. Determine the cross sectional area of a vertical prismatical 
steel bar carrying on its lower end a load P = 70,000 lbs., if the 
length of the bar is 720 feet, the working stress o = 10,000 lbs. per 
sq. in. and the weight of a cubic foot of steel is 4g0 lbs. Determine 
the total elongation of the bar. 


Solution. The cross sectional area, from eq. (8), is 


70,000 = 
490 X 720 X12 __ 
128 


A = 
10,000 — 


9.27 in? 


The total elongation, from eq. (9), is 


720 X 12 I ; 
= 30 X 108 X Tot 7:550 tinago) = 2.53 1n. 


_ 2. Determine the elongation of a conical bar under the action 
of its own weight (Fig. 11) if the length of the bar is Z, the diameter 
of the base is d and the weight per unit volume of the material is +. 
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Solution. The weight of the bar will be 
zd hy 
4 3 


For any cross section at distance x from the lower 
end of the bar the tensile force, equal to the weight 
of the lower portion of the bar, is 

Q = rd? yx8 





Assuming that the tensile force is uniformly distributed over the 
cross section ® and considering the element of length dx as a pris- 
matical bar, the elongation of this element will be 


= ho 
dô = 3E™ 
and the total elongation of the bar is 
i 
EA zA 
ô = 3E J, xdx = 6E 


This elongation is one third that of a prismatical 
y bar of the same length (see eq. 9). 

3. The vertical prismatical rod of a mine pump 
is moved up and down by a crank shaft (Fig. 12). 
Assuming that the material is steel and the working 
stress iS ¢» = 7,000 Ibs. per sq. in., determine the 
cross sectional area of the rod if the resistance of 
the piston during motion downward is 200 lbs. and 
during motion upward is 2,000 lbs. The length of 
the rod is 320 feet. Determine the necessary 
length of the radius r of the crank if the stroke of 

Fie. 12. the pump is equal to 8 in. 

Solution. The necessary cross sectional area of 

the rod will be found from eq. (8) by substituting P = 2,000 lbs. 
Then 





A ae 0.338 in2 
= 490°320°12 on 
75000 — I pe 





The difference in total elongation of the rod when it moves up and 
when it moves down is due to the resistance of the piston and will be 


5 Such an assumption is justifiable when the angle of the cone is small. 





equal to 
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z (2,000 + 200): 320-12 


j ai 30:10 X 0.338 ORD 
_ The radius of the crank should be 
8 8 
r= stots = 4.42 in. 


4. Lengths of wire of steel and aluminum are suspended verti- 


‘ cally. Determine for each the length at which the stress due to the 


weight of the wire equals the ultimate strength if for steel wire 
ou = 300,000 lbs. per sq. in. and y = 490 lbs. per cubic foot, and for 
aluminum wire o, = 50,000 lbs. per sq. in. and y = 170 lbs. per 
cubic foot. —¥ 

Answer. For steel Z = 88,200 ft., for aluminum / = 42,300 ft. 

5. In what proportion will the maximum stress produced in a 
prismatical bar by its own weight increase if all the dimensions of 
‘the bar are increased in the proportion n : 1 (Fig. 1)? 

‘Answer. The stress will increase in the ratio z : 1. 

6. A bridge pillar consisting of two prismatical portions of equal 


l length (Fig. 13) is loaded at the upper end by a compressive force 


P = 600,000 lbs. Determine the volume of masonry if the height 
of the pillar is 120 ft., its weight per cubic foot is 100 lbs., and the 
maximum compressive stress in each portion is 150 lbs. per sq. in. 


` Compare this volume with that of a single prismatical pillar designed 


for the same condition. 





Fic. 13. : Fic. 14. 


7- Solve the preceding problem assuming three prismatical 
Portions of equal length. 

8. Determine the form of the pillar in Fig. 14 such that the 
stress in each cross section is just equal to ew. The form satisfying 
this condition is called the form of equal strength. 

Solution. Considering a differential element, shaded in the 
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figure, it is evident that the compressive force on the cross section 
mını is larger than that on the cross section mz by the magnitude 
of the weight of the element. Thus since the stress in both cross 
sections is to be the same and equal to ow, the difference dA in the 
cross-sectional area must be such as to compensate for the difference 
in the compressive force. Hence 


dAow = yAdx (a) 


where the right side of the equation represents the weight of the 
element. Dividing this equation by 4o, and integrating we find 


J3- 
A Ty 


log 4 = + C, 





from which 


and 
A = Cervelo, (è) 


where e is the base of natural logarithms and C = e^, At x =0 
this equation gives for the cross-sectional area at the top of the pillar 


(4) 20 aa C. 


But the cross-sectional area at the top is equal to P/ow; hence 
C = P/ow and equation (b) becomes 


= £ ereley, (c) 
Ow 
The cross-sectional area at the bottom of the pillar is obtained by 
substituting x = / in equation (c), which gives 


A max = ia even, (d) 
ow 
g. Find the volume of the masonry for a pillar of equal strength 
designed to meet the conditions of problem 6. 
Solution. By using equation (d) the difference of the cross- 
sectional areas at the bottom of the pillar and at its top is found to be 


P 


P P 
— e!l ow - oO = (e1 lew — 1) . 
Tw Tw Tw 


This difference multiplied by the working stress ew evidently gives 
the weight of the pillar; its volume is thus 


S T (orie — 1) = 5,360 cubic feet. 





` sary. Let us assume, for sim- 
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6. Statically Indeterminate Problems in Tension and 
Compression.—There are cases in which the axial forces 
acting in the bars of a structure cannot be determined from 
the equations of statics alone and the deformation ot the 
structure must be taken into consideration. Such structures 
are called statically indeterminate systems. l 

A simple example of such a system is shown in Fig. 15. 
The load P produces extension in the bars OB, OC and OD, 
which are in the same plane. The conditions for equilibrium 
of the hinge O give two equa- 
tions of statics which are not 
sufficient to determine the three 
unknown tensile forces in the 
bars, and for a third equation a 
consideration of the deformation 
of the system becomes neces- 


plicity, that the system is sym- 
metrical with respect to the 
vertical axis OC, that the ver- 
tical bar is of steel with 4, and 
E. as the cross sectional area and the modulus of elasticity 
for the material, and that the inclined bars are of copper with 
4, and E, as area and modulus. The length of the vertical 
bar is / and that of the inclined bars is //cos a. Denoting by 
X the tensile force in the vertical bar and by Y the forces in 





` the inclined bars, the only equation of equilibrium for the 


hinge O in this case of symmetry will be 
` X +2Y cosa = P. (a) 


In order to derive the second equation necessary for deter- 
mining the unknown quantities X and Y, the deformed con- 
figuration of the system indicated in the figure by dotted 
lines must be considered. Let ô be the total elongation of 
the vertical bar under the action of the load P; then the 
elongation `ô, of the inclined bars will be found from the 
triangle OFO:. Assuming that these elongations are- very 
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small, the circular arc OF from the center D may be replaced 
by a perpendicular line and the angle at O, may be taken 
equal to the initial angle a; then 


6; = 6 cosa. 


The unit elongations and the stresses for the vertical and the 
inclined bars will be 


oò, _ Eô d 7 _ bcos a. _ Eô cos? a 
E6 = 75 o= an e=] 5 Fe = 7 > 





respectively. Then the forces in the bars will be obtained 
by multiplying the stresses by the cross sectional areas as 
follows: 

2 
X = TAs = Ane Y a oA = A cows, ($) 


from which 


AWE, 
Y = X coa. TE 





Substituting in eq. (a), we obtain 


E gee (10) 





It is seen that the force X depends not only upon the angle 
of inclination a but also upon the cross sectional areas and 
the mechanical properties of the materials of the bars. In 
the particular case in which all bars have the same cross 
section and the same modulus we obtain, from eq. (10), 


P 


I +2cosa. 


X = 


When a approaches zero, cosa approaches unity, and the 
force in the vertical bar approaches 1/3P. When a ap- 
proaches go®, the inclined bars become very long and the 
complete load will be taken by the middle bar. 

As another example of a statically indeterminate system 
let us consider a prismatical bar with built-in ends, loaded 





Ria _ Rb 
AE AE 
` Hence 
R a 
Ri 3B? (d) 
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axially at an intermediate cross section mn (Fig. 16). The 
load P will be in equilibrium with the reactions R and Ria 
the ends and we have 


P=R+4R.. (c) 


In order to derive the second equation for determining the 
forces R and R, the deformation of the bar must be consid- 
ered. The load P with the force R produces shortening of 
the lower portion of the bar and with the force R, elongation 
of the upper portion. The total shortening of 
one part is equal to the total elongation of the 
other. Then, by using eq. (1), we obtain 





i.e., the forces R and R; are inversely propor- 
tional to the distances of their points of appli- 
cation from the loaded cross section mn. Now from eqs 
(c) and (d) the magnitudes of these forces and the atkesscs 


Fic. 16. 


in the bar may be readily calculated. 


Problems 


1. A steel cylinder and a copper tube are compressed between 
the plates of a press (F ig. 17). Determine the stresses in steel and 
copper and also the unit compression if P = 
100,000 lbs., d = 4ins. and D = 8 ins. 

_ Solution. Here again static conditions are 
inadequate, and the deformation of cylinder and 
tube must be considered to get that part of the 
load carried by each material. The unit short- 
ening in the steel and in the copper will be 
equal; therefore the stresses of each material 
will be in the same ratio as their moduli (eq. 4 
asa, P. 4)» P ae compressive stress in the steel 

_ will be 15/8 the compressive stress in th 

aus the magnitude ø, of the stress in the copper will bes und 
tom the equation of statics, , 
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P= rere ar — d*)«a.. 
Substituting numerical values, we obtain 


I p 
e. = 1,630 lbs. per sq. in., o, = 3 < oe = 3,060 lbs. per sq. in.; 
unit compression 


Fe 2X 6 
€e = — = IO Io” 
Ee 


2. A column of reinforced concrete is com- 
pressed by a force P = 60,000 lbs. What 
part of this load will be taken by the concrete 
and what part by the steel if the cross sectional 
area of the steel is only 1/10 of the cross 
sectional area of the concrete? 

3. A rigid body 4B of weight Q hangs 
on three vertical wires symmetrically situated 

Fic. 18. with respect to the center of gravity C of 

the body (Fig. 18). Determine the tensile 
forces in the wires if the middle wire is of steel and the two others 
of copper. Cross sectional areas of all wires are equal. 

Suggestion. Use method of problem 1. 

4. Determine the forces in four legs 
of a square table, Fig. 19, produced by 
the load P acting on one diagonal. The 
top of the table and the floor are as- 
sumed absolutely rigid and the legs are 
attached to the floor so that they can 
undergo tension as well as compression. 

Soluiton. Assuming that the new 
position of the top of the table is that 
indicated by the dotted line mn, the 
compression of legs 2 and 4 will be the 
average of that of legs 1 and 3. Hence 








2Y=X+Z 
and since 2Y + X + Z = P we obtain 
2Y=X+Z=3P. (a) 


An additional equation for determining X and Z is obtained by 
taking the moment of all the forces with respect to the horizontal 
axis O — O parallel to y and in the plane of the force P. Then 


XGaN2 + e) + 3P e = ZGay2 — e). (4) 





_ ponent loads, the forces in the legs for any posi- 


TENSION AND COMPRESSION 23 


From (a) and (4) we obtain 


I e 
esl a E aa) 
PETT ve n zaa iry 


When e >a V2/4, X becomes negative. This indicates that there 
will be tension in leg 1. 

5. Determine the forces in the legs of the above table when the 
load is applied at the point with the coordinates 





P 
4 


sears a 
yn g 

Hint. In solving this problem it should be noted that when 
the point of application of the load P is not on the diagonal of the 
table, this load may be replaced by two loads statically equivalent to 
the load P and applied at points on the two diagonals. The forces 


: produced in the legs by each of these two loads are found as explained 


above. Summarizing the effects of the two com- 


‘tion of the load P may be found. 

6. A rectangular frame with diagonals is 

submitted to the action of compressive forces P 
(Fig. 20). Determine the forces in the bars it 
they are all of the same material, the cross sec- 
tional area of the verticals is Z, and that of the 
remaining bars 4. 
_ Solution. Let X be the compressive force 
in each vertical, Y the compressive force in 
each diagonal and Z the tensile force in each 
horizontal bar. Then from the condition of equilibrium of one 
of the hinges, 


Y= 1/sin a(P — X); Z = Y cosa = (P — X) cota. (a) 





pes third equation will be obtained from the condition that the 
rame after deformation remains rectangular by virtue of symmetry; 
therefore l 


Y ¥ X \ Z Œ 
+A -m)l ~ = 
( +æ (a 7a) e(a J) +a(ı +a) 


from this, neglecting the small quantities of higher order, we get 


+Y BX eZ 
AE “ZE ae - (6) 
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Solving eqs. (a) and (4), the following value of the force in a diagonal 

will be obtained: 
P 

@+h A A 

P ATRA 

The forces in other bars will now be easily determined from eqs. (a). 

7. Solve the above problem, assuming a = h, 4 = §4ı and 

P = 50,000 lbs. 





Y= 





cos æ + sina 
1 


8. What stresses will be produced in a steel bolt 
and a copper tube (Fig. 21) by } of a turn of the 
nut if the length of the bolt / = 30 ins., the pitch of 
the bolt thread 4 = 4 in., the area of the cross sec- 
tion of the bolt 4, = 1 sq. inch, the area of the cross 
section of the tube 4, = 2 sq. inches? 

Solution. Let X denote the unknown tensile force 
in the bolt and the compressive force in the tube. 
The magnitude of X will be found from the condition 
Fie. 21 that the extension of the bolt plus the shortening of 

“the tube is equal to the displacement of the nut along 
the bolt. In our case, assuming the length of the tube equal to the 
length of the bolt, we obtain 








Xi Xi I 
LETAL 4 
from which 
AEs ê 
ya hA, 30 X IO 


AEN) i 
u(: +95) 32 X 3o(1 +3 
The tensile stress in the bolt is øs = X/4, = 16,100 lbs. per sq. in. 
The compressive stress in the tube is ee = X/4, = 8,050 lbs. per 
sq. in. 
g. What change in the stresses calculated in the above problem 
will be produced by tensile forces P = 5,000 lbs. applied to the 


ends of the bolt? 
Solution. Let X denote the increase in the tensile force in the 


bolt and Y the decrease in the compressive force in the tube. 
Then from the condition of equilibrium, 


X+Y=P. (a) 


A second equation may be written down from the consideration 
that the unit elongation of the bolt and tube under the application 





j = 16,100 lbs. 





axially at two intermediate cross sections (Fig. 22) by 
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of the forces P must be equal, i.e., 


Ko oe 
ZET ZE” (2) 


From eqs. (a) and (4) the forces X and Y and the 
corresponding stresses are easily calculated. 
10. A prismatical bar with built-in ends is loaded 


forces Pı and Pa. Determine the reactions R and Ri. 

Hint. Solution will be obtained by using eq. (4) 
on page 21, calculating the reactions produced by each 
load separately and then summarizing these reactions. 
Determine the reactions when 





Fic. 22, 


a4=0.3/, b=0.3/ and P, = 2P, = 1,000 lbs. 


11. Determine the forces in the bars of the 
o System, shown in Fig. 23, where O is an axis of 
symmetry. 

Answer. The tensile force in the bar OB is 
equal to the compressive force in the bar OC 
and is P/2 sina. The force in the horizontal bar 
OA is equal to zero. 

12. Solve problem 10 assuming that the lower portion of length 
c of the bar has a cross-sectional area two times larger than the cross- 
sectional area of the two upper parts of lengths a and 4, 


7. Initial and Thermal Stresses.—In a statically indeter- 
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minate system it is possible to have some initial stresses 


produced in assembly and due to inaccuracies in the lengths 
of the bars or to intentional deviations from the correct values 
of these lengths. These stresses will exist when external 
loads are absent, and depend only upon the geometrical pro- 
Portions of the system, on the mechanical properties of the 
materials and on the magnitude of the inaccuracies. Assume, 
for example, that the system represented in Fig. 15 has, by 
mistake, / + a as the length of the vertical bar instead of /. 
Then after assembling the bars BO and DO, the vertical bar 
can be put into place only after initial compression and due 
to this fact it will produce some tensile force in the inclined 
bars. Let X denote the compressive force in the vertical 
bar, which finally takes place after assembly. Then the 
Corresponding tensile force in the inclined bars will be X [2 cos æ 


26 STRENGTH OF MATERIALS 


and the displacement of the hinge O due to the extension of 
these bars will be (see eq. 4, p. 20) 





Xi 
i 2A.E, cos? a (a) 
The shortening of the vertical bar will be 
Xi 
ôi = AE, $ (b) 


From elementary geometrical considerations, the displace- 
ment of the hinge O, together with the shortening of the 
vertical bar, must be equal to the error a in the length of the 
vertical bar. This gives the following equation for deter- 
mining X: 
Xi r Xi 
2A.E, cosa ' AE, * 

Hence 

aA,E, 
ey ae” 7 Sane. (11) 
I| i +r ) 

2AE. cos? a 


Now the initial stresses in all the bars may be calculated. 
Expansion of the bars of a system due to changes in tempera- 
ture may have also the same effect as inaccuracies in lengths. 
Assume a bar with built-in ends. If the temperature of the 
bar is raised from fp to ¢ and thermal expansion is prevented 
by the reactions at the ends, there will be produced in the 
bar compressive stresses, whose magnitude may be calculated 
from the condition that the length remains unchanged. Let 
a denote the coefficient of thermal expansion and o the com- 
pressive stress produced by the reactions. Then the equation 
for determining ø will be 


X = 


a(t — fo) = o 


from which 
s= Ealt — fo). (12) 


As a second example, let us consider the system represented 
in Fig. 15 and assume that the vertical bar is heated from 
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the assembly temperature fọ to a new temperature ¢ The 
corresponding thermal expansion will be partially prevented 
by the two other bars of the system, and certain compressive 
` stresses will develop in the vertical bar and tensile stresses 
in the inclined bars. The magnitude of the compressive force 
in the vertical bar will be given by eq. (11), in which instead 
_ of the magnitude a of the inaccuracy in length we substitute 
the thermal expansion a/(¢ — fo) of the vertical bar. 


Problems 


1. The rails of a tramway are welded together at 50° Fahrenheit. 


: What stresses will be produced in these rails when heated by the 


sun to 100° if the coefficient of thermal expansion of steel is 7O-1077? 
Answer. o = 10,500 lbs. per sq. in. 

2. What change of stresses will be produced in the case repre- 

* + sented in Fig. 21 by increasing the temperature from 4° to £ if the 

coefficient of expansion of steel is a, and that of copper a? 

Solution. Due to the fact that a, > a, the increasing tempera- 

ture produces compression in the copper and tension in the steel. 

The unit elongations of the copper and of the steel should be equal. 

Denoting by X the increase in the tensile force in the bolt due to the 

change of temperature, we obtain 


X X 
as(t — to) Ba a ea a(t — fo) — ZE’ 


from which 


x= (ae — as)(t — to) Ap Es f 


-> The change in the stresses in the bolt and in the tube may be 
calculated now in the usual way. 


3- A strip of copper is soldered 
pg Nei rete tte Mg ap 
SN corre produced in the 
steel and in the copper by a rise in the 
Fic. 24. temperature of the strips from 4 to ¢ 
degrees? 


Suggestion. The same method as in the previous problem 
should be used. 


4. What stresses will be produced in the bars of the system 
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represented in Fig. 15 if the temperature of all the bars be raised 
from fp to £? 

Solution. Let X denote the tensile force produced in the steel 
bar by an increase in temperature. Then from the condition of 
equilibrium of the hinge O it can be seen that in the copper bars 
compressive forces act, equal to X/2cosa; consequently the 
elongation of the steel bar becomes 


Xi 
ô = as(t — to)l + ae 


and the elongation of the copper bars is 
ôi = a(t — TE — oe 
cosa 2 cos? «AEs 
Furthermore from previous considerations (see p. 20), 
6, = ô cos a3 


therefore 


X/ 


TE E AE 
as(t = to) + AEs z a(t as fo) cos? Q 2 cos? aA bE, ' 


from which 


Qe 
B (ż = 1) ( G au) 4E, 
> 1 AE, 
and 2 cos? a AE. 








The stresses in the steel and in the copper will now be obtained from 
the following equations: 


X 


X 
O = — 2S 
AA? ° 2 cos aA, 


5. Assuming that in the case shown in Fig. 17 a constant load 
P = 100,000 is applied at an initial temperature Zo, determine at 
what increase in temperature the load will be completely transmitted 
to the copper if a = 70 X 10 and as = 92 X 107. 
Solution. 
epee a 
(ae as) (¢ to) = t(D? = @)E,’ 
from which 
t — to = 75.4 degrees Fahrenheit. 
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6. A steel bar consisting of two portions of lengths /, and /, 
and cross-sectional areas 41 and 4: is fixed at the ends. Find the 


_thermal stresses if the temperature rises by 100 degrees Fahrenheit. 


Assume /, = /2, 41 = 242, and as = 70 X 1077. 

7. Find the thermal stresses in the system shown in Fig. 24 
if the temperature of all three strips rises by 100 degrees Fahren- 
heit. The thickness of each of the three strips is the same and 


-the coefficients of thermal expansion are a, = 70 X 1077 and 


a = 92 X 1077. Assume Æ, : E, = ar 


8. The temperature of the system shown in Fig. 15 rises by 100 
degrees Fahrenheit. Find the thermal stresses if all three bars are 
of steel and have equal cross-sectional areas. Take a, = 70 X 107? 
and E, = 30 X 10° lbs. per sq. in. 

g. Find the stresses in the wires of the system shown in Fig. 18 
if the cross-sectional area of the wires is 0.1 sq. in., the load Q = 4,000 


‘ Ibs., and the temperature of the system rises after assembly by 10 
-degrees Fahrenheit. 


10. Determine the stresses which will be built up in the system 
represented in Fig. 20 if the temperature of the upper horizontal 
bar rises from o to ¢ degrees. 


8. Extension of a Circular Ring.—If uniformly distributed 
radial forces act along the circumference of a thin circular 
ring (Fig. 25), uniform enlargement of the ring will be pro. 





(a) 
Fic. 25. 


duced. In order to determine the tensile force P in the ring 
let us imagine that the ring is cut at the horizontal diametral 
section (Fig. 25, 4) and consider the upper portion as a free 
body. If g denotes the uniform load per unit length of the 
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center line of the ring and r is the radius of the center line, 
the force acting on an element of the ring cut out by two 
adjacent cross sections will be grde, where dọ is the central 
angle, corresponding to the element. Taking the sum of the 
vertical components of all the forces acting on the half ring, 
the following equation of equilibrium will be obtained: 


{2 
2P = af qr sin gdp = qr, 
0 


from which 
P=q. (13) 


The tensile stress in the ring will now be obtained by dividing 
the force P by the cross sectional area of the ring. 

In practical applications very often the determination of 
tensile stresses in a rotating ring is necessary. Then g repre- 
sents the centrifugal force per unit length of the ring and is 
given by the equation: 

Z 
£ 


in which w is the weight of the ring per unit length, r is the 
radius of the center line, v is the velocity of the ring at the 
radius r, and g is acceleration due to gravity. Substituting 
this expression for q in eq. (13), we obtain 


y? 
gE F? (14) 


_ we? 
g 


and the corresponding tensile stress will be. 


> 


E re Lae A 
a e Sane (15) 


It is seen that the stress is proportional to the density y/g of 
the material and to the square of the peripheral velocity. For 
a steel ring and for the velocity v = 100 feet per second this 
stress becomes 1,060 lbs. per sq. in. Then for the same mate- 
rial and for any other velocity vı the stress will be 0.106 X v? 
in lbs. per sq. in., when v is in feet per sec. 





`> efficients of expansion a, and a, there will be a 
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Problems 


1. Determine the tensile stress in the cylindrical wall of the 


_ press shown in Fig. 3 if the inner diameter is 10 ins. and the thick. 


ness of the wall is 1 in. 


Solution. The maximum hydrostatic pressure p in the cylind 
will be found from the equation: ? ARA 


TIO? 
p: a = 100,000 lbs., 
from which p = 1,270 lbs. per sq. in. Cutting out from the cylinder 
an elemental ring of width 1 in. in the direction of the axis of the 
cylinder and using eq. (13) in which, for this case, g = p = 1,270 lbs. 
per in. andr = § ins., we obtain 


Cy aga T 6,350 Ibs. per sq. in. 


2. A copper tube is fitted over a steel tube at a high temperature 


ic 4 (Fig. 26), the fit being such that no pressure exists between tubes 


at this temperature. Determine the stresses 
which will be produced in the copper and in the Copper 
steel when cooled to room temperature fy if the 
outer diameter of the steel tube is d, the thick- 
ness of the steel tube is 4, and that of the copper 
tube is h,. 

Solution. Due to the difference in the co- 
r b : Fia. 26. 
pressure between the outer and the inner tubes 
after cooling. Let x denote the pressure per square inch; then 
the tensile stress in the copper tube will be 





xd 
g, = 
“ ohe 
and the compressive stress in the steel will be z 
xd 
aa L 
t Ahu 


The pressure x will now be found from the condition that during 
cooling both tubes have the same circumferential contraction; hence 


xd 


xd 
a(t — to) GEA alt — t) + 5 
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from which 
_ xd (ae — as)(t — to) Ee 
eS ahe he Es ` 
aay Sh 


In the same manner the stress in the steel may be calculated. 

3. Referring to Fig. 26, what additional tensile stress in the 
tube will be produced by submitting it to a hydrostatic inner 
pressure p = 100 lbs. per sq. in. if the inner diameter dı = 4 in., 
A, = 0.1 in. and A, = 15/8 X 0.1 in? 

Solution. Cutting out of the tube an elemental ring of width 1 
in., the complete tensile force in the ring will be 


P = P41 = 200 Ibs. 


Due to the fact that the unit circumferential elongations in copper 
and in steel are the same, the stresses will be in proportion to the 
moduli, i.e., the stress in the copper will be 8/15 that in the steel. 
At the same time the cross sectional area of the copper is 15/8 that 
of the steel; hence the force P will be equally distributed between 
two metals and the tensile stress in the copper produced bya 
hydrostatic pressure will be 


oe = =. = 533 lbs. per sq. in. 


The stress in the steel will be 
15 


t= g oe = 1,000 lbs. per sq. in. 

4. A built-up ring consists of an inner copper ring and an outer 
steel ring. The inner diameter of the steel ring is smaller than the 
outer diameter of the copper ring by the amount 6 and the structure 
is assembled after preliminary heating of the steel ring. When 
cooled the steel ring produces pressure on the copper ring (shrink 
fit pressure). Determine the stresses in the steel and the copper 
after assembly if both rings have rectangular cross sections with the 
dimensions A, and 4, in radial direction and dimensions equal to 
unity in the direction perpendicular to the plane of the ring. The 
dimensions 4, and 4, may be considered small as compared with the 
diameter d of the surface of contact of the two rings. 

Solution. Let x be the uniformly distributed pressure per 
square inch of the surface of contact of the rings; then the com- 
pressive stress in the copper and the tensile stress in the steel will be 





l from which 
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found from the equations: 


wed p 
Te = Oh 3 m ia (a) 


The decrease in the outer diameter of the copper ring will be 





Te xd 
a EE 
The increase of the inner diameter of the steel ring will be 
. Os xd 
Dm E A hh 


The unknown pressure x will be found from the equation: 


xa? I I 
ôi + ô: = 3 (Et) 











oh _ E _5 _&, 
SS ae rn hE, 
hk. ULE, 


5. Determine the stresses which will be produced in the built- 
up ring of the previous problem by rotation of the ring with a 
constant speed 7 r.p.m. 

Solution. Due to the fact that copper has a greater density and 
a smaller modulus of elasticity than steel, the copper ring will 
press on the steel ring during rotation. Let x denote the pressure 
per square inch of the surface of contact between the two rings. 
Then the corresponding stresses will be given by eqs. (a) of the 
Previous problem. In addition to these stresses the stresses pro- 
duced by centrifugal forces should be taken into consideration. 
Denoting by ys and ye the weights per unit volume of steel and 
copper and using eq. (15), we obtain 


o= u( may (sth), _%e {2m (2124Y 
* g \ 60 2 ? =y 60 2 : 


Combining these stresses with the stresses due to pressure x and 
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noting that the unit elongation for both rings should be the same, 
the following equation for determining « will be obtained: 


2 [n(arny (4th) ot] 
E.Lg \ 60 2 2h, 
me HES) Zo iz] 
OE g\ 60 2 T |? 
from which x may be calculated for each particular case. Knowing 
x, the complete stress in the copper and the steel may be found 
without diffculty. 
6. Determine the limiting peripheral speed of a copper ring if 
the working stress is ow = 3,000 lbs. per sq. in. and ye = 550 lbs. per 


cubic foot. 
Answer. 








v = 159 feet per sec. 


7. Referring to problem 2 and Fig. 26, determine the stress in 
the copper at room temperature if ¢ — 4 = 100° Fahrenheit, 


Ae — Us = 22 X 107, hs = Ahe 


Answer. 
de = 2,300 lbs. per sq. in. 


8. Referring to problem 5, determine the number of revolu- 
tions # per minute at which the stress in the copper ring becomes 
equal to zero if the initial assembly stress in the same ring was a 
compression equal to oo, and he = hs, and E; = 2£,. 

Solution. The number of revolutions n will be determined from 
the equation: 


= (zy [=(44y m(2th¥) 
37 = \ G0) Lz 2 T Z 2 i 

9. Find the stresses in the built-up ring of problem 4 assuming 
6 = 0.001 in, d= 4 in, hs = ha and E/E. = 15/8. Find the 
changes of these stresses if the temperature of the rings increases 
after assembly by 10 degrees Fahrenheit. Take a, = 92 X 107 
and a, = 70 X i1o0™. 

to. Referring to problem 5, find the stresses in steel and in 


copper if n = 3,000 r.p.m., d = 2 ft., hs = he = $ in., Ye = 490 lbs. 
per cubic foot, and ye = 550 lbs. per cubic foot. 


‘ perpendicular to the plane of 
‘the figure, is inclined to the axis. 
. Since all longitudinal fibers have 








CHAPTER II 
ANALYSIS OF STRESS AND STRAIN 
9. Variation of the Stress with the Orientation of the 


‘Cross Section for Simple Tension and Compression.—In 


discussing stresses in a prismatic bar submitted to an axial 
tension P we have previously considered (art. 2) only the 
stress over cross sections perpen- 
dicular to the axis of the bar. 
Wenowtakeupthecaseinwhich £ ud 
the cross section pg (Fig. 27a), 


P 


the same elongation (see p. 3) 
the forces representing the action 
of the right portion of the bar on 
its left portion are uniformly dis- 
tributed over the cross section pg. The left portion of the bar, 
isolated in Fig. 274, is in equilibrium under the action of these 
forces and the external force P applied at the left end. Hence 
the resultant of the forces distributed over the cross section pq 
is equal to P. Denoting by Æ the area of the cross section 
normal to the axis of the bar and by ¢,the angle between the 
axis x and the normal 7 to the cross section pg, the cross- 
sectional area of pg will be 4/cos ¢ and the stress s over this 
cross section is 
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= Dene = 6, COS Q (16) 


where e, = P/A denotes the stress on the cross section normal 

to the axis of the bar. It is seen that the stress s over any 

inclined cross section of the bar is smaller than the stress oz 

over the cross section normal to the axis of the bar and that 

it diminishes as the angle ọ increases. For y = 1/2 the sec- 
35 
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tion pg is parallel to the axis of the bar and the stress s 
becomes zero, which indicates that there is no pressure be- 
tween the longitudinal fibers of the bar. 

The stress s, defined by equation (16), has the direction 
of the force P and is not perpen- 
dicular to the cross section pg. In 
such cases it is usual to resolve the 
total stress into two components, 
as is shown in Fig. 28. The stress 
component sn perpendicular to the 
cross section is called the normal stress. Its magnitude is 
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on = 5S COS Y = Gz COS? H (17) 


The tangential component 7 is called the shearing stress and 
has the value 


; ; Üg s 
T = SSIN $ = Fz COS Q SIN g = — SIN 2¢. (18) 


To visualize the strain which each component stress produces 
let us consider a thin element cut out of the bar by two ad- 
jacent parallel sections pg and 
pig, Fig. 294. The stresses act- 
ing on this element are shown 
in Fig. 29a. Figures 294 and 29¢ 
are obtained by resolving these 
stresses into normal and tan- 
gential components as explained o, 
above and show separately the a "1 ao 479 
action of each of these compo- 
nents. Itis seen that the normal 
stresses on produce extension of the element in the direction of 
the normal z to the cross section pg and the shearing stresses 
produce sliding of section pg with respect to 7141. 

From equation (17) it is seen that the maximum normal 
stress acts over cross sections normal to the axis of the bar 
and we have 
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(on) max = Ox. 
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The maximum shearing stress, as seen from equation (18), acts 
over cross section s inclined at 45° to the axis of the bar, 
where sin 29 = 1, and has the magnitude 


Tmax = FO x (19) 


Although the maximum shearing stress is one-half the max- 
imum normal stress, this stress is sometimes the controlling 
factor when considering the strength of materials which are 
much weaker in shear than in tension. For example, in a 
tensile test of a bar of mild steel with a polished surface, 
yielding of the metal is visible to the naked eye, Fig. 30. It 


LP het 


TEN S/O” 


LUEDERS’ 
LINE 


TENSION 


EAFA 
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occurs along the inclined planes for which the shearing stress 
is a maximum and at the value of the force P which corre- 
sponds to the point B in Fig. 2a. This indicates that in the 
case of mild steel failure is produced by the maximum shearing 
stress although this stress is only equal to one-half of the 
maximum normal stress. 
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Formulas (17) and (18), derived for a bar in tension can 
be used also in the case of compression. Tensile stress is 
assumed positive and compressive negative. Hence for a bar 
under axial compression we have only to take e, with a 
negative sign in formulas (17) and (18). The negative sign 
of o, will then indicate that in Fig. 294 we obtain, instead of 
tension, a compressive action on the thin element between the 
adjacent cross sections pg and pigi. The negative sign for 7 
in formula (18) will indicate that for compression of the bar 

the shearing action on the ele- 


¢ ; è 
Ae rat By ment has the direction opposite 


@ to that shown in Fig. 29c. Figure 

= Hj at 31 illustrates the rules for signs 

a be P i A of normal and shearing stresses 

() which will be used. Positive sign 

piegi for shearing is taken when they 

form a couple in clockwise direction and negative sign for 
opposite direction. 

10. The Circle of Stress.—Formulas (17) and (18) can be 
represented graphically. We take an orthogonal system of 
coordinates with the origin at O and 
with positive direction of axes as 
shown in Fig. 32. Beginning with the 
cross section pg perpendicular to the 
axis of the bar we have for this case 
¢ = 0, in Fig. 28, and we find, from 
formulas (17) and (18) on = oz, T = 0. 
Selecting a scale for stresses and meas- 
uring normal components along the 
horizontal axis and shearing compo- Fio. 32. 
nents along the vertical axis, the stress i 
acting on the plane with y = o is represented in Fig. 32 by a 
point 4 having the abscissa equal toc, and the ordinate equal to 
zero. Taking now a plane parallel to the axis of the bar we have 


1 This graphical representation is due to O. Mohr, Zivilingenieur, 
1882, p. 113. See also his “Abhandlungen,” p. 219, 1906. In this 
book the references to other publications on the same subject are given. 
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¢ = 7/2, and observing that both stress components vanish for 


_ such a plane we conclude that the origin O, in Fig. 32, corre- 


sponds to this plane. Constructing now on O/ as diameter 
a circle it can be readily proved that the stress components 
for any cross section pg with an arbitrarily chosen angle g, 
Fig. 28, will be represented by the coordinates of a point on 


` that circle. To obtain the point on the circle corresponding 


to a definite angle ¢ it is only necessary to measure in the 
counter-clockwise direction from the point 4 the arc sub- 
tending an angle equal to 2%. Let D be the point obtained in 
this manner; then, from the figure, 


OF = OC + CF = Z + = cos 2p = o, cos? o, 


DF = CD sin 2ọ = Z sin 20. 
Comparing these expressions for the coordinates of point D 
with expressions (17) and (18) it is seen that this point defines 
the stresses acting on the plane pg, Fig. 28. As the section 
pq rotates in the counter-clockwise direction about an axis 
perpendicular to the plane of Fig. 28, » varying from o to 2/2, 


„the point D moves from Æ to O, so that the upper half-circle 


determines the stresses for all values of e within these limits. 
If the angle ¢ is larger than r/2 we obtain a cross section as 
shown in Fig. 33a cut by a plane mm the external normal 2 nı 
to which makes with the x axis an angle larger than 7/2. 
Measuring again in the counter-clockwise direction from the 
point Æ, in Fig. 32, the arc subtending an angle equal to 2» 
we will obtain now a point on the lower half-circle. 

Take, as an example, the case when mm is perpendicular 
to cross section pg which was previously considered. In 
such a case the corresponding point on the circle in Fig. 32 
is point D, such that the angle DOD, is equal to r; thus DD, is 
a diameter of the circle. Using the coordinates of point D, 


? The portion of the bar on which the stresses act is indicated by 
Shading. The external normal n, is directed outward from that portion. 
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we find the stress components o,, and 7; for the plane mm 


— — = T la ; 

o,, = OF; = OC — FC = = — 5 Cos 29 = szsin? g (20) 
— ax: Os x f 

tı = — FD, = — CD: sin 2¢ = — z Sin 2¢. (21) 


Comparing these results with expressions (17) and (18) we 
find , 

On + On, = Oz COS? P + Or SIN? Q = Og (22) 

1=-T. (23) 


This indicates that the sum of the normal stresses acting on 
two perpendicular planes remains constant and equal to gz. 
The shearing stresses acting on two perpendicular planes are 
numerically equal but of opposite sign. 





Gn, 


Fic. 33. 


By taking the adjacent cross sections mm, and pıqı parallel 
to mm and pq an element, such as shown in Fig. 334, is isolated 
and the directions of stresses acting on this element are 
indicated. It is seen that the shearing stresses acting on the 
sides of the element parallel to the pg plane produce a couple 
in the clockwise direction, which, according to the accepted 
rule defined in Fig. 31c, must be considered positive. The 
shearing stresses acting on the other two sides of the element 


3 The minus sign is taken since point D; is on the side of negative 
ordinates. 
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produce a couple in the counter-clockwise direction which, 
according to the rule defined in Fig. 31d, is negative. 

The circle in Fig. 32 called the circle of stress is used to 
determine the stress components o, and 7 for a cross section 
pq whose normal makes any angle ¢ with the x axis, Fig. 28. 
A similar construction can be used to solve the inverse prob- 
lem, when the components o, and r are given and it is re- 
quired to find the tensile stress o, in the axial direction and 
the angle ¢. We observe that the angle between the chord 
OD and the x axis is equal to p, Fig. 32. Hence, after 
constructing the point D with coordinates øn and 7, we obtain 
yg by drawing the line OD. Knowing the angle 9, the radius 
DC making the angle 2% with the axis OC can be drawn and 
the center C of the circle of stress obtained. 


Problems 


1. Determine o, and 7 analytically and graphically if e+ = 15,000 


‘Ibs. per sq. in. and g = 30° or p = 120°, By using the angles 30° 


and 120° isolate an element as shown in Fig. 336 and show by 
arrows the directions of stresses acting on the element. 

2. Solve the previous problem assuming that instead of tensile 
stress oz there acts compressive stress of the same amount. Observe 
that in this case the diameter of the circle, Fig. 32, must lie on the 


_ Negative side of the abscissa. 


3. On a plane pg, Fig. 28, are acting a normal stress øn = 12,000 
Ibs. per sq. in. and a shearing stress 7 = 4,000 lbs. per sq. in. Find 
the angle ¢ and the stress oz. 

Answer. 

on 


tang =}, n= cost p 7 13330 lbs. per sq. in. 





4. On the two perpendicular sides of the element in Fig. 33% 
are acting the normal stresses on = 12,000 lbs. per sq. in. and 
Ta, = 6,000 lbs. per sq. in. Find c+ and r. 

Answer. as = 18,000 lbs. per sq. in., r = + 8,485 Ibs. per sq. in. 

5. Find maximum shearing stress for the case in problem 1. 

, 6. Determine the aspect of cross sections for which the normal 
and the shearing stresses are numerically equal. 


11. Tension or Compression in Two Perpendicular Di- 
rections.—There are cases in which the material of a structure 
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is submitted to the action of tension or compression in two 
perpendicular directions. As an example of such a stress 
condition let us consider stresses in the cylindrical wall of a 
boiler submitted to internal pressure p lbs. per sq. in. Let 
us cut out a small element from the cylindrical wall of the 
boiler by two adjacent axial sections and by two circum- 
ferential sections, Fig. 34a. Because of the internal pressure 


d 


(6) 
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the cylinder will expand both in the circumferential and in 
the axial directions. The tensile stress ø, in the circum- 
ferential direction will be determined in the same manner 
as in the case of a circular ring (art. 8). Denoting the inner 
diameter of the boiler by d and its wall thickness by 4, this 
stress is 


Cy = By (24) 


In calculating the tensile stress øs in the axial direction we 
imagine the boiler cut by a plane perpendicular to the x axis. 
Considering the equilibrium of one portion of the boiler it will 
be appreciated that the tensile force producing longitudinal 
extension of the boiler is equal to the resultant of the pressure 
on the ends of the boiler, i.e., equal to 


2 
p-o) 


4 More accurately p denotes the difference between the internal 
pressure and the external atmospheric pressure. 
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The cross sectional area of the wall of the boiler is ë 


A = rdh 
Hence 7 
d 
GE g= a (25) 


It is seen that the element of the wall undergoes tensile stresses 
Sz and a, in two perpendicular directions. The tensile stress 


` gy in the circumferential direction being twice as large as the 


stress o, in the axial direction. We consider now the stress 
over any cross section pq, Fig. 34a, perpendicular to xy plane 
and whose normal n makes an angle ¢ with the x axis. By 
using formulas (17) and (18) of the previous article we con- 


_ clude that the tensile stresses c, acting in the axial direction 


produces on the plane pg normal and shearing stresses of 


magnitude 


On = Oz COS? P, r’ = ho, sin 2¢. (a) 


To calculate the stress components produced on the same 
plane pg by the tensile stress o,, we observe that the angle 


. © T . 
between o, and the normal z, Fig. 34a, is z7 2 and is meas- 


_ ured clockwise from the y axis, while g is measured counter- 


clockwise from the x axis. From this we conclude that in 
using equations (17) and (18) we must substitute in this case 


T . . . 
oy for o, and — (z — e) , instead of y. This gives 
Tn” = oy Sin? p, T” = — ho, sin 2¢. . ($) 


. Summing up the stress components (a) and (4) produced by 


oz and a, stresses respectively, the resultant normal and shear- 
ing stress components for the case of tension in the two 





5 The thickness of the wall is assumed small in comparison with the 
diameter and the approximate formula for the cross-sectional area is used. 

6 There is also a pressure on the inner cylindrical surface of the 
element but this pressure is small in comparison with oz and oy and is 
neglected in further discussion. 
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perpendicular directions are obtained 


on = Fz COS? p + ay sin? p, (26) 


T = 3(o2 — ay) sin 2¢. (27) 


12. The Circle of Stress for Combined Stresses.—Pro- 
ceeding as in article 10 the graphical representation of the 
formulas (26) and (27) can be readily obtained using the circle 
of stress. Assuming again that the abscissas and the ordinates 
represent to a certain scale the normal and the shearing stress 
components, we conclude that the points 4 and B, in Fig. 35, 





Fic. 35. 


with abscissas equal to ø, and o, represent the stresses acting 
on the sides of the element in Fig. 344, perpendicular to the x 
and J axes respectively. To obtain the stress components on 
any inclined plane, defined by an angle ¢ in Fig. 34a, we have 
only to construct a circle on 4B as a diameter and draw the 
radius CD making the angle 4CD, measured in the counter- 
clockwise direction from point 4, equal to 2¢. From the 
figure ‘we conclude that 





OE = OC — CE = }(04 + OB) — 3(0B — OA) cos 2¢ 
_ Ss tty oy — ae ; 
= OT ap c0s 29 = oe cos? g + oy sin? ¢. 
This indicates that the abscissa OE of the point D on the 
circle, if measured to the assumed scale, gives the normal 
stress component Sn, (26). 
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The ordinate of the point D is 


a oe, oy — Oz. 
DE = CD sin 29 = “> sin 2¢. 


Observing that this ordinate must be taken with negative 
sign, we conclude that the ordinate of the point D, taken with 
the proper sign, gives the shearing stress component (27). 

When the plane pg is rotating counter-clockwise with 
respect to an axis perpendicular to xy plane, Fig. 34a, the 
corresponding point D is moving in the counter-clockwise 
direction along the circle of stress in Fig. 35 so that for each 
value of ọ the corresponding values of the components on 
and 7 are obtained as the coordinates of the point D. 

From this graphical representation of formulae (26) and 
(27) it follows at once that the maximum normal stress com- 
ponent in our case is equal to cy and the maximum shearing 
stress represented by the radius CF of the circle in Fig. 35 is 


Oy — Ox 


Tmax = ——a. (28) 
and occurs when sin 29 = — 1 and ¢ = 32/4. The same 
magnitude of shearing stress but with negative sign is acting 
on the plane for which g = 7/4. 

Taking two perpendicular planes defined by the angles 
o and r/2 + g, which the normals 7 and n, make with the x 
axis, the corresponding stress components are given by the 
co-ordinates of points D and D, in Fig. 35, and we conclude 


On + On, = Or + Oy (29) 
™1 = =T. (30) 


This indicates that the sum of the normal stresses acting on 
two perpendicular planes remains constant as the angle ¢ 
varies. Shearing stresses acting on two perpendicular planes 
are numerically equal but of opposite sign. 

The circle of stress, similar to that in Fig. 35, can be con- 
structed also if one or both stresses sz and cy are compressive, 
it is only necessary to measure the compressive stresses on the 
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negative side of the abscissa axis. Assuming, for example, 
that the stresses acting on an element are as shown in Fig. 36a, 
the corresponding circle is shown in Fig. 364. The stress 





y 
2 n 
3 ? 
aļ : 
q 
(a) 


(6) 
Fic. 36. 


components acting on a plane pg with normal 7 are given by 
the coordinates of the point D in the diagram. 


Problems 


1. The boiler shown in Fig. 34 has d = 100 in., k= 4 in. 
Determine o, and o, if p = 100 lbs. per sq. in. Isolate a small 
element by the planes for which yg = 30° and 120° and show the 
magnitudes and the directions of the stress components acting on 
the lateral sides of that element. 

2. Determine the stresses on, on, 7 and 7 if, in Fig. 36a, 


gz = 10,000 lbs. per sq. in., øy = — 5,000 lbs. per sq. in. and g = 30°, 
gi = 120°, 

Answer. oy = 6,250 lbs. per sq. in., on, = — 1,250 lbs. per 
sq. in, 7 = — 71 = 6,500 lbs. per sq. in. 


3- Determine on, on, 7 and 11 in the previous problem, if the 
angle ¢ is chosen so that r is a maximum. 

Answer, on = on, = 2,500 lbs. per sq. in., r = — 71 = 7,500 
Ibs. per sq. in. 


13. Principal Stresses.—It was shown in the previous ar- 
ticle that for tension or compression in two perpendicular 
directions x and y one of the two stresses o, or a, is the maxi- 
mum and the other the minimum normal stress. For all 
inclined planes, such as planes pg in Figs. 344 and 36a, the 
value of the normal stress ø, lies between these limiting values. 
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At the same time there is acting on all inclined planes not only 
normal stresses en, but also shearing stresses, r. Such stresses 
as os and o,, of which one is the maximum and the other the 
minimum normal stress, are called the principal stresses and 


a ` the two perpendicular planes on which they act are called the 


principal planes. There are no shearing stresses acting on 
these planes. 

In the example of the previous article, Fig. 34, the principal 
stresses cs and o, were found from very simple considerations 
and it was required to find the expressions for the normal and 
shearing stress components acting on any inclined plane, 
such as plane pq in Fig. 34a. In our further discussion (see 
p. 122) there will be cases in which it will be possible to 
determine the shearing and the normal stress components 
acting on two perpendicular planes. From the previous dis- 
cussion we already know that such normal stresses do not 
represent the maximum stress which is the stress particularly 


‘important in design. To get the maximum value of stress, 


the principal stresses are required. The simplest way of 
solving this problem is by using the circle of stress we con- 
sidered in Fig. 35. Assume that the stresses acting on an 
elementary rectangular parallelepiped are as shown in Fig. 
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37a. The stresses o, and o, are not principal stresses, since 
not only normal but also shearing stresses are acting on the 


planes perpendicular to the x and y axes. To construct the 
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circle of stress in this case, we use first the stress components 
z, €y and r and construct the points D and D, as shown in 
Fig. 374. Since these two points represent the stresses acting 
on two perpendicular planes, the length DD, represents a 
diameter of the circle of stress. The intersection of this 
diameter with the x axis gives the center C of the circle, so 
that the circle can be readily constructed. The intersection 
points 4 and B of the circle with the x axis define the magni- 


tudes of the maximum and the minimum normal stresses; 


which are the principal stresses and are denoted by c, and o>. 
Using the circle, the formulas for calculating cı and oz can be 
easily obtained. From the figure we have 


— — es S 2 
o = 0A = OC + CD = 44 (===) Fe 


The directions of the principal stresses can also be obtained 
from the figure. We know that the angle DCA is the double 
angle between the stress o; and the x axis and since 2¢ is 
measured from D to 4 in the clockwise direction the direction 
of o; must be as indicated in Fig. 37a. If we isolate the ele- 
ment shaded in the figure with the sides normal and parallel 
to a; there will be only normal stresses sı and o2 acting on its 
sides. For the calculation of the numerical value of the 
angle y we have, from the figure, 

DE 

CE 

Regarding the sign of the angle ¢, it must be taken negative 
in this case since it is measured from the x axis in the clock- 
wise direction, Fig. 37a. Hence 

DE QT 


ana ena (33) 


The maximum shearing stress is given by the magnitude of 


[tan 29| = 


5,000 + 3,000 N ( 5,000 — 3,000 
PO ae ge he me 
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the radius of the circle of stress and we have 


— —= 2 
Tmax = S = \ (==) +r. (34) 


The equations (31)-(34) completely solve the problem of the 
determination of the maximum normal and the maximum 


- shearing stresses if the normal and shearing stresses acting on 


any two perpendicular planes are given since a circle is fixed 
by two points at the ends of a diameter. 


Problems 


1. An element, Fig. 37a, is submitted to the action of stresses 
oz = 5,000 lbs. per sq. in., ey = 3,000 lbs. per sq. in., 7 = 1,000 lbs. 
per sq. in. Determine the magnitudes and the directions of 
principal stresses o, and on. 

Solution. By using formulas (31) and (32) we obtain 


2 
1,000? 
2 2 y+ > 


= 4,000 + 1,414 = 5,414 lbs. per sq. in., 
T2 = 4,000 — 1,414 = 2,586 lbs. per sq. in. 
From formula (33) we have 
tan 29 = — I, 29 = — 45°, eg = — 222°, 


The minus sign indicates that p is measured from the x axis in the 
clockwise direction as shown in Fig. 37a. 

2. Determine the direction of the 
principal stresses in the previous prob- 
lem if ø = — §,000 lbs. per sq. in. 

Solution. The corresponding circle 
of stress is shown in Fig. 38, tan 2g = 3, 
2y = 14°2’. Hence the angle which the 
maximum compressive stress makes with 
the x axis is equal to 7°1’ and is measured 
counter-clockwise from the x axis. 

3. Find the circle of stress for the 
case of two equal tensions o, = o, = 0 





and for two equal compressions oz = cy = — ø. 7 =o in both cases. 


Answer. Circles become points on the horizontal axis with the 
abscissas ø and ~- ø respectively. 
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4. On the sides of the element shown in Fig. 39a are acting the 
stresses ¢, = — 500 lbs. per sq. in., oy = 1,500 lbs. per sq. in., 
7 = 1,000 lbs. per sq. in. Find, by using the circle of stress, the 
magnitudes of the normal and shearing stresses on (a) the principal 
planes, (4) the planes of maximum shearing stress. 

Solution. The corresponding circle of stress is shown in Fig. 39. 
The points D and D, represent stresses acting on the sides of the 
element in Fig. 394 perpendicular to the x and y axes. OB and OZ 
represent the principal stresses. Their magnitudes are o1 = 1,914 
lbs. per sq. in. and ez = — g14 lbs per sq. in. respectively. The 
direction of the maximum compressive stress øz makes the angle = 
223° with the x axis, this angle being measured from the « axis in 
the counter-clockwise direction as shown in Fig. 39a. The points 


y 


@) 
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F and F; represent stresses acting on the planes subject to maximum 
shear. The magnitude of this shear is 1,414 lbs. per sq. in. OC 
represents the normal stresses equal to 500 lbs. per sq. in. acting on 
the same plane. 

5. Solve the previous problem if e, = — 5,000 lbs. per sq. in., 
gy = 3,000 lbs. per sq. in., r = 1,000 Ibs. per sq. in. — 


14. Analysis of Strain in the Case of Simple Tension.— 
In article 2, the axial elongation of a bar in tension was 
discussed. Experiments show that such axial elongation is 
always accompanied by lateral contraction of the bar, and 
unit lateral contraction . ; 
— r is constant for a given 

unit axial elongation 

bar within the elastic limit. This constant will be called u 
and is known as Poisson’s ratio, after the name of the French 
mathematician who determined this ratio analytically by 


that the ratio 
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using the molecular theory of structure of the material. For 
materials which have the same elastic properties in all direc- 
tions, so-called isotropic materials, Poisson found p = 1/4. 


Experimental investigation of the lateral contraction in struc- 


tural metals ’ shows that yu is usually not very far off the value 
calculated by Poisson. For instance, in the case of structural 
steel it can be taken as u = 0.30. Knowing the Poisson ratio 
of a material, the change in volume of a bar in tension can 


_be calculated. The length of the bar will increase in the 


ratio (1 +.¢):1. The lateral dimensions diminish in the 
ratio (I — pe) : 1; hence the cross-sectional area diminishes 
in the ratio (1 — ue)? : 1. Then the volume of the bar 
changes in the ratio (1 + )(1 — ue)? : 1, which becomes 
(1 + e — 2ue) : 1 if we recall that e is a small quantity and 
neglect its powers. Then the unit volume expansion is 
e(I — 2u). Itis unlikely that any material diminishes its vol- 
ume when in tension; hence u must be less thano.s0. For such 
materials as rubber and paraffin u approaches the above limit 
and the volume of these materials during extension remains 
approximately constant. On the other hand such material 
as concrete has a small magnitude of u (u = 1/8 to 1/12) and 
for cork » can be taken equal to zero. 

The above discussion of lateral contraction during tension 
can be applied with suitable changes to the case of com- 
pression. Longitudinal compression will be accompanied by 
lateral expansion and for calculating this expansion the same 

«value for u as in the case of extension is used. 


Problems 


1. Determine the increase in unit volume of the bar in tension 
if cy = 5,600 Ibs. per sq. in., u = 0.30, E = 30-108 lbs. per sq. in. 
Solution. Increase in unit volume is 


SS ol — 0.6) = 74.9 X 10%. 


2. Determine the increase in volume of a bar the extension of 





7 These materials can be considered as isotropic (see Part II). 
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which is produced by the force P at the end and the weight of the 
bar (see article 5), p. 14. 
Answer. The increase in volume is equal to 


Ali — 2p) P yl 
E (5+%). 


` 


15. Strain in the Case of Tension or Compression in Two 
Perpendicular Directions.—If a bar in the form of a rec- 
tangular parallelepiped is submitted to tensile forces acting 
in two perpendicular directions x and y (Fig. 34), the elonga- 
tion in one of these directions will depend not only upon the 
tensile stress in this direction but also upon the stress in the 
perpendicular direction. The unit elongation in the direc- 
tion of the x axis due to the tensile stress o, will be o,/E. 
The tensile stress ø, will produce lateral contraction into x 
direction equal to yo,/E; then if both stresses o, and oy act 
simultaneously the unit elongation in x direction will be 


ns OR ai (35) 


& = GO eR: (36) 


In the particular case, for the two tensions equal, oz = oy = a, 
we obtain 


Pea rae — p). (37) 


From eqs. (35) and (36) the stresses o, and oy can be obtained 
as functions of unit strains és and e, as follows: 


= (er + wey) E 7 E (ey + per) E i 


o 
z I — p ’ y I— T 


(38) 

If in the case shown in Fig. 39a the elongation e, in axial 
direction and the elongation e, in circumferential direction are 
measured by an extensometer the corresponding tensile stresses 
oz and g, will be found from equations (38). 


` formly distributed over the faces, 
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Problems 


1. Determine the increase in the volume of the cylindrical steel 
boiler under internal pressure (Fig. 34), neglecting the deformation 
of the ends and taking o, = 6,000 lbs. per sq. in. 

Solution. By using eqs. (35) and (36) 


_ _ 6,000 3,000 5,100 2 
fv = 30 x 108 93 30 KX TOP> 30 X 108 ae 
3000 6,000 1,200 
€ = PRO 0.3 tox ie = 30 X18 4 X 1075, 


The volume of the boiler will increase in the ratio 
(1 + €) (1 + ey)? : 1 = (1 + és + 26) : I = 1.00038 : 1. 


2. A cube of concrete is compressed in two perpendicular 
directions by the arrangement shown in Fig. 40. Determine the 
decrease in the volume of the 
cube if it is 4 inches on a side, 
the compressive stress is uni- 


u = 0.1 and P = 20,000 lbs. 
Solution. Neglecting friction 

in the hinges and considering the 

equilibrium of each hinge (Fig. 

40, 5), it can be shown that the 

block is submitted to equal com- Fic. 40. 

pression in two perpendicular 

directions and that the compressive force is equal to P42 = 28,300 

lbs. The corresponding strain, from eq. (37), is 


@ 





_ 2830o _ : 

Ez = & = 16 X 4 X tos | T 01) = — 0.000398. 
In the direction perpendicular to the plane of the figure a lateral 
expansion of the block takes place which is 


Su L SELES cE 88 
€ = ETE ET O? XIEX 4 X ieee 5. 
The decrease per unit volume of the block will be 
Ez + €y + € = — 2 X 0.000398 + 0.0000885 = — 0.000707. 


3. Determine the increase in the cylindrical lateral surface of 
the boiler considered in problem 1 above. 
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Solution. Increase per unit area of lateral surface = es + e 
= 21 X 10%, 

4. Determine the unit elongation in the ø, direction of a bar of 
steel, if the stress conditions are such as indicated in problem 1, p. 49. 

Solution. 


(5,414 — 0.3 X 2,586) = 154.6 X 107%, 


I 
“1 30 X 10° 
16. Pure Shear. Modulus in Shear.—Let us consider the 
particular case of normal stresses acting in two perpendicular 
directions in which the tensile stress oz in the horizontal di- 
rection is numerically equal to the compressive stress e, in 
the vertical direction, Fig. 414. The corresponding circle of 


y 





@) 
Fic. 41. 


stress is shown in Fig. 414. Point D on this circle represents 
the stresses acting on the planes ab and cd perpendicular to xy 
plane and inclined at 45° to the x axis. Point D, represents 
stresses acting on the planes ad and dc perpendicular to ad 
and cd. It is seen from the circle of stress that the normal 
stress on each of these planes is zero and that the shearing 
stress over the same planes, represented by the radius of the 
circle, is numerically equal to the normal stress ø+, so that 


T = Os = — dy. (a) 


If we imagine the element abcd to be isolated it will be in 
equilibrium under the shearing stresses only as shown in 
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Fig. 41a. Such a state of stress is called pure shear. It may 
be concluded that pure shear is equivalent to the state of 
stress produced by tension in one direction and an equal 
compression in the perpendicular direction. If a rectangular 
element, similar to the element abcd in Fig. 414, is isolated 
by planes which are no longer at 45° to the x axis, normal 
stress as well as shearing stress will act on the sides of such an 
element. The magnitude of these stresses may be obtained 
from the circle of stress, Fig. 414, in the usual way. 

Let us consider now the deformation of the element adcd. 
Since there are no normal stresses acting on the sides of this 
element the lengths ab, ad, bc and cd will not change due to 
the deformation, but the horizontal diagonal d will be 
stretched and the vertical diagonal ac will be shrunk changing 
the square abcd into a rhombus after deformation as indicated 
in the figure by dotted lines. The angle at 4, which was 7/2 
before deformation, now becomes less than 7/2, say (1/2) — y, 
and at the same time the angle at a increases and becomes 
equal to (7/2) + y: The small angle y determines the dis- 
tortion of the element abcd, and is called the shearing strain. 
The shearing strain may also be visual- 
ized as follows: The element abcd of Fig. æ = 
41a is turned counter-clockwise through oe 14 
45° and put into the position shown in i 

l 
/ 
¢ 


r 


Fig. 42. After distortion, produced by 
the shearing stresses 7, the same element 
takes the position indicated by the dotted 
lines. The shearing strain, represented 
by the magnitude of the small angle y, 
may be taken equal to the ratio @a,/ad, equal to the horizontal 
sliding aa; of the side ab with respect to the side de divided 
by the distance between these two sides. If the material 
obeys Hooke’s law this sliding is proportional to the stress 7 
and we can express the relation between the shearing stress 
and the shearing strain by the equation 


m 
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Y=@G (39) 
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in which G is a constant depending on the mechanical proper- 
ties of the material. Equation (39) is similar to equation (4) 
which was established for simple tension and the constant G 
is called modulus of elasticity in shear, or modulus of rigidity. 
Since the distortion of the element abcd, Fig. 42, is en- 
tirely defined by the elongation of the diagonal dd and the 
contraction of the diagonal ac, which deformations can be 
calculated by using the equations of the preceding article, it 
may be concluded that the modulus G can be expressed by 
the modulus in tension Æ and Poisson’s ratio u. To establish 
this relationship we consider the triangle Oad, Fig. 414. The 
elongation of the side Ob and the shortening of the side Oa 
of this triangle during deformation will be found by using 
equations (35) and (36). In terms of es and e, we have 


Ob, = Ob(1 + e), Oa, = Oa(i + ey) 


and, from the triangle Oa,4,, 











Oa 1+ 
tan (Oba) = tan (= —2)— 55 = : TEA () 
For a small angle y we have also 
T Y Y 
tan— — tan 1I—- 
tan (= —) = 4 A -= 5. (c) 
Ap tan mas ttg 


Observing that in the case of pure shear 


Os = — Oy =T, 


= _ oct tu) rt +4) 
€z = TUSE ee a ee 


and equating expressions (4) and (c) we obtain 


-EA 1-2 
ri +p) Y 
1 +> E 
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from which 
y_ 711 +u) 
an E 

or 


ar(1 + y) 
y =—— 


Comparing this result with formula (39) we conclude that 


E 
o> 30 Fa) (4o) 


We see that the modulus of elasticity in shear can be easily 
calculated if the modulus in tension Æ and Poisson’s ratio u 
are known. In the case of steel, for example, 


rd po OO 
a 2(I + 0.30) 


It should be noted that the application of a uniform shear- 
ing stress to the sides of a block as assumed in Fig. 42 is very 
difficult to realize so that the condition of pure 
shear is usually produced by the torsion of a 
circular tube, Fig. 43. Due to a small rotation 
of one end of the tube with respect to the other 
the generators traced on the cylindrical surface 
become inclined to the axis of the cylinder and 
an element abcd formed by two generators and 
two adjacent circular cross sections undergoes a 
shearing strain similar to that shown in Fig. 42. 
The problem of twist will be discussed later (see chapter 9) 
where will be shown how the shearing stress 7 and the shearing 
strain y of the element aécd can be calculated if the torque and 
the corresponding angle of twist of the shaft are measured. 
If 7 and y are found from such a torsion test, the value of the 
modulus G can be calculated from equation (39). With this 
value of G, and knowing E from a tensile test, Poisson’s 
ratio u can be calculated from equation (40). The direct 
determination of a by measuring lateral contraction during a 
tensile test is more complicated since this contraction is very 


11.5-10° lbs. per sq. in. 
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small and an extremely sensitive instrument is required to 
measure it with sufficient accuracy. 


Problems 


1. The block abcd, Fig. 42, is made of a material for which 
E = 10-108 lbs. per sq. in. and » = 0.25. Find y and the unit 
elongation of the diagonal bd if r = 10,000 lbs. per sq. in. 

2. Find for the previous problem the sliding aa, of the side ad 
with respect to the side cd if the diagonal 4d = 2 in. 

3. Prove that the change in volume of the block aécd in Fig. 42 
is zero if the first powers only of the strain components es and e 
are considered. 


17. Working Stresses in Shear.—Submitting a material 
to pure shear the relation between shearing stress and shearing 
strain can be established experimentally. 


Pa Such a relationship is usually shown by 
| 2 a diagram, Fig. 44, in which the abscissa 
A represents shearing strain and the ordi- 


nate—shearing stress. The diagram is 

similar to that ofa tensile test and wecan 

o z mark on it the proportional limit 4 and 

Fic. 44. the yield point? B. The experiments 

show that for a material such as struct- 

ural steel the yield point in shear ryp is only about 0.55 — 0.60 

of cyp. Since at yield point a considerable distortion occurs 

without an appreciable change in stress, it is logical to take 

as the working stress in shear only a portion of yield point 

stress so that 
Typ 

Tw = pa (41) 

where »# is the factor of safety. Taking this factor of the 
same magnitude as in tension or compression we obtain 


Tw = 0.55 to 0.60 of ow 


which indicates that the working stress in shear should be 





s To obtain a pronounced yield point tubular specimens are used 
in the torsion test. 
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taken much smaller than the working stress in tension. It 
was already indicated that in practical applications we do not 
encounter a uniform distribution of shearing stress over the 
sides of a block as was assumed in Fig. 42 and that pure shear 
is realized in the case of torsion. We will see later that pure 
shear also occurs in the bending of beams. But there are 
many practical problems in which a solution is obtained on 
the assumption that we are dealing with pure shear although 
this assumption is only a rough approximation. Take, for 
example, the case of the joint in Fig. 45. It is evident that if 


ae 
Ne 











U Jj, 
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the diameter of the bolt aé is not large enough the joint may 
fail due to shear along the cross sections mn and mını. Al- 
though a more rigorous study of the problem indicates that 
the shearing stresses are not uniformly distributed over these 
cross sections and that the bolt undergoes not only shear but 
also bending under the action of tensile forces P, a rough 
approximation for the required diameter of the bolt is ob- 
tained by assuming that we have along the planes mn and 
m,n, a uniformly distributed shearing stress r which is ob- 
tained by dividing the force P by the sum of the cross sec- 
tional areas mn and mını. Hence 


2P 


T= 
rd?’ 


and the required diameter of the bolt is obtained from the 
equation 
2P 
To = 7P" 42) 
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We have another example of such a simplified treatment 
of shear problems in the case of riveted joints, Fig. 46. Since 





the heads of the rivets are formed at high temperature the 
rivets produce after cooling a great compression of the plates. 
If tensile forces P are applied the relative motion between the 
plates is prevented by friction due to the above mentioned 
pressure between the plates. Only after friction is overcome 
do the rivets begin to work in shear and if the diameter of the 
rivets is not sufficient failure due to shear along the planes 
mn and mn, may occur. It is seen that the problem of stress 
analysis for a riveted joint is very complicated. A rough 
approximate solution of the problem is usually obtained by 
neglecting friction and assuming that the shearing stresses are 
uniformly distributed along the cross section mn and mm. 
Then the correct diameter of the rivets is obtained by using 
the equation (42) as in the previous example. 


- Problems 


1. Determine the diameter of the bolt in the joint shown in 
Fig. 45 if P = 10,000 lbs. and tw = 6,000 lbs. per sq. in. 

2. Find the safe length 2/ of the joint of two rectangular wooden 
bars, Fig. 47, submitted to tension, if P = 10,000 lbs., 7 = 100 
Ibs. per sq. in. for shear parallel to the fibers and = 10 in. De- 
termine the proper depth mm, if the safe limit for the local compres- 
sive stress along the fibers of wood is 800 lbs. per sq. in. 





? Experiments show that tensile stress in rivets is usually approaching 
the yield point of the material of which the rivets are made. See C. 
Bach, Zeitschr. d. Ver. Deutsch. Ing. 1912. 
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3- Find the diameter of the rivets in Fig. 46, if tw = 8,000 lbs. 
per sq. in. and P = 8,000 lbs. 

4. Determine the dimensions / and 6 in the joint of two rectangu- 
lar bars by steel plates, Fig. 48, if the forces, the dimensions and the 
working stresses are the same as in problem 2. 





Fic. 49. 


5. Determine the distance a which is required in the structure 
shown in Fig. 49, if the allowable shearing stress is the same as in 
problem 2 and the cross-sectional dimensions of all bars are 4 by 
8 in. Neglect the effect of friction. 

18. Tension or Compression in Three R 
Perpendicular Directions.—If a bar in the 
form of a rectangular parallelepiped is sub- 
mitted to the action of forces P,, P, and P, 

(Fig. 50), the normal stresses over cross 
sections perpendicular to x, y and z axes are ? 
respectively a 


P; P P: 


ier gee op ge 2 es ee 
RO Mee NS ae AB 


< 


It is assumed below that ¢, > oy > oz 

Combining the effects of the forces P}, P, and P, it can be 
concluded that over a section through the z axis only the 
forces P, and P, produce stresses and therefore these stresses 
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may be calculated from eqs. (26) and (27) and represented 
graphically by using the Mohr circle. In Fig. 51 the stress 
circle with a diameter 4B rep- 
resents these stresses. In the 
same manner the stresses over 
any section through the x axis 
can be represented by a circle 
having BC as a diameter. The 
circle with the diameter 4C 
represents stresses over any sec- 
tion through the y axis. The 
three Mohr circles represent 
stresses over three series of sections through the x, y and z 
axes. For any section inclined to x, y and z axes the stress 
components are the coordinates of a point located in the 
shaded area of Fig. 51.19 On the basis of this it can be con- 
cluded that the maximum shearing stress will be represented 
by the radius of the largest of the three circles and will be 
given by the equation tmx = (os — o,)/2. It will act on the 
section through the y axis bisecting the angle between the x 
and z axes. 

The equations for calculating the unit elongations in the 
directions of the x, y and z axes may be obtained by combin- 
ing the effects of Pz, P, and P, in the same manner as in con- 
sidering tension or compression in two perpendicular directions 
(see article 15). In this manner we obtain 





Or 


e= F po to), 


Ty 


€y = E = AC + a)y (43) 


Cz 


e= FEO + 1). 


10 The proof of this statement can be found in the book by A. Féppl, 
Technische Mechanik, Vol. 5, p. 18, 1918. See also H. M. Westergaard, 
Z. angew. Math. Mech., Vol. 4, p. 520, 1924. 
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The volume of the bar increases in the ratio 
G + es)(1 + e) + 2) 21, 
or, neglecting smali quantities of higher order, 
(1 + é + ey +e): 1. 
It is seen that the unit volume expansion is 
A = és + ey + e (44) 


The relation between the unit volume expansion and the 
stresses acting on the sides of the bar will be obtained by 
adding together eqs. (43). In this manner we obtain 


A= etete = TP (0, + o + aa). (45) 


In the particular case of uniform hydrostatic pressure we have 
Os = Oy = 0: = — P. 


Then from eqs. (43) 


| E= & = & = — ae — 24), (46) 
and from eqs. (44) 
; 30 — 24) 
a=- n (47) 
or, using the notation 
E 
xr — 3a) oe 
we obtain 
a= -§. (49) 
K 49 


The unit compression is proportional to the compressive stress 
p and inversely proportional to the quantity K, which is 
called the modulus of elasticity of volume. 
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Problems 


1. Determine the decrease in the volume of a solid steel sphere 
of 10 inch diameter submitted to a uniform hydrostatic pressure 
2 = 10,000 lbs. per sq. inch. 

Solution. From eq. (49) 


inn 2a OXX) We, 
K 30 X 10 10t 


The decrease in the volume is, therefore, 
Td? eck 
Toi X p = 0-209 cubic inch. 


2. Referring to Fig. 52, a rubber cylinder 4 is compressed in a 
steel cylinder B by a force P. Determine the pressure between the 
rubber and the steel if P = 1,000 lbs., d = 2 ins., 
Poisson’s ratio for rubber u = 0.45. Friction be- 
tween rubber and steel is neglected. 

Solution. Let p denote the compressive stresses 
over any cross section perpendicular to the axis of 
the cylinder and g the pressure between the rubber 
and the inner surface of the steel cylinder. Com- 
pressive stress of the same magnitude will act be- 
tween the lateral surfaces of the longitudinal fibers 
of the rubber cylinder, from which we isolate an 
element in the form of a rectangular parallelepiped, 
with sides parallel to the axis of the cylinder (see 
Fig. 52). This element is in equilibrium under 

Fie, 52. the compressive stresses g on the lateral faces of the 

element and the axial compressive stress p. Assum- 
ing that the steel cylinder is absolutely rigid, the lateral expansion 
of the rubber in the x and y directions should be equal to zero and 
from egs. (43) we obtain 





< 


o= £-Eet9) 


from which 
q = = To = 260 lbs. per sq. in. 


3. Aconcrete column is enclosed ina steel tube (Fig. 53). Deter- 
mine the pressure between the steel and concrete and the circumfer- 
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ential tensile stress in the tube, assuming that there is no friction 
between concrete and steel and that all the dimensions and the 
longitudinal compressive stress in the column are 
known (Fig. 53). 

Solution. Let p denote the longitudinal and g 
the lateral compressive stress, d the inner diameter 
and A the thickness of the tube, E, the modulus of 
elasticity for steel, Ee, ue the modulus of elasticity 
and Poisson’s ratio for concrete. The expansion 
of the concrete in a lateral direction will be, from 


eqs. (43), 





<A 


PPS ANNAN ANNE 


e=- ptz t+). (a) Fic. 53. 


This expansion should be equal to the circumferential expansion of 
the tube (see eq. 13) 
qd 


e= ES (2) 


From eqs. (a) and (4) we obtain 
94 9 | Be 
hE, TETE tD 
from which 
He 


Ee i 
ie eT — Be 


The circumferential tensile stress in the tube will now be calculated 
from equation 

BEC 

ah’ 

4. Determine the maximum shearing stress in the concrete 
column of the previous problem, assuming that p = 1,000 lbs. 
per sq. in., we = 0.10, d/2h = 7.5. 

Solution. 


o 





T 


pug 2(, — QH) = 474 Ibs. per sq. in. 


CHAPTER III 


SHEARING FORCE AND BENDING MOMENT 


19. Types of Beams.—In this chapter we will discuss the 
simplest types of beams such as shown in Fig. 54. Figure 5424 
represents a beam with simply 
supported ends. Points of sup- 
port Æ and B are hinged so 
that the ends of the beam can 
rotate freely during bending. 
It is also assumed that one of 
the supports is mounted on 
rollers and can move freely in 
the horizontal direction. Fig- 
ure 544 represents a cantilever 
beam. The end 4 of this beam 
is built into the wall and cannot 
. rotate during bending, while the end B is entirely free. 
Figure 54c represents a beam with an overhanging end. This 
beam is hinged to an immovable support at the end Z and 
rests on a movable support at C. 

All three of the foregoing cases represent statically de- 
terminate beams since the reactions at the supports produced 
by a given load can be determined from the equations of 
statics. For instance, considering the simply supported beam 
carrying a vertical load P, Fig. 54a, we see that the reaction 
Rz at the end B must be vertical, since this end is free to move 
horizontally. Then from the equation of statics, 2X = o, it 
follows that reaction R, is also vertical. The magnitudes of 
R, and Rz are then determined from the equations of mo- 
ments. Equating to zero the sum of the moments of all forces 
with respect to point B, we obtain 


Ri — Ph=0 
66 





Fig. 54. 
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from which 
Ri = n : 
In a similar way, by considering the moments with respect to 
point 4, we obtain 
p = Pa 
27 7 j 
The reactions for the beam with an overhanging end, Fig. 54c, 
can be calculated in the same manner. 

In the case of the cantilever beam, Fig. 544, the load P 
is balanced by the reactive forces acting on the built-in end. 
From the equations of statics, 2X = o and ZY = o, we con- 
clude at once that the resultant of the reactive forces Rı must 
be vertical and equal to P. From the equation of moments, 
=M = o, it follows that the moment M, of the reactive forces 
with respect to point 4 is equal to Pa and acts in the counter- 
clockwise direction as shown in the figure. 

The reactions produced by any other kind of loading on 
the above types of beams can be calculated by a similar 
procedure. 

It should be noted that the special provisions permitting 
free rotation of the ends and free motion of the support are 


used in practice only in beams of large spans, such as those 
found in bridges. In beams 


of shorter span, the conditions 
at the support are usually as 
illustrated in Fig. 55. During 
bending of such a beam friction 
forces between the supporting Fic. 54. 

surfaces and the beam will be 

produced such as to oppose rotation and horizontal move- 
ment of the ends of the beam. These forces can be of some 
importance in the case of flexible bars and thin metallic strips, 
see p. 178; but for a rigid beam the deflection of which is very 
small in comparison with the length / of the span these forces 
can be neglected, and the reactions can be calculated as though 
the beam were simply supported, Fig. 54a. 
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20. Bending Moment and Shearing Force.—Let us now 
consider a simply supported beam on which act vertical forces 
P,, Pa, and Ps, Fig. 56a. We assume that the beam has an 
axial plane of symmetry and that the loads act in this plane. 
Then, from considerations of symmetry, we conclude that the 
bending also occurs in this same plane. In most practical 
cases this condition of symmetry is fulfilled since the usual 
cross-sectional shapes, such as a circle, a rectangle, an I, or 
a T, are symmetrical. The more general case of a non- 
symmetrical cross section will be discussed later (see p. 93). 
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To investigate the stresses produced in a beam during 
bending, we proceed in the same manner as we have already 
used in discussing the stresses produced in a bar by a central 
tension, Fig. 1. We imagine that the beam 4B is cut in two 
parts by a cross section mn taken at any distance x from the 
left support 4, Fig. 56a, and that the right portion of the beam 
is removed. In discussing the equilibrium of the remaining 
left-hand portion of the beam, Fig. 564, we must consider not 
only the external forces such as loads P4, P2, and reaction Rı 
but also the internal forces which are distributed over the 
cross section mn and which represent the action of the right 
portion of the beam on the left portion. These internal forces 
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must be of such a magnitude as to equilibrate the above men- 
tioned external forces Pa, P2, and Rj. 

In the ensuing discussion it will be advantageous to reduce 
the actual system of external forces to a simplified equivalent 
system. From statics we know that a system of parallel 
forces can be replaced by one force equal to the algebraic sum 
of the given forces together with a couple. In our particular 
case we can replace the forces Pi, P2, and R, by the vertical 
force V acting in the plane of the cross section mn and by the 
couple M. The magnitude of the force is 


V = R, — P, — Ps, (a) 
and the magnitude of the couple is 
M = Rix — P(x — c) — P(x — co). (b) 


The force V, which is equal to the algebraic sum of the ex- 
ternal forces to the left of the cross section mn, is called the 
shearing force at the cross section mn. The couple M, which 
is equal to the algebraic sum of the moments of the external 
forces to the left of the cross section mn with respect to the 
centroid of this cross section, is called the bending moment at 
the cross section mn. Thus the system of external forces to 
the left of the cross section mz can be replaced by the statically 
equivalent system consisting of the shearing force V acting 
in the plane of the cross section and the couple M, Fig. 56c. 
The stresses which are distributed over the cross section mu 
and which represent the action of the right portion of the 
beam on its left portion must then be such as to balance the 
bending moment M and the shearing force V. 

If a distributed load rather than a number of concentrated 
forces acts on a beam, the same reasoning can be used as in 
the previous case. Take, as an example, the uniformly loaded 
beam shown in Fig. 574. Denoting the load per unit length 
by q, the reactions in this case are 

gl 


Ris R= F: 
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To investigate stresses distributed over a cross section mn we 
again consider the equilibrium of the left portion of the beam, 
Fig. 57. The external forces 
acting on this portion of the 
beam are the reaction R, and 
the load uniformly distrib- 
uted along the length x. This 
latter load has, of course, a 
resultant equal to gx. The 
() algebraical sum of all forces 
to the left of the cross section 
mn is thus R; — gx. The 
algebraic sum of the moments of all forces to the left of the 
cross section mn with respect to the centroid of this cross sec- 
tion is obtained by subtracting the moment of the resultant 
of the distributed load from the moment Rx of the reaction. 
The moment of the distributed load is evidently equal to 





Fie. 57. 


x gx? 


= =, 


X7 5 


Thus we obtain for the algebraic sum of the moments the 
expression 


All the forces acting on the left portion of the beam can now 
be replaced by one force acting in the plane of the cross section 
mn and equal to 


V = Ri - qe =4(5-*) (c) 


together with a couple equal to 
2 
M = Ra -E =Ë G4). (d) 


The expressions (c) and (d) represent, respectively, the shear- 

ing force and the bending moment at the cross section mn. 
In the above examples the equilibrium of the left portion 

of the beam has been discussed. If, instead of the left portion, 





SHEARING FORCE AND BENDING MOMENT 71 


the right be considered, the algebraic sum of the forces to the 
right of a cross section and the algebraic sum of the moments 
of those forces have the same magnitudes V and M as have 
already been found but are of opposite sense. This follows 
from the fact that the loads acting on a beam together with 
the reactions R, and R: represent a system of forces in equi- 
librium; and the moment of all these forces with respect to 
any point in their plane, as well as their algebraic sum, must 
be equal to zero. Hence the moment of the forces acting on 
the left portion of the beam with respect to the centroid of a 
cross section mn must be equal and opposite to the moment 
with respect to the same point of the forces acting on the right 
portion of the beam. Also the algebraic sum of forces acting 
on the left portion of the beam must be equal and opposite 
to the algebraic sum of forces acting on the right portion. 

In the following discussion the bending moment and the 
shearing force at a cross section mn are taken as positive if in 
considering the left portion of a beam the directions obtained 
are such as shown in Fig. 57¢. To visualize this rule of sign 
for bending moments, let us isolate an element of the beam by 
two adjacent cross sections mn and mm, Fig. 58. If the 
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bending moments in these cross sections are positive the 
forces to the left of the cross section mn give a moment in the 
clockwise direction and the forces to the right of the cross 
section mını a moment in the counter-clockwise direction as 
shown in Fig. 58a. It is thus seen that the directions of the 
moments are such that a bending is produced which is convex 
downwards. If the bending moments in the cross sections 
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mn and mn, are negative, a bending convex upwards is 
produced as shown in Fig. 584. Thus in portions of a beam 
where the bending moment is positive, the deflection curve is 
convex downwards, while in portions where bending moment 
is negative the deflection curve is 
convex upwards. 


m m, m m, . 2 
e T p The rule of signs for shearing 
) [ | y \ forces is visualized in Fig. 59. 
C--} j- a mo 21. Relation Between Bend- 

ing Moment and Shearing Force. 
nee o —Let us consider an element of a 
R Fiir tg: beam cutout by two adjacent cross 


sections mn and mn which area 
distance dx apart, Fig. 60. Assuming that there is a positive 
bending moment and a positive shearing force at the cross sec- 
tion mn, the action of the left portion of the beam on the element 
is represented by the force X and the couple M as indicated 
in Fig. 60a. In the same manner, assuming that at section 


m m m, 
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m,n, the bending moment and the shearing force are positive, 
the action of the right portion of the beam on the element is 
represented by the couple and the force shown. If no forces 
act on the beam between cross sections mn and mm, Fig. 60a, 
the shearing forces at these two cross sections are equal. 


1 The weight of the element of the beam is neglected in this discussion. 
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Regarding the bending moments, it can be seen from the equi- 
librium of the element that they are not equal at two adjacent 
cross sections and that the increase dM in the bending moment 
equals the moment of the couple represented by the two equal 
and opposite forces V, i.e., 


aM = Vdx 
and 
aM 
Ge (50) 


Thus, on all portions of a beam between loads the shearing 
force is the rate of change of the bending moment with 
respect to x. 

Let us now consider the case in which a distributed load 
of intensity g acts between the cross sections mn and mn, 
Fig. 604. Then the total load acting on the element is gax. 
If q is considered positive when the load acts downward, it 
may be concluded from the equilibrium of the element that 
the shearing. force at the cross section mn, is different from 
that at mn by an amount | 


dV = — gdx, 
from which it follows that 
dV 
m= Te (51) 


Thus the rate of change of the shearing force is equal to the 
intensity of the load with negative sign. 

Taking the moment of all forces acting on the element 
we obtain 


dM = Vie ~ gds x Ë. 


Neglecting the second term on the right side as a small 
quantity of the second order, we again arrive at equation (50) 
and conclude that the rate of change of the bending moment 
is equal to the shearing force in the case of a distributed load 
as well. À - 
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If a concentrated load P acts between the adjacent cross 
sections mn and mını, Fig. 6oc, there will be an abrupt change 
in the magnitude of the shearing force. Let Y denote the 


shearing force at the cross section mn and V, that at the cross. 


section mını Then from the equilibrium of the element 
mmnın, we find 
Vi = yV TS P. 

Thus the magnitude of the shearing force changes by the 
amount P as we pass the point of application of the load. 
From equation (50) it can then be concluded that at the point 
of application of a concentrated force there is an abrupt change 
in the magnitude of the derivative dM/dx. 

22. Bending Moment and Shearing Force Diagrams.— 
It was shown in the preceding discussion that the stresses 
acting on a cross section mn of a beam are such as to balance 
the bending moment M and shearing force V at that cross 
section. Thus the magnitudes of M and V at any cross 
section entirely define the magnitudes of stresses acting on 
that cross section. To simplify the investigation of stresses 
in a beam it is advisable to use a graphical representation of 
the variation of the bending moment and the shearing force 
along the axis of the beam. In such a representation the 
abscissas indicate the position of the cross section and the 
ordinates, the values respectively of the bending moment and 
shearing force which act at this cross section, positive values 
being plotted above the horizontal axis and negative values 
below. Such graphical representations are called bending 
moment and shearing force diagrams, respectively. 

Let us consider, as an example, a simply supported beam 
with a single concentrated load P, Fig. 61.2 The reactions 
in this case are 


R= and R, = 2. 


Taking a cross section mn to the left of P, it can be concluded 


2 For simplicity the rollers under the movable supports will usually 
be omitted in subsequent figures. 
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that at such a cross section 


Pb 
= and M =~ x. (a) 


The shearing force and the bending moment have the same 
sense as those in Figures 58a and 594 and are therefore posi- 
tive. It is seen that the shearing force remains constant 
along the portion of the beam to the left of the load and that 
the bending moment varies directly as x. For x = o the 
moment is zero and for x = a, i.e., at the cross section where 
the load is applied, the moment is equal to Pad//. The corre- 
sponding portions of the shearing force and bending moment 
diagrams are shown in Fig. 614 and 61c, respectively, by the 





© 
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straight lines ac and acı. For a cross section to the right of 
the load we obtain 


Pb P 
Va P= and et Gag: (2) 


x always being the distance from the left end of the beam. 
The shearing force for this portion of the beam remains 
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constant and negative. In Fig. 614 this force is represented 
by the line c’é parallel to the x axis. The bending moment is 
a linear function of x which for x = a is equal to Pad// and 


for x = Jis equal to zero. It is always positive and its varia- 


tion along the right portion of the beam is represented by the 
straight line cıŻı. The broken lines acc’ and acıb, in Figs. 
615 and 61c represent respectively the shearing force and 
bending moment diagrams for the whole length of the beam. 
At the load P there is an abrupt change in the magnitude of 
the shearing force from the positive value P4// to the negative 
value — Pa// and a sharp change in the slope of the bending 
moment diagram. 

In deriving expressions (4) for the shearing force and 
bending moment, we considered the left portion of the beam, 
a portion which is acted upon by the two forces R, and P. 
It would have been simpler in this case to consider the right 
portion of the beam where only the reaction Pa// acts. Fol- 
lowing this procedure and using the rule of signs indicated in 
Figures 58 and 59, we obtain 

Vy = s and = a»), (c) 
Expressions (4) previously obtained can also be brought to 
this simpler form if we observe that a = / — à. 

It is interesting to note that the shearing force diagram 
consists of two rectangles the areas of which are equal. 
Taking into consideration the opposite signs of these areas we 
conclude that the total area of the shearing force diagram is 
zero. This result is not accidental. By integrating equation 


(50), we have 
B B 
f m= f vas, (a) 
A A 


where the limits 4 and B indicate that the integration is 
taken over the entire length of the beam from the end 4 to 
the end B. The right side of equation (d) then represents the 
total area of the shearing force diagram. The left side of 
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the same equation, after integration, gives the difference 
Mz — Ma of the bending moments at the ends B and Z. 
In the case of a simply supported beam the moments at the 
ends vanish; hence the total area of the shearing force diagram 
vanishes. 

If several loads act on a beam, Fig. 62, the beam is divided 
into several portions and expressions for V and M must be 
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established for each portion. Measuring x from the left end 
of the beam and taking x < a, we obtain for the first portion 
of the beam 

V=R and M = Rx. (e) 


For the second portion of the beam, i.e., for a, < x < as 
we obtain 


V = Ri— P: and M = Rix — P(x — a). (f) 


For the third portion of the beam, i.e., for a2 < x < as, it is 
advantageous to consider the right portion of the beam rather 
than the left. In this way we obtain 


V = — (R: — Ps) 
‘and M= R — x) — Psd — x — ds). (g) 


78 STRENGTH OF MATERIALS 


Finally for the last portion of the beam we obtain 
V=—R,, M = R(l — x). (A) 


From expressions (e) -- + (2) we see that in each portion of the 


beam the shearing force remains constant; hence the shearing 
force diagram is as shown in Fig. 62} The bending moment 
in each portion of the beam is a linear function of x; hence in 
the corresponding diagram it is represented by an inclined 
straight line. To draw these lines we note from expressions 
(e) and (A) that at the ends x = o and x = /the moments are 
zero. The moments under the loads are obtained by sub- 
stituting in expressions (e), (f), and (A) x = a, x = a» and 
x = as, respectively. In this manner we obtain for the above 
mentioned moments the values 


M = Ria, M = Riaz ja Pila e 41), and M = Robs. 


By using these values the bending moment diagram, shown in 
Fig. 62c, is readily constructed. 

In practical applications it is of importance to find the 
cross sections at which the bending moment has its maximum 
or minimum values. In the case of concentrated loads just 
considered, Fig. 62, the maximum bending moment occurs 
under the load P. This load corresponds in the bending 
moment diagram to point dı, at which point the slope of the 
diagram changes sign. Further, from equation (50), we know 
that the slope of the bending moment diagram at any point 
is equal to the shearing force. Hence the bending moment 
has its maximum or minimum values at the cross sections in 
which the shearing force changes its sign. If, as we proceed 
along the x axis, the shearing force changes from a positive 
to a negative value, as under the load P, in Fig. 62, the slope 
in the bending moment diagram also changes from positive 
to negative. Hence we have the maximum bending moment 
at this cross section. A change in V from a negative to a 
positive value indicates a minimum bending moment. In the 
general case a shearing force diagram may intersect the hori- 
zontal axis in several places. To each such intersection point 
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there then corresponds a maximum or a minimum in the 
bending moment diagram. The numerical values of all these 
maxima and minima must be investigated to find the nu- 
merically largest bending moment. 

Let us next consider the case of a uniformly distributed 


‘load, Fig. 63. From our previous discussion (p. 70), we have 


for a cross section a distance x from the left support 


v=(5-*) and M="“U-%. (i) 


. We see that the shearing force diagram consists in this case 


of an inclined straight line the ordinates of which for x = o 
and x = / are equal to g//2 and — g//2 respectively, as shown ` 
in Fig. 634. As can be seen from expression (i) the bending 
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z ó 
a 4 
@ 
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moment in this case is a parabolic curve with its vertical axis 
at the middle of the span of the beam, Fig. 63c. The moments 
at the ends, i.e., for x = o and x = /, vanish; and the max- 
imum value of the moment occurs at the middle of the span 
where the shearing force changes the sign. This maximum 
is obtained by substituting x = //2 in expression (i), which 
gives Mmax = g/?/8. 

If a uniform load covers only a part of the span, Fig. 64, 


we must consider three portions of the beam of length a, 4, 
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and c. Beginning with the determination of the reactions R, 
and Rz we replace the uniformly distributed load by its re- 
sultant gb. From the equations of statics for the moments 
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with respect to B and J, we then obtain 
b b 
R= F( +2) and R= F(a+2). 


The shearing force and the bending moment for the left 
unloaded portion of the beam (o < x < a) are 


V=R, and M = Rix. (j) 


For a cross section mz taken in the loaded portion of the beam 
the shearing force is obtained by subtracting the load g(x — a) 
to the left of the cross section from the reaction Ri. The 
bending moment in the same cross section is obtained by 
subtracting the moment of the load to the left of the cross 
section from the moment of the reaction R;. In this manner 
we find 


V = Rı — q(x — a) 
and M = Rix — q(x — a) X 


X% ~a 
2 





-© (k) 
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For the right unloaded portion of the beam, considering the 
forces to the right of a cross section, we find 


V = — R and M = Rl — x). (2) 


By using expressions (j), (k), and (/) the shearing force and 
bending moment diagrams are readily constructed. The 
shearing force diagram, Fig. 644, consists of the horizontal 
portions a,c; and dd, corresponding to the unloaded portions 
of the beam and the inclined line cid; corresponding to the 
uniformly loaded portion. The bending moment diagram, 


_ Fig. 64c, consists of the two inclined lines asc and bode 


corresponding to the unloaded portions and of the parabolic 
curve cəd» with vertical axis corresponding to the loaded por- 
tion of the beam. The maximum bending moment is at the 
point ¢2, which corresponds to the point e, where the shearing 
force changes sign. At points cz and d, the parabola is 
tangent to the inclined lines azc, and d2dz respectively. This 
follows from the fact that at points cı and d, of the shearing 
force diagram there is no ab- 


rupt change in the magnitude [f | a2, 
of the shearing force; hence, by 4 x 
virtue of equation (50), there l 2 
cannot occur an abrupt change “a 
in slope of the bending moment ? | 
diagram at the corresponding 4 - 
points c and dz. | 
In the case of a cantilever @ T b 


beam, Fig. 65, thesame method @ 

as before is used to construct 

the shearing force and bending @ 
moment diagrams. Measuring Fre. 65. 

x from the left end of the 

beam and considering the portion to the left of the load P, 
(o < x < a), we obtain 


V = — P, and M = — Pix. 


The minus sign in these expressions follows from the rule of 
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signs indicated in Fig. 584 and Fig. 594. For the right portion 
of the beam (a < x < /) we obtain 


V = — P, — P: and M = — Pix — P(x — a). 


The corresponding diagrams of shearing force and bending 
moment are shown in Fig. 654 and 6sc. The total area of the 
shearing force diagram does not vanish in this case and is 
equal to — P,/ ~ Pab, which is the bending moment Ms at 
the end B of the beam. The bending moment diagram con- 
sists of the two inclined lines acz and cz% the slopes of which 
are equal to the values of the shearing force at the correspond- 
ing portions of the cantilever. The numerical maximum of 
the bending moment is at the built-in end B of the beam. 

If a cantilever carries a uniform load, Fig. 66, the shearing 
force and bending moment at a distance x from the left end are 


V = ~ qx and =—-gX-=-. 


The shearing force is represented in the diagram by the in- 
clined line a and the bending moment by the parabola ad, 
which has a vertical axis and 
is tangent to the horizontal 
axis at 41, where the shearing 
force vanishes. The numeri- 
= T cal maximum of the bending 
q! moment and shearing force 
(4) r occurs at the end B of the 

g] beam. 
If concentrated loads and 
aie distributed loads act on the 
© beam simultaneously: it is 
advantageous to draw the 
diagrams separately for each 
kind of loading and obtain 
the total values of V or M 
at any cross section by summing up the corresponding or- 
dinates of the two partial diagrams. If, for example, we 








l 
@) 
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have concentrated loads Pı, P2 and P3, Fig. 62, acting simul- 
taneously with a uniform load, Fig. 63, the bending moment 
at any cross section is obtained by summing up the corre- 
sponding ordinates of the diagrams in Fig. 62¢ and Fig. 63c. 


Problems 


1. Draw approximately to scale the shearing force and bending 
moment diagrams and label the values of the largest positive and 
negative shearing forces and bending moments for the beams shown 


in Fig. 67. 
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2. Draw approximately to scale the shearing force and bending 
moment diagrams and label the values of the largest positive and 


000° 
a ee ie of al ee ee 


(a) 1000 * 
A N jm 
Pre a 
©) 
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negative shearing forces and bending moments for the cantilever 
beams shown in Fig. 68. 
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3. A cantilever carrying a total load W which increases uni- 
formly from zero at the left end as shown by the inclined line 4C, 
Fig. 69a, is built in at the right end. 
Draw the diagrams of shearing force and 
bending moment. 

Solution. The shearing force at a 
cross section mn at a distance x from the 
left end of the cantilever is numerically 
equal to the shaded portion of the load. 
Since the total load W is represented 
by the triangle 4CB the shaded portion 
w is Wx*/P, By using the rule of sign pre- 





6) viously adopted, Fig. 59, we obtain 
ô 
4; Pam we. 
«) W The shearing force diagram is thus rep- 


resented in Fig. 694 by the parabola ad 
which has a vertical axis at the point a. 
The bending moment at the cross section 
Fic. 69. mn is obtained by taking the moment 
of the shaded portion of the load with 
respect to the centroid of the cross section mu. Thus 


x x 
M=-Ww E xX 3 
This moment is represented by the curve a% in Fig. 6gc. 
4. A beam of length / uniformly supported along its entire 
length carries at the ends two equal loads P, Fig. 7o. Draw the 
shearing force and bending moment diagrams. 


=e 


Fic. 70. Fic. 71. 


5. A beam of length /, uniformly supported along its entire 
length, carries at the center a concentrated load P = 1,000 lbs., 
Fig. 71. Find the numerical maximum of the bending moment. 
Draw the shearing force and bending moment diagrams. 

6. A simply supported beam of length 7 carries a total distributed 
load W the intensity of which increases uniformly from zero at the 
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left end, as shown in Fig. 72a. Draw approximately to scale the 
shearing force and bending moment diagrams if W = 12,000 lbs. 
and / = 24 ft. 

Solution. The reactions at the supports in this case are 
Ri = 4W = 4,000 lbs. and R = 8,000 lbs. The shearing force at 
a cross section mz is obtained by 
subtracting the shaded portion 
of the load from the reaction Ri. 
Hence 


2 
VeR-W = w (= - =). 






The shearing force diagram is rep- 
resented by the parabolic curve 4" 


ach in Fig. 726. The bending 
moment at a cross section mn is WS 
at (o) a 
M= Rx- W z x 3 
& 
x b 

== LW. x ( = =): 
This moment is represented by 
the curve aicyd1in Fig.72c. The = ‘ 
maximum bending moment is at o 
cıwhere the shearing force changes Fic. 72. 


its sign and where x = //-3. o. l 
7. A simply supported beam 4B carries a distributed load the 
intensity of which is represented by the line 4CB, Fig. 73. Find 
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the expressions for the shearing force and the bending moment at 
a cross section mn. 
Solution. Assuming the total load W to be applied at the cen- 
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troid of the triangle ACB, the reactions at the supports are 
= I+ l+a 
Ri = W 30 and Ro = W 30 % 


The total load is then divided into two parts, represented by the 
triangles 4CD and CBD, of the amount Wa// and W/l respectively. 
2 2 
The shaded portion of the load is W 7 x = =W J . For the shear- 
ing force and the bending moment at mn we then obtain 
x? xx 
VR W and SERRE E R S 

In a similar manner the shearing force and bending moment for a 
cross section in the portion DB of the beam can be obtained. 

8. Find Mmax in the previous problem if / = 12 ft., d= 3 ft., 
W = 12,000 lbs. 

Answer. Mrmax = 22,400 ft. lbs. 

9. Draw approximately to scale the shearing force and bending 
moment diagrams and label the values of the largest positive and 


negative shearing forces and bending moments for the beams with 
overhangs shown in Fig. 74. 


= 400 los per ft 
c 
o Pe 
s 
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Solution. In the case shown in Fig. 74a the reactions are 670 
lbs. and 3,330 lbs. The shearing force for the left portion of the 
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beam is V = 670 — 400x. It is represented in the figure by the 
inclined line a4. The shearing force for the right portion of the 
beam is found as for a cantilever beam and is shown by the inclined 
line 5’c. The bending moment for the left portion of the beam is 
M = 670x — 400x?/2. It is represented by the parabola a1e14;._ The 
maximum of the moment at e; corresponds to the point e, at which 
the shearing force changes its sign. The bending moment diagram 
for the right portion is the same as for a cantilever and is repre- 
sented by the parabola ıcı tangent at ¢. 


a a 
l 
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10. A beam with two equal overhangs, Fig. 75, loaded by a 
uniformly distributed load, has a length /. Find the distance d 
between the supports such that the bending moment at the middle 
of the beam is numerically equal to the moments at the supports. 
Draw the shearing force and bending moment diagrams for this case. 

Answer. d = 0.586. 


CHAPTER IV 


STRESSES IN TRANSVERSALLY LOADED BEAMS 


23. Pure Bending.—It was mentioned in the previous 
chapter that the magnitude of the stresses at a cross section 
is defined by the magnitude of the shearing force and bending 
moment at that cross section. 
To calculate the stresses we 
shall begin with the instance 
in which the shearing force 
vanishes and only the bending 
moment acts. This case is 
called pure bending. An ex- 
ample of such bending is 
shown in Fig. 76. From sym- 
metry we can conclude that the reactions in this case are equal 
to P. Considering the equilibrium of the portion of the beam 
to the left of a cross section mn, it can be concluded that the 
internal forces which are distributed over the cross section mn 
and which represent the action of the removed right portion 
of the beam on the left portion must be statically equivalent 
to a couple equal and opposite to the bending moment Pa. 
To find the distribution of these internal forces over the cross 
section, the deformation of the beam must be considered. For 
the simple case of a beam having a longitudinal plane of sym- 
metry with the external bending couples acting in this plane, 
bending will take place in this same plane. If the beam is of 
rectangular cross section and two adjacent vertical lines mm 
and pp are drawn on its sides, direct experiment shows that 
these lines remain straight during bending and rotate so as 
to remain perpendicular to the longitudinal fibers of the beam 
(Fig. 77). The following theory of bending is based on the 
assumption that not only such lines as mm remain straight 
but that the entire transverse section of the beam, originally 

88 
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plane, remains plane and normal to the longitudinal fibers of 
the beam after bending. Experiment shows that the theory 
based on this assumption gives very accurate results for the 
deflection of beams and the strain of longitudinal fibers. From 
the above assumption it follows that during bending the cross 
sections mm and pp rotate with respect to each other about 
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axes perpendicular to the plane of bending, so that longitu- 
dinal fibers on the convex side suffer extension and those on 
the concave side compression. The line 2m is the trace of 
the surface in which the fibers do not undergo strain during 
bending. This surface is called the neutral surface and its 
intersection with any cross section is called the neutral axis. 
The elongation s’s, of any fiber, at distance y from the neutral 
surface, is obtained by drawing the line mısı parallel to mm 
(Fig. 77, a). Denoting by r the radius of curvature of the 
deflected axis! of the beam and using the similarity of the 
triangles non, and 5,715’, the unit elongation of the fiber ss’ is 


= fH 22. (52) 
nny, r 


Er 


It can be seen that the strains of the longitudinal fibers are 

proportional to the distance y from the neutral surface and 

inversely proportional to the radius of curvature. 
Experiments show that longitudinal extension in the fibers 


1 The axis of the beam is the line through the centroids of its cross 
sections. O denotes the center of curvature. 
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on the convex side of the beam is accompanied by /ateral contrac- 
tion and longitudinal contraction on the concave side, by lateral 
expansion, as in the case of simple tension or compression 


(see article 14). This changes the shape of all cross sec- 


tions, the vertical sides of the rectangular section becoming 
inclined to each other as in Fig. 77 (4). The unit strain in 
the lateral direction is 


€ = — te = — Bes (53) 


where u is Poisson’s ratio. Due to this distortion all straight 
lines in the cross section, parallel to the z axis, curve so as 
to remain normal to the sides of the section. Their radius 
of curvature R will be larger than v in the same proportion 
7 which €& is numerically larger than e, (see eq. $3) and we 
obtain 


R=-r, (54) 


From the strains of the longitudinal fibers the corresponding 
stresses follow from Hooke’s law (eq. 4, p. 4): 


Lf ser | (55) 


The distribution of these stresses is shown in Fig. 78. The 
stress in any fiber is proportional to its distance from the 
neutral axis nn. The position 
of the neutral axis and the 
radius of curvature r, the two 
unknowns in eq. (55), can now 
be determined from the condi- 
tion that the forces distributed 
over any cross section of the 
beam must give rise to a resist- 
ing couple which balances the 
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external couple M (Fig. 76). 

Let d4 denote an elemental area of a cross section 
distant y from the neutral axis (Fig. 78). The force acting 
on this elemental area is the product of the stress (eq. 55) 
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and its area d4, i.e., (Ey/r)dd. Due to the fact that all such 
forces distributed over the cross section represent a system 
equivalent to a couple, the resultant of these forces must be 
equal to zero and we obtain 


faa = 2 fyaa =o, 
r r 


i.e., the moment of the area of the cross section with respect 
to the neutral axis is equal to zero; hence the neutral axis 
passes through the centroid of the section. 

The moment of the force on the above element with 


respect to the neutral axis is (Ey/r)-d4-y. Summarizing such 


moments over the cross section and putting the resultant 
equal to the moment M of the external forces, the following 
equation for determining the radius of curvature r is obtained: 


nO a aM or 
r r 





I 
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in which 


ie f. yd 


is the moment of inertia of the cross section with respect to 
the neutral axis z (see appendix, p. 343). From eq. (56) it 
is seen that the curvature varies directly as the bending 
moment and inversely as the quantity EZ., which is called 
the flexural rigidity of the beam. Elimination of r from eqs. 
(55) and (56) gives the following equation for the stresses: 


_ My 
Cz = I, n 


The preceding discussion was for the case of a rectangular 
cross section. It will hold also for a bar of any type of cross 
section which has a longitudinal plane of symmetry and is 
bent by end couples acting in this plane, since for such cases 
also bending takes place in the plane of the couples and cross- 
sectional planes remain plane and normal to the longitudinal 
fibers after bending. ; 

In eq. (57) M is positive when it produces a deflection 





(57) 
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of the bar convex down, as in Fig. 77; y is positive downwards. 
A negative sign for e, indicates compressive stress. 

The maximum tensile and compressive stresses occur in 
the outermost fibers, and for the rectangular cross section or 
any other type which has its centroid at the middle of the 
depth 4 they occur for y = + 4/2 and are 


Mh M. 
(Ca = 57 and (oman — MA. (58) 


For simplification we will use the following notation: 





al, 
Z= ens (59) 
Then 
M 
(Tz) max = 7S5 (Gawain =.= af (60) 


The quantity Z is called the section modulus. In the case of 
a rectangular cross section (Fig. 77, 4) we have 

bhi 2 
oie 


M E~ 


i2? 


For a circular cross section of diameter d 


For the various profile sections, e.g., for I beams, channels 
and so on, the magnitudes of J, and Z for the sizes manu- 
factured are tabulated in handbooks. 

When the centroid of the cross section is not at the mid- 
dle of the depth, as, for instance, in the case of a T beam, 
let 4, and A, denote the distances from the neutral axis to the 
outermost fibers in the downward and upward directions re- 
spectively. Then for a positive bending moment we obtain 


Mh Mh 
(oz) max = SA 3 (oz) min =e E $ (61) 
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For a negative bending moment we obtain 


Mh Mh 
(a2) max = T, ; (oz) min = T, ° (62) 








The preceding derivations were made on the assumption 
that the beam has a longitudinal plane of symmetry in which 
the bending couples act. However they can also be used 
when no such plane of symmetry exists, provided the bending 
couples act in an axial plane which contains one of the two 
principal axes of the cross section (see appendix, p. 351). 
These planes are called the principal planes of bending. 

When there is a plane of symmetry and the bending 
couples act in this plane, deflection occurs also in this plane. 
The moments of the internal forces such as shown in Fig. 78 
about the horizontal axis are balanced by the external couple. 
The moments of these forces about the vertical axis cancel 
each other, because the moments of the forces on one side of 
this axis are just balanced by the moments of the correspond- 
ing forces on the other side. 

When there is no plane of symmetry, but the bending 
couples act in an axial plane through one principal axis of 
the cross section, xy in Fig. 79, a distribution of the stresses 
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following eq. (56) will still satisfy all the conditions of equi- 
librium. This distribution gives a couple about the horizon- 
tal axis which balances the external couple. About the ver- 
tical axis y, it gives a resultant moment: 


M, = | 2%aa=% f yd. 


r 


The integral on the right side is the product of inertia of the 
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cross section (see appendix, p. 348) and it is zero if the y and z 
axes are the principal axes of thesection. Therefore this couple 
is zero and, since the component about the y axis of the applied 
couple is zero, the conditions of equilibrium are satisfied. 


Problems 


1. Determine the maximum stress in a locomotive axle (F ig. 80) 
if ¢ = 13.5 in., diameter d of the axle 
C- P is to ia. and the spring-borne load P 

D! per journal is 26,000 Ibs. 
lo Solution. The bending moment 
Fic. 80. acting in the middle portion of the 
axle is M = P X ¢ = 26,000 X 13.5 

lbs. in. The maximum stress, from eq. (60), is 










M  32-M 32 X 26,000 X 13.5 > 
Omax = Zz = tegis = = eX = 3,580 Ibs. per sq. in. 

2. Determine the radius of curvature r and the deflection of the 
axle of the previous problem, if the material is steel and the distance 
between the centers of the journals is 59 in. 

Solution. The radius of curvature r is determined from eq. (55) 
by substituting y = d/2 = § in., (o2)max = 3,580 lbs. per sq. in. 
Then 

E d 30X18 X 5 


=a A. 3go T 4509001. 


For calculating ô (Fig. 80), the deflection curve is an arc of a circle of 


radius r and DB is one leg of the right triangle DOB, where O is the 
center of curvature. Therefore 


DB? = 7 — (r — 8)? = ard — &. 


ô is very small in comparison with the radius r and the quantity 6 
can be neglected in the above equation; then 
DB? 59° 


ô = aot 8X 41,900 = 0.0104 1n. 


3- A wooden beam of square cross section Io X Io inches is 
supported at 4 and B, Fig. 80, and the loads P are applied at the 


ends. Determine the magnitude of P and the deflection 6 at the 
middle if 4B = 6’; c = 1’; (z)mex = 1,000 lbs. per sq. in. and 
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E = 1.5 X 10° lbs. per sq. in. The weight of the beam is to be 
neglected. 

Answer. P = 13,900 lbs.; 6 = 0.0864 in. 

4. A standard 30” girder beam is supported as shown in Fig. 81 
and loaded on the overhangs 
by a uniformly distributed load 
of 10,000 lbs. per foot. Deter- 75% z 
mine the maximum stress in the 
middle portion of the beam and 
the deflection at the middle of Fic. 81. 
the beam if 7, = 9,150 in.# 

Solution. The bending moment for the middle portion of the 
beam is M = 10,000 X 10 X 60 = 6 X 108 lbs. in. 


5. Determine the maximum stress produced in a steel wire of 
diameter d = 1/32 in. when coiled round a pulley of diameter 
D = 20 in. 

Solution. The maximum elongation due to bending, from eq. 
(52), is 
d I 
D` 32 X 20 





and the corresponding tensile stress is 


30X0 


aa aa 46,900 lbs. per sq. in. 


(oz) max = Æ 
6. A steel rule having a cross section 1/32 X 1 in. and a length 
/ = 10 in. is bent by couples at the ends into a circular arc of 60°. 
Determine the maximum stress and deflection. 
Solution. The radius of curvature r is determined from the 
equation /= 27r, from which r = 9.55 in., and the maximum 
stress will be given by eq. (55), 


The deflection, calculated as for a circular arc, will become 


ô = r(1 — cos 30°) = 1.28 in. 
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47. Determine the maximum stress and the magnitude of the 
couples applied at the ends of the rule in the previous problem if 
maximum deflection at the middle is 1 in. 

Answer. 


(¢z)max = 38,300 lbs. per sq. in., M = 6.23 lbs. ins. 


8. Determine the curvature produced in a freely supported 
steel beam of rectangular cross section by non-uniform heating over 
the depth 4 of the cross section. The temperature at any point at 
distance y from the middle plane xz of the beam (Fig.77) is given by 
the equation: 

_A +h Car to)y 
Mog to ee 8 
where 4, is the temperature at the bottom of the beam, fo tempera- 
ture at the top, 4: — 4 = 123 degrees Fahrenheit, and the coeffi- 
cient of expansion a, = 70 X 10-7. What stresses will be pro- 
duced if the ends of the beam are clamped? 

Solution. The temperature of the middle plane xz is the 
constant (¢, + %)/2, and the change in temperature of other fibers is 
proportional to y. The corresponding unit thermal expansions are 
also proportional to y, i.e., they will follow the same law as the unit 
elongations given by eq. (52). As a result of this non-uniform 
expansion of the fibers bending of the beam will occur and the 
radius r of curvature is found from eq. (52) with a,(f; — ¢o)/2 for 
er and h/2 for y. Then 


Le = 1,160/, 


r = oor = 
ag (ty = to) 


If the ends of the beam are clamped, reactive couples at the 
ends will be produced of magnitude such as to remove the curvaturs 
due to non-uniform heating. Hence 

E-I. ElL 


M=- = Tbh 


Substituting this in eq. (57), we obtain 


Ey 
1,1604? 


Or = 


and the maximum stress is 


(o2)max = = 12,900 lbs. per sq. in. 


2 X 1,160 
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9. Solve problems 6 and 7 if the arc is of 10° and material is 
copper. 

10. Solve problem 4, assuming that the beam is of wood, has a 
square cross section 12” X 12” and the intensity of distributed 
load is 1,000 Ibs. per foot. 

24. Various Shapes of Cross Sections of Beams.?—From 
the discussion in the previous article it follows that the 
maximum tensile and compressive stresses in a beam in pure 
bending are proportional to the distances of the most remote 
fibers from the neutral axis of the cross section. Hence if 
the material has the same strength in tension and compression, 
it will be logical to choose those shapes of cross section in 
which the centroid is at the middle of the depth of the beam. 
In this manner the same factor of safety for fibers in tension 
and fibers in compression will be obtained. This is the under- 
lying idea in the choice of sections symmetrical with respect 
to the neutral axis for materials such as structural steel, 
which have the same yield point in tension and compression. 
If the section is not symmetrical with respect to the above 
axis, e.g., a rail section, the material is so distributed between 
the head and the base as to have the centroid at the middle 
of its height. 

For a material of small strength in tension and high 
strength in compression, e.g., cast iron or concrete, the ad- 
visable cross section for a beam is not symmetrical with 
respect to the neutral axis but such that the distances 4; and 
Ay from the neutral axis to the most remote fibers in tension 
and compression are in the same proportion as the strengths 
of the material in tension andin compression. In this manner 
equal strength in tension and compression is obtained. For 
example, with a T section, the centroid of the section may be 
put in any prescribed position along the height of the section 
by properly proportioning its flange and web. 

For a given bending moment the maximum stress depends 
upon the section modulus and it is interesting to note that 

2 A very complete discussion of various shapes of cross sections of 


beams is given by Barré de Saint Venant in his notes to the book by 
Navier, Resistance des Corps Solides, 3d ed., 1864. See pp. 128-162. 
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there are cases in which increase in area does not give a 
decrease in this stress. As an example, a bar of square cross 
section bent by couples acting in the vertical plane through 


a diagonal of the cross section (Fig. 82) will have a lower 


maximum stress if the corners shown shaded on the figure 
are cut off. Letting a denote the 
length of the side of the square 
cross section, the moment of in- 
ertia with respect to the z axis is 
(see appendix) J, = a*/12 and the 
corresponding section modulus is 
ILN ā 2 


Za = Vw, 
a 12 





Let us now cut off the corners so 
that mp = aa, where a is a fraction to be determined later. 
The new cross section consists of a square mmımm, with the 
sides a(1 — a) and of two parallelograms mnnımı. The mo- 
ment of inertia of such a cross section with respect to the z 
axis is 


i, S a — a + 2 ane [a0 = 2} = a- oh (1 + 3a) 


12 3 y2 
and the corresponding section modulus is 
Z = ecole aN AG — a)? (1 + 3a) 


Now if we determine the value of a to make this section 
modulus a maximum, we find a = 1/9. With this value of 
ain Z’ it is found that cutting off the corners decreases the 
maximum bending stress by about 5 per cent. This result is 
easily understood once we consider that the section modulus 
is the quotient of the moment of inertia and half the depth 
of the cross section. By cutting off the corners the moment 
of inertia of the cross section is diminished in a smaller pro- 
portion than the depth; hence the section modulus increases 
and (cz)max decreases. A similar effect may be obtained in 
other cases. For a rectangle with narrow outstanding por- 
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‘tions (Fig. 83, a) the section modulus is increased, under 


certain conditions, by cutting off these portions. For a 
circular cross section (Fig. 83, 4) the section modulus is 
increased by 0.7 per cent by cut- 

ting off the two shaded segments 

which have a depth ô = o.o1id. 

In the case of a triangular section 

(Fig. 83, c) the section modulus (a) 
can be increased by cutting off the 

shaded corner. 

In designing a beam to undergo pure bending, not only the 
conditions of strength should be satisfied but also the condition 
of economy in the beam’s own weight. Of two cross sections 
having the same section modulus, i.e., satisfying the condition 
of strength with the same factor of safety, that with the smaller 
area is more economical. In comparing various shapes of 
cross sections, we consider first the rectangle of depth 4 and 
width 4. The section modulus is 

2 
Z=% =} aM, (a) 
where 4 denotes the cross-sectional area. 

It is seen that the rectangular cross section becomes more 
and more economical with increase in its depth 4. However, 
there is a certain limit to this increase, and the question of 
the stability of the beam arises as the section becomes nar- 
rower. The collapse of a beam of very narrow rectangular 
section may be due not to overcoming the strength of the 
material but to sidewise buckling (see part IT). 

In the case of a circular cross section we have 

aa? 


I 
Zara gtd. (2) 





Comparing circular and square cross sections of the same 
area, we find that the side 4 of the square will be 4 = dyz/2, 
for which eq. (a) gives 


Z = 0.1474 -d. 


100 STRENGTH OF MATERIALS 


Comparison of this with (4) shows a square cross section to 
be more economical than a circular one. 

Consideration of the stress distribution along the depth 
of the cross section (Fig. 78) leads to the conclusion that 
for economical design most of the material of the beam 
should be put as far as possible from the neutral axis. The 
most favorable case for a given cross-sectional area 4 and 
depth 4 would be to distribute each half of the area at a 
distance 4/2 from the neutral axis. Then 


2 2 
=ax?x()-%, Z = 44h. (c) 
This is a limit which may be approached in practice by use 
of an I section with most of the material in the flanges. Due 
to the necessity of putting part of the material in the web 
of the beam, the limiting condition (c) can never be realized, 
and for standard I profiles we have approximately 


Z = 0.30dh., (d) 


Comparison of (d) with (a) shows that an I section is more 
economical than a rectangular section of the same depth. At 
the same time, due to its wide flanges, an I beam will always 
be more stable with respect to sidewise buckling than a beam 
of rectangular section of the same depth and section modulus. 


Problems 


1. Determine the width w of the flange of a cast iron beam 
having the section shown in Fig. 84, such that the maximum 


mM mMm 
él 
inom» 
x 
Fic. 84. 


tensile stress is one third of the maximum compressive stress. 
The depth of the beam 4 = 4 in., the thickness of the web and of the 
flange ¢ = 1 in. 

Solution. In order to satisfy the conditions, it is necessary for 
the beam to have dimensions such that the distance of the centroid 
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from the extreme bottom edge will satisfy the equation c = 3A. 
Now, referring to Fig. 84, the position of the centroid is calculated 
from the equation: 


h £ 
e+e OS. y 
CS ge Lee ea 
4 








At + (x — Dt 
from which 
2 I ‘ 
x=t+7 TAEI z7 91n 
M M 
(e FES 
b 
Fic. 85. 


2. Determine the ratio (¢z)max : (oz)min for a channel, bent as 
shown in Fig. 86, if ¢ = 2 in., 4 = 1oin., 6 = 24 in. 
Answer. 


(2) max : (oz) min = 3S]. 


3. Determine the condition at which the di- 
minishing of the depth /1 of the section shown in 
Fig. 86 is accompanied by an increase in section 
modulus. 

Solution. 





az M dl 
dh © T he 3 
The condition for increase in Z with decrease of hı is 
bè _ dh Ob hè 


bhè z 3 or ad~ E 

4. Determine what amount should be cut from an equilat- 
eral triangular cross section (Fig. 83, c) in order to obtain the maxi- 
mum Z. 

5. Determine the ratio of the weights of three beams of the 
same length under the same M and (oz)msx and having as cross 
sections respectively a circle, a square and a rectangle with pro- 
portions 4 = 2d, 

Solution. 

1.12.22 0.793. 
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25. General Case of Transversally Loaded Beams.—In 
the general case of transversally loaded beams, the stresses 
distributed over a cross section of a beam must balance the 
shearing force and the bending moment at that cross section. 
The calculation of the stresses is usually made in two steps by 
determining first the stresses produced by the bending mo- 
ment, the so-called bending stresses, and afterwards the shear- 
ing stresses produced by the shearing force. In this article we 
shall limit ourself to the calculation of the bending stresses; 
the discussion of shearing stresses will be given in the next 
article. In calculating bending stresses we assume that these 
stresses are distributed in the same manner as in the case of 
pure bending and will use the formulas derived for the stresses 
in article 23. Experiments show that such a procedure gives 
satisfactory results if we are dealing with sections which are 
not very close to the point of application of a concentrated 
force. In the vicinity of the application of a concentrated load 
the stress distribution is more complicated. This problem 
will be discussed in Part II. 

The calculation of bending stresses is usually made for 
the cross sections at which the bending moment has the 
largest positive or negative value. Having the numerical 
maximum of the bending moment and the magnitude of the 
allowable stress oy in bending, the required cross-sectional 
dimensions of a beam can be obtained from the equation 


M max 
Ta =g (63) 


The application of this equation will now be shown by a 
number of examples. 


Problems 


1. Determine the necessary dimensions of a standard I beam to 
support a distributed load of 400 lbs. per foot, as shown in Fig. 87, 
when the working stress e» = 16,000 Ibs. per sq. in. Only the 
normal stresses ø+ are to be taken into consideration and the weight 
of the beam is neglected. 


The necessary section modulus 
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Solution. To obtain the dangerous section the shearing force 
diagram should be constructed (Fig. 87, 4). The reaction at the 
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left support is 


12 X 400 X 15 + 6 X 400 X 3 


E = 3,770 lbs. 


Ri = 


The shearing force for any cross section of the portion AC of the 


beam is 
V = Ri — qx = 3,770 — 400 X x. 


This force is zero for x = 3,770/400 = 9.43 feet. For this section 
the bending moment is a maximum, 


Mmax = 35770 x 9-43 — 400 x 3 x 9-43" 
= 17,800 X 12 lbs, in. 


17,800 X 12 





= = 12.4 in? 
a= 16,000 13-4 1n 
This condition is satisfied by a standard b 
I beam of depth 8 in., cross-sectional area 
5.33 sq. in., and Z = 14.2 in? , lh 
2. A wooden dam (Fig. 88) consists of Fic. 88. 


vertical bars such as 4B of rectangular 

cross section and dimension 4 = 1 foot supported at the ends. De- 

termine (cz)max if the length of the bars / = 18 feet and the weight 

of the bar is neglected. 
Solution. If 4 is the width of one bar, the complete hydrostatic 

pressure on the bar, represented by the triangular prism ABC, is 
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W = 3b X 62.4 lbs. The reaction at 4 is Ri = }W = 4e x 62.4 
lbs. and the shearing force at any cross section mn is equal to the 
reaction R, minus the weight of the prism Amn of water, i.e., 


x? I xt 
v-r-w3=w(3-5). 


The position of the cross section corresponding to Mmax is found 
from the condition V = 0 or 


from which 


The bending moment at any cross section mn is equal to the moment 
of the reaction R, minus the moment of the distributed load repre- 
sented by the triangular prism mn. Then 


P 3 3 
Substituting, from the above, x?//? = 4 and x = 10.4 feet, we obtain 


Mmax = $2 X 62.4 X 10.4 lbs. feet, 


Mma  6Mmas _ 2/1624 X 10.4 : 
(¢z)mex = Z, oe *(5) Ta? = 973 Ibs. per sq. in. 


3. Determine the magnitude 
of Mmax in a beam loaded by a 
triangular load ADB equal to W 
= 12,000 lbs. if 7 = 12 feet and 
d = 3 feet (Fig. 89). 

Solution. The distance ¢ to 
the vertical through the center of 
gravity C from the support B is, in 
the case of a triangle, 


c=ht+d = si. 


The reaction at the support < is then 





- We 12,000 X § 
Rı = Safe = T 5o lbs. 
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The shearing force at any cross section mn is equal to the reaction R, 
minus the weight of the load represented by area Amn. Since the 
load represented by the area 


ADE = Wl — a) eee) W, 
4 4 
we obtain 
=R -p Č. 
"=m g-a 
The position of the section with Mmax is found from the condition 
3 yy 
Ry oe a a dy = 0 
or 
2 4R 5 
C=- 4} 3W g’ 
from which 


x = 6.71 feet. 


The bending moment at any cross section mn is equal to the moment 
of the reaction R, minus the moment of the load 4mn. Then 


x? x 


Sreda 
MRR ER 


Substituting for the above value x, 


Mrmax = 22,400 lbs. ft. Z 
P 
4. Construct the bending z 
moment and shearing force dia- a b c 
grams for the case in Fig. go (a) b c 
and determine the necessary gr 


standard I beam if a = ¢ = //4 
= 6 feet, P = 2,000 lbs., g = 400 
Ibs. per foot, a» = 15,000 lbs. per 
sq. in. The weight of the beam 
can be neglected. 

Solution. In Fig. go (4) and 
(c) the bending moment and 
shearing force diagrams pro- 
duced by the distributed loads 
are shown. To this the moment 
and the shearing force produced by P should be added. The 





Fic. go. 
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maximum bending moment will be at the middle of the span, 


Mmax = 19,200 lbs. ft. 
The necessary 
_ 19,200 X 12 _ a 
Z= 15,000 = 15.4 in. 
The standard I beam of depth 8 in. and cross-sectional area 6.71 
sq. in, Z = 16.1 inë, is the nearest cross section satisfying the 
strength conditions. Í 
5. Determine the most unfavorable position of the hoisting 
carriage of a crane which rides on a beam as in Fig. gt. Find Minax 
if the load per wheel is P = 10,000 lbs., 
l= 24 feet, d= 6 feet. The weight 
of the beam is neglected. 
Solution. If x is the distance of the 
left wheel from the left support of the 
beam, the bending moment under this 
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wheel is 


2PU— x — 2d)x 


l 
This moment becomes a maximum when 
l d 
xr; 
2 4 


hence in order to obtain the maximum bending moment under the 
left wheel the carriage must be displaced from the middle position 
by a distance d/4 towards the right support. The same magnitude 
of bending moment can be obtained also under the right wheel by 
displacing the carriage by d/4 from the middle position towards the 
left support. 





6. The rails of a crane (Fig. 92) are supported by two standard I 


beams. Determine the most unfavorable position of the crane, the 
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corresponding Mmax and the dimensions of the I beams if a» = 1 5,000 
Ibs. per sq. in., Z = 30 feet, a = 12 feet, d = 6 feet, the weight of the 
crane W = 10,000 lbs., the load lifted by the crane P = 2,000 Ibs. 
The loads are acting in the middle plane between the two I beams 
and are equally distributed between them. 

Solution. The maximum bending moment will be under the 
right wheel when the distance of this wheel from the right support is 
equal to /; = 4(/ — 34); Minx = 1,009,000 lbs. in. Dividing the 
moment equally between the two beams, we find the necessary 


Mnax . 
Z= = 33.6 in? 


20w 





The necessary I beam has a depth 12 in., cross-sectional area 9.26 sq. 


in.; Z = 36.0 in The weight of the beam is neglected. 
7. A circular wooden beam supported at C and attached to the 
foundation at 4 (Fig. 93) carries a load q = 300 lbs. per foot uni- 





b? le) d 
2 


G 


Fig. 93. Fie. 94. 


formly distributed along the portion BC. Construct the bending 
moment diagram and determine the necessary diameter d if cw 
= 1,200 lbs. per sq. in., a = 3 feet, d = 6 feet. 

Solution. The bending moment diagram is shown in Fig. 93 
(4). Numerically the largest moment will be at C and is equal 
to 64,800 lbs. in.: 
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8. The wooden dam backed by vertical pillars built in at the 
lower ends (Fig. 94) consists of horizontal boards. Determine the 
dimension of the square cross section of the pillars if Z = 6 feet, 
d = 3 feet and ow = 500 lbs. per sq. in. Construct the bending 
moment and shearing force diagrams. 

Solution. The total lateral load on one pillar is represented by 
the weight W of the triangular prism 4BC of water. At any cross 
section mn, the shearing force and the bending moment are 
WY +x? Wie x 


V = — P’ ME T 





In determining the signs of V and M it is assumed that Fig. 94 is 
rotated go° in the counter-clockwise direction so as to bring the 
axes x and y into coincidence with those of Fig. 56. The necessary 
dimension 4 is found from equation 

B M max 3 xX 6? X 62.4 X 12 

Z = 7 =O = 1 

6 Tw 500 

from which 
b = 9.90 in. 


The construction of diagrams is left to the reader. 

g. Determine the necessary dimensions of a cantilever beam 
of a standard I section which carries a uniform load q = 200 lbs. 
per foot and a concentrated load P = 500 lbs. at the end if the 
length / = § feet and cù = 15,000 lbs. per sq. in. 

Solution. 

Z (500 X 5 + 1,000 X 2.5)12 _ 


in. 
15,000 4 


The necessary standard I beam is § in. deep and of 2.87 in.? cross- 
sectional area. 





10. Determine the bending stresses in a rivet by assuming that 
the loads acting on the rivet are distributed as shown in Fig. 95. 
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The diameter of the rivet d = 3/4 in., A = 1/4 in., hy = 3/8 in., 
P = 10,000 lbs. per sq. in. 

Solution. The bending moment at the cross section mn is 
P/2 X h/2. The bending moment at the middle cross section mını 


1s 
P(h h 
(3+ 7) 


This latter moment is the one to be taken into account in calculating 
the stresses. Then 
(z n) EL a 2h + hı 


(02)max = = z = 26,400 Ibs. per sq. in. 





2 4) °32 ræ 

11. Determine the necessary standard I beams for the cases in 
Figures 674, 67d, and 684, assuming working stress of 16,000 lbs. 
per sq. in. 

12. Determine the necessary dimensions of a simply supported 
beam of standard I-section such as to carry a uniform load of 400 
Ibs. per ft. and a load of P = 4000 lbs. placed at the middle. The 
length of the beam is 15 ft. and working stress oy = 16,000 lbs. 
per sq. in. 

13. A channel the cross section of which is shown in Fig. 85 is 
simply supported at the ends and carries a concentrated load at the 
middle. Calculate the maximum value of the load which the beam 
will carry if the working stress is 1,000 lbs. per sq. in. for tension and 
2,000 Ibs. per sq. in. for compression. 


26. Shearing Stresses in Bending.—In the preceding ar- 
ticle it was shown that when a beam is bent by transverse 
loads not only normal stresses 


- oz but also shearing stresses r m P 


are produced in any cross sec- a 

tion mn of the beam, Fig. 96. pel 

Considering the action on the 2 
right portion of the beam, Fig. G 

96, it can be concluded from Fic. 96. 

the conditions of equilibrium 

that the magnitude of these shearing stresses is such that their 
summation is equal to the shearing force V. In investigating 
the law of their distribution over the area of the cross section 


we begin with the simple case of a rectangular cross section, 
Fig. 97. In such a case it is natural to assume that the shear- 
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ing stress at each point of the cross section is parallel to the 
shearing force V, i.e., parallel to the sides mn of the cross 
section. We denote the stress in such a case by Ty The 


subscript y in tyz indicates that the shearing stress is parallel — 


to the y axis and the subscript x that the stress acts in a plane 
perpendicular to the x axis. As a second assumption we take 





@) 
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the distribution of the shearing stresses to be uniform across 
the width of the beam cc,. These two assumptions will 
enable us to determine completely the distribution of the 
shearing stresses. A more elaborate investigation of the prob- 
lem shows that the approximate solution thus obtained is 
usually sufficiently accurate and that for a narrow rectangle 
(4 large in comparison with 4, Fig. 97) it practically coincides 
with the exact solution. 

If an element be cut from the beam by adjacent cross 
sections and by adjacent planes parallel to the neutral plane, 

* The exact solution of this problem is due to de Saint Venant, 
Journal de Math. (Liouville), 1856. An account of de Saint Venant’s 
famous work is given in Todhunter and Pearson’s “History of the Theory 
of Elasticity.” The approximate solution given below is by Jouravski. 
For the French translation of his work see Annales des Ponts et Chaussées, 
1856. The exact theory shows that when the depth of the beam is small 


in comparison with the width the discrepancy between the exact and the 
approximate theories becomes considerable. 
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as in Fig. 97 (4), in accordance with our assumption there 
is a uniform distribution of the shearing stresses Tys OVer 
the vertical face accya;. These stresses have a moment 
(ty2bdy)dx about the lower rear edge ee of the element which 
must be balanced by the moment (7,,4dx)dy due to shearing 
stresses distributed over the horizontal face of the element, 
caddie). Then 


Tybdydx = Trybdxdy and Tye = Tey 


i.e., the shearing stresses acting on the two perpendicular 
faces of the element are equal. The same conclusion was 


met before in simple tension (see p. 40) and also in tension 


or compression in two perpendicular directions (see P- 45). 
The existence of these shearing stresses in the planes parallel 
to the neutral plane can be demonstrated by simple experi- 
ments. Take two equal rectangular bars put together on 
simple supports as shown in Fig. 
98 and bent by a concentrated 
load P. If there is no friction be- 
tween the bars, the bending of 
each bar will be independent of 
that of the other; each will have 
compression of the upper and ten- 
sion of the lower longitudinal fibers 
and the condition will be that in- 
dicated in Fig. 98 (4). The lower 


P 





` longitudinal fibers of the upper bar slide with respect to the 


upper fibers of the lower bar. In a solid bar of depth 24 
(Fig. 98, a) there will be shearing stresses along the neutral 
plane nn of such magnitude as to prevent this sliding of the 
upper portion of the bar with respect to the lower, shown in 
Fig. 98 (4). Due to this prevention of sliding the single 
bar of depth 24 is much stiffer and stronger than two bars 
each of depth 4. In practice keys such as a, 4, c, . . . are 
sometimes used with built-up wooden beams in order to pre- 
vent sliding (Fig. 99, a). Observation of the clearances 
around a key, Fig. 99 (4), enables us to determine the direc- 
tion of sliding in the case of a built-up beam and therefore 
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the direction of the shearing stresses over the neutral plane 
in the case of a solid beam. 
The above discussion shows that the shearing stress rys 


cross section is vertical in 
direction and numerically 
equal to the horizontal 
shearing stress rz, in the 














3 LN 


b horizontal plane through 

P the same point. This latter 
UAM 26 stress can easily be calcu- 
om 7) T lated from the condition of 
esos: equilibrium of the element 


ppinn, cut out from the 
beam by two adjacent cross sections mn and mn, and by the 
horizontal plane pp, Fig. 100 (a) and (4). The only forces on 
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this element in the direction of the x axis are the shearing 
stresses 7z, over the side pp, and the normal stress ¢, over the 
sides pn and pimi. If the bending moments at cross sections 
mn and mını are equal, i.e., in the case of pure bending, the 
normal stresses ey over the sides np and mp, will be also 
equal and will be in balance between themselves. Then the 
shearing stress Tsy must be equal to zero. 

Let us consider now the more general case of a varying 
bending moment, denoting by M and M + dM the moments 
in the cross sections mn and mn, respectively. Then the 
normal force acting on an elemental area d4 of the side nppn 


at any point of the vertical 
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will be (eq. 57) 


My 
7 dA. 


z 





o,4dA = 


The sum of all these forces distributed over the side nppn of 
the element will be 
hi2 M: 
f P dd. (a) 
n z 


In the same manner the sum of the normal forces acting on 
the side nıpıpını is 


"2? (M + dM 
Í MEID aa. (2) 


The force due to the shearing stresses 7,, acting on the top 
side pp: of the element is 
Trybdx. (c) 


The forces given in (a), (4) and (c) must satisfy eq. EX =o, hence 


h/2 hi2 
pie f at as dA — f 1 ad, 
“i z “i z 


from which 


dM ı "ia 
Try = ‘dx bl, i yd, 
or, by using eq. (50), 
V hi2 
Toy = Tu = FF ydA. (64) 


Zun 


The integral in this equation has a very simple meaning. It 


represents the moment of the shaded portion of the cross 
section, Fig. 100 (4), with respect to the neutral axis z. For 
the rectangular section discussed 


dA = bdy 


and the integral becomes 


{2 


by? 


bydy = ee 








hi2 b h 
-E-a o 


The same result can be obtained by multiplying the area 


n 
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(2/2) — yı] of the shaded portion by the distance 3[(4/2) + ya} 


of its centroid from the neutral axis. 
Substituting (4) in eq. (64), we obtain for the rectangular 
section 


V (Ph 
Try = Tys = 3T, (= - y) : (65) 
It is seen that the shearing stresses ry, are not uniformly 
distributed from top to bottom of the beam. The maximum 
value of Tys occurs for yı = o, i.e., for points on the neutral 
axis; and is, from equation (65), 
Vie 
(Ty2) max = 37, 
or, since J, = 6/3/12, 


(66) 


3 V 
(Tyz) max = a bh i 
Thus the maximum shearing stress in the case of a rectangular 
cross section is 50 per cent greater than the average shearing 
stress, obtained by dividing the shearing force by the area of 
the cross section. 

For the bottom and for the top of the cross section, 
Yı = + A/2 and equation (65) gives ty, = 0. The graph of 
equation (65) (Fig. 100, c) shows that the distribution of the 
shearing stresses along the depth of the beam follows a para- 
boliclaw. Theshadedarea bounded by the 
parabola multiplied with the width 4 of the 
beam gives 3(tyx)maxkb = V, as it should. 

A natural consequence of these shear- 
ing stresses is shearing strain, which 
causes cross sections, initially plane, to 
become warped. This warping can be 
easily demonstrated by bending with a 
force on the end a rectangular piece of rubber (Fig. ror), 
on whose sides vertical lines have been drawn. The lines 
will not remain straight as indicated by the dotted lines, 
but become curved, so that the maximum shear strain 
occurs at the neutral surface. At the points m’, mi’, n’, ny’ 





Fic. ior. 
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the shearing strain is zero, so that the curves m'n’ and mi'n’ 
are normal to the upper and lower surfaces of the bar after 
bending. At the neutral surface the angles between the tan- 
gents to the curves m'n’ and m'n,’ and the normal sections 
mn and mn, are equal to y = 1/G-(ryz)max- As long as the 
shearing force remains constant along the beam, the warping 
of all cross sections is the same, so that mm’ = mmy, nn’ 
= nın; and the stretching or the shrinking produced by the 
bending moment in the longitudinal fibers is unaffected. This 
fact explains the validity here of eq. (57), which was devel- 
oped for pure bending and based on the assumption that 
cross sections of a bar remain plane during bending. 

A more elaborate investigation of the problem + shows that 
the warping of cross sections also does not substantially 
affect the strain in longitudinal fibers if a distributed load 
acts on the beam and the shearing force varies continuously 
along the beam. In the case of concentrated loads the stress 
distribution near the 
loads is more compli- 
cated, but this devia- 
tion from the straight 
line law is of a local 
type (see Part II). 


Problems 


1. Determine the 
limiting values of the 
loads P acting on the H 


wooden rectangular 


P 2 





beam, Fig. 102, if b = 8 = 
in., 4 =101N., 6w = 800lbs. 
per sq. in., Twe = 200 lbs. Fic. 102. 


per sq. in., c = 1.5 feet. 
Solution. The bending moment and shearing force diagrams are 
given in Fig. 102. 


4See W. Voigt, Göttingen Abhandlungen, Bd. 34 (1887); J. H. 
Michell, Quart. J. of Math., Vol. 32 (1901); and L. N. G. Filon, Phil. 
Trans. Roy. Soc. (Ser. A), Vol. 201 (1903), and London Roy. Soc. Proc., 
Vol. 72 (1904). i 
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i V nax = P; Manm = P-e. 
From equations 
Pe 
Zz = Ow and a = 
we obtain 


P = 5,930 lbs. and P = 10,700 lbs.; 


therefore P = 5,930 lbs. is the limiting value of the load P. 
A 2. Determine the maximum nor- 
€— Ér, malstress osand the maximum shear- 
-4 Ing stress Tys in the neutral plane 
of the beam represented in Fig. 103 
E if a = 2 feet, c = 4 feet, $ = 8 in., 
A = Io in. and P = 6,000 lbs. 






Answer. 
(o2)max = 720 Ibs. per sq. in;  (rye)max = 76 Ibs. per sq. in. 


3- Determine the maximum shearing stress in the neutral plane 
of a uniformly loaded rectangular beam if the length of the beam 
1=6 feet, the load per foot g = 1,000 Ibs., the depth of the cross 
section 4 = to in. and the width 4 = 8 in. 

Answer. 


Tmax = 56.3 lbs. per sq. in. 


4, Determine the maximum shearing stresses in problem 2 of 
article 25. 


27. Distribution of Shearing Stresses in the Case of a Circular 
Cross Section.—In considering the distribution over a circular 
cross section (Fig. 104) there 
is no foundation for the as- 
sumption that the shearing 
stresses are all parallel to the 
shearing force V. In fact 
we can readily show that at 
points p (Fig. 104, 4) of the 
cross section along the bound- *% “™ 
ary the shearing stress is 
tangent to cher bound ne 
Let us consider an infinitesimal element abcd (Fig. 104, c) in 
the form of a rectangular parallelepiped with the face adfe in 
the surface of the beam and the face abcd in the plane yz of the 
cross section. If the shearing stress acting over the side abcd of 
the element has a direction such as 7, it can always be resolved 
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into two components 71, in a radial direction and 72, in the direction 
of the tangent to the boundary. Now it has been proved before 
(see p. 111), by using the equation of equilibrium of an element, 
that if a shearing stress r acts over an elemental area, an equal 
shearing stress will act also over an elemental area perpendicular 
to r. Applying this in our case it must be concluded that if a 
shearing stress Tis is acting on the element abcd in a radial direction 
there must be an equal shearing stress 721 on the side adfg of the 
element lying in the surface of the beam. If the lateral surface of 
the beam is free from shearing stresses, the radial component 71, of 
the shearing stress r must be equal to zero, i.e., r must be in the 
direction of the tangent to the boundary of the cross section of the 
beam.. At the midpoint n of the chord pp symmetry requires that 
the shearing stress have the direction of the shearing force ~V. 
Then the directions of the shearing stresses at the points p and x will 
intersect at some point O on the y axis (Fig. 104, 4). Assuming now 
that the shearing stress at any other point of the line pp is also 
directed toward the point O, we have a complete determination of 
the directions of the shearing stresses. As a second assumption we 
take the vertical components of the shear- 
ing stresses equal for all points of the line 
pp.» As this assumption coincides com- 
pletely with that made in the case of a 
rectangular cross section, we can use eq. 
(64) for calculating thiscomponent. Know- 
ing the actual direction of the shearing 
stress and its vertical component, its mag- 
nitude may be easily calculated for any 
point of the cross section. 

Let us calculate now the shearing stresses along the line pp of 
the cross section (Fig. 105). In applying eq. (64) to the calculation 
of the vertical component Tys of these stresses we must find the 
moment of the segment of the circle below the line pp with respect 
to the z axis. The elemental area mn has the length 2VR? — y” 
and the width dy. The area is d4 = 2VR® — y*dy. The moment 
of this strip about Cz is yd4 and the total moment for the entire 
segment is 





Fic. 105. 





5 The approximate theory based on the above two assumptions gives 
satisfactory accuracy and comparison with the exact theory shows that 
the error in the magnitude of the maximum shearing stress is about 5 
per cent, which is not high for practical application. See Saint Venant, 
loc. cit., p. 110. See also the book by A. E. H. Love, ‘Mathematical 
Theory of Elasticity,” 4th ed., 1927, p. 346. i 
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R 
f ay R? — y- ydy = 2(R? = yë)’. 


“y 
Substituting this in eq. (64) and taking 2 VR? — yè for 4, we obtain 
V(R? — y?) 
eS (67) 
and the total shearing stress at points p (Fig. 105) is 


Tye R VRVR? — y? 
T OO eee es 
VR? — y? 31; 


It is seen that the maximum 7 is obtained for yı = o, i.e., for the 
neutral axis of the cross section. Then, substituting J, = rR‘/4, 


eg Ee SNe (68) 


In the case of a circular cross section, therefore, the maximum 
shearing stress is 33 per cent larger than the average value obtained 
by dividing the shearing force by the cross-sectional area. 


28. Distribution of Shearing Stresses in I Beams.—In 
considering the distribution of the shear- 
ing stresses in I beams (Fig. 106) for the 
section of the web, the same assumptions are 
made as for a rectangular cross section; 
these were that the shearing stresses are 
parallel to the shearing force V and are uni- 
formly distributed over the thickness 4; of 
the web. Then eq. (64) will be used for 
calculating the stresses Tys. For points on 
the line pp at a distance yı from the neu- 
tral axis, where the width of the cross sec- 
tion is 4,, the moment of the shaded portion with respect 
to the neutral axis z is 


= h? hy? bi hA? 
S saa = 3 (5 - PC - yt), 


Substituting in eq. (64), we obtain po 


O Vb kè\ hfk 
m EE-E) E-e) a 





Frc. 106. 
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The stress then varies along the depth of the beam following 
a parabolic law. The maximum and minimum values of tyz 
in the web of the beam are obtained by putting yı = o and 


J. = Ay[2: 


V Tbe hè 

(wae sgr E-e- w 
V(b bh? 

(Tyz)min = BI, (+ S7 E) : (71) 


When å; is very small in comparison with 4 there is no great 
difference between (ryz) max and (rye) min and the distribution 
of the shearing stresses over the cross section of the web is 
practically uniform. 

A good approximation for (ryz)max is obtained by dividing 
the complete shearing force V by the cross-sectional area of 
the web alone. This follows from the fact that the shearing 
stresses distributed over the cross section of the web yield a 
force which is nearly equal to X, which means that the web 
takes nearly all the shearing force, and the flanges have only 
a secondary part in its transmission. To prove this the 
summation of the stresses Tys over the web which we will call 


my/2 
Vis f Tyzidy, from eq. (69): 
—hyl2 


ee me tig be E H) a(= - ‘)| 
PSST mie 4 T 4 Ji bidy 


and, after integration, 


bh—-hh) h+th h bhè 
y= [Mee H oe | 
For small thickness of flanges, i.e., when 4:1 approaches 4, the 
moment of inertia J, is represented with sufficient accuracy 
by the equation: 


(a) 


blh — hy) (h +A) + Ay)? rime bihi 


D= 2 12 


(2) 


in which the first term represents the cross-sectional area of 


120 STRENGTH OF MATERIALS 


the flanges multiplied by the square of the distance (A + ’1)/4 
of their centers from the z axis, which is approximately the 
moment of inertia of the cross section of the flanges. The 


second term is the moment of inertia of the cross section of ` 


the web. Comparing (a) and (4), we see that as 4; approaches 
h the force X, approaches X and the shearing force will be 
taken by the web alone. 

In considering the distribution of the shearing stresses 
over the cross sections of the flanges the assumption of 
no variation along the width of the section cannot be made. 
For example, at the level ae (Fig. 106), along the lower 
boundary of the flange, ac and de, the shearing stress ryz 
must be zero since the corresponding equal stress rz, in the 
free bottom surface of the flange is zero (see p. 116 and also 
Fig. 104, c). In the part cd, however, the shearing stresses 
are not zero, but have the magnitudes calculated above for 
(Tyz)min in the web. This indicates that at the junction cd 
of the web and the flange the distribution of shearing stresses 
follows a more complicated law than can be investigated by 
our elementary analysis. In order to dissipate a stress con- 
centration at the points ¢ and d, the sharp corners are usually 
replaced by fillets as indicated in the figure by dotted lines. 
A more detailed discussion of the distribution of shearing 
stresses in flanges will be given later (see Part II). 


Problems 


1. Determine (ryz)max and (ryz)min in the cross section of the web 
of an I beam, Fig. 106, if = § in., 5, = 4 in, A = 12 
in, hı = 103 in, V = 30,000 lbs. Determine the 
shearing force transmitted by the web /. 

Answer. (tTyz)max = 5,870 lbs. per sq. in., (Tyz)min 
= 4,430 lbs. per sq. in., V1 = 0.945V. 
` 2. Determine the maximum shearing stress in the 
web of a T beam (Fig. 107) if h = 8 in., Ai = 7 in., 
6 = 4 in., d; = 1 in. and V = 1,000 lbs. 

Fie. 107. Answer. Using the same method as in the case of 
an I beam, we find (tyz)max = 176 lbs. per sq. in. 

3- Determine the maximum shearing stress in problems 1 and 

6 of article 25. 
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29. Principal Stresses in Bending.—By using eqs. (57) 
and (64) the normal stress o, and the shearing stress r,s can 
easily be calculated for any point of a cross section provided 
the bending moment M and the shearing force V are known 
for this cross section. The maximum numerical value of c, 
will be in the fiber most remote from the neutral axis, and 
the maximum value of rys usually at the neutral axis. In 
the majority of cases only the maximum values of o, and ryz 
obtained in this manner are used in design and the cross- 
sectional dimensions of beams are taken so as to satisfy the 
conditions 

(¢z) max = Ow and (Tys)max Æ Tus 
It is assumed here that the material is equally strong in 
tension and compression and o, is the same for both. Other- 


ft omn e mi 


y @” 








Fic. 108. 


wise the conditions of strength in tension and in compression 
must be satisfied separately and we obtain 


(oz) max = Fw in tension; (oz) min = Tw in compression. 
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There are cases, however, which require a more detailed 
analysis of stress conditions. We shall now demonstrate the 
method of analysis necessary for such cases with a beam simply 
supported and loaded at the middle (Fig. 108). For a point 
A below the neutral axis in the cross section mn, the magni- 
tudes of the stresses o, and Tys = Tey are given by eqs. (57) 
and (64). In Fig. 108 (4) those stresses are shown acting 
on an infinitesimal element cut out of the beam at the point 4, 
their senses being easily determined from those of M and V. 
For such an infinitesimal element the changes in stresses c, 
and Tys for various points of the element can be neglected 
and it can be assumed that the element is in a homogeneous 
state of stress, i.e., the quantities ss and Tys may be regarded 
as the same throughout the element. Such a state of stress 
is illustrated by the element of finite dimensions in Fig. 37a. 

From our previous investigation (see p. 46) we know 
that the stresses on the sides of an element cut out from a 
stressed body vary with the directions of these sides and 
that it is possible to so rotate the element that only normal 
stresses are present (see p. 47). The directions of the sides 
are then called principal directions and the corresponding 
stresses principal stresses. The magnitudes of these stresses 
can be found from eqs. (31) and (32) by substituting in these 
equations ø, =o. Then we obtain 


= 24 (2) to, (72) 
— (2) +a. 73) 


It should be noted that dmax is always tension and omin always 
compression. Knowing principal stresses, the maximum 
shearing stress at any point will be obtained from eq. (34) 
(see p. 49): 


Tmax — Omin | Oxz z 
Tmax > rr aan = (<) + Tys (74) 


For determining the directions of principal stresses Mohr’s 
circle will be used. For an element such as at point 4 (Fig. 


Omax 


Omin F 


Kie 
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108, 4), the corresponding Mohr’s circle is shown in Fig. 108 
(c). By taking the distance OF =o, and DF = ty, the 
point D, representing stresses over the sides dc and ad of 
the element, is obtained. The distance OF is taken in the 
direction of positive e and DF in the upward direction because 
oz is tensile stress and shearing stresses Tys over sides dc and 
ad give a clockwise couple (see p. 38). Point D, represents 
the stresses over the sides ab and de of the element on which 
the normal stresses are zero and the shearing stresses are 
negative. The circle constructed on the diameter DD, deter- 
mines Smax = OA and omin = — OB. From the same con- 
struction the angle 2¢ is determined and the direction of 
Omax in Fig. 108 (4) is obtained by measuring ¢ from the 
x axis in the clockwise direction. Of course omin is perpen- 
dicular to omax- 

By taking a section mını to the right of the load P (Fig. 
108, a) and considering a point 4 above the neutral axis, 
the direction of the stresses acting on an element abcd at 4 
will be that indicated in Fig. 108 (d). The corresponding 
Mohr’s circle is shown in Fig. 108 (e). Point D represents 
the stresses for the sides ad and dc of the element abcd and 
point D, the stresses over the sides ad and bc. The angle ¢ 
determining the direction omax must be measured in the clock- 
wise direction from the outer normal to the side aé or cd as 
shown in Fig. 108 (d). 

If we take a point at the neutral surface, then e, becomes 
zero. An element at this point will be in the condition of 
pure shear. The directions of the principal stresses will be 
at 45° to the x and y axes. 

It is possible to construct two systems of orthogonal curves 
whose tangents at each point are in the directions of the 
principal stresses at this point. Such curves are called the 
trajectories of the stresses. Figure 109 shows the stress trajec- 
tories for a rectangular cantilever beam, loaded at the end. 
All these curves intersect the neutral surface at 45° and have 
horizontal or vertical tangents at points where the shearing 
stress Ty: is zero, i.e., at the top and at the bottom surfaces 
of the beam. The trajectories giving the directions of omax 
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(tension) are represented by full lines and the other system 
of trajectories by dotted lines. Figure 110 gives the tra- 
jectories and the stress distribution diagrams for øo, and Tyz 
over several cross sections of a simply supported rectangular 





Fic. 109. Fic. 110. 


beam under uniform load. It is clearly seen that o, has a 
maximum value at the middle, where the bending moment 
M is a maximum, and 7,2 is maximum at the supports, where 
the maximum shearing force acts. In the design of beams 
the concern is for the numerically maximum values of v. 
From eq. (72) it can be seen that for the most remote fibers 
in tension, where the shear is zero, the longitudinal normal 
stress ¢, becomes the principal stress, i.e., omas = (Oz) max- 
For fibers nearer to the neutral axis the longitudinal fiber 
stress øs is less than at the extreme fiber; however we now 
have a shear stress tys also and the stresses e, and Tye acting 
together at this point may produce a principal stress, given 
by eq. (72), which will be numerically larger even than that 
at the extreme fiber. In the case of beams of rectangular or 
circular cross section, in which the shearing stress rys varies 
continuously down the depth of the beam, this is not usually 
the case, that is, the stress (oz)max calculated for the most 
remote fiber at the section of maximum bending moment is 
the maximum stress acting in the beam. However, in such 
a case as an I beam, where a sudden change occurs in the 
magnitude of shearing stress at the junction of flange and 
web (see p. 120), the maximum stress calculated at this joint 

€ Several examples of construction of the trajectories of stresses are 


discussed by I. Wagner, Zeitschr. d. Osterr. Ing. u. Archit. Ver., 1911, p. 
645. 
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from eq. (72) may be larger than the tensile stress (cz) max 
in the most remote fiber and should be taken into account 
in design. To illustrate, consider the case represented in 
Fig. 108 (a) with a beam of I 
section and the same dimen- 
sions as in problem 1, page 
120, the length / = 2 feet and 
P = 60,000 Ibs. Then Mmax 
= 30,000 lbs. feet; Ynax = 
30,000 lbs. From eq. (57) 
the tensile stress in the most remote fiber is 
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_ 30,000 X 12 X 6 


(Oz) max = 286 = 7550 lbs. per sq. in. 


Now for a point at the junction of flange and web we obtain 
the following values of normal and shearing stresses: 


pitas 7,550 X 105 


A = 6,610 lbs. per sq. in.; 


Tye = 4,430 lbs. per sq. in. 
Then, from eq. (72), the principal stress is 
Tmax = 8,830 lbs. per sq. in. 


It can be seen that omax at the joint between the flange 
and the web is larger than the tensile stress at the most remote 
fiber and therefore it must be considered in design. The 
variations Of oz, Tyz) Tmax aNd Smin along the depth of the 
beam are shown in Fig. 111. 


Problems 


1. Determine omsx and omin at a point 2 in. below the neutral 
axis in the section 3 feet from the loaded end of the cantilever (Fig. 
109) if the depth 4 = 8 in., the width 4 = 4 in. and P = 2,000 Ibs. 
Determine the angle between omax at this point and the x axis. 

Solution. (o2) = — 844 lbs. per sq. in.; (tyz) = 70.3 lbs. per 
sq. in.; max = §.7 lbs. per sq. in.; Snin = — 849-7 Ibs. per sq. in. 
The angle between omax and the x axis is 85° 16’ measured clockwise. 

2.’ Determine dmax and omin at the neutral axis and in the cross 
section 1 foot from the left support for the uniformly loaded 
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rectangular beam supported at the ends (Fig. rro). The cross- 
sectional dimensions are the same as in the previous problem, 
and g = 1,000 lbs. per foot; / = 10 feet. 
Answer. 
Gmax = — Gmin = 187.5 lbs. per sq. in. 
3. Determine the length of the I beam considered on p. 125 if 


(o2)max is equal to Smax at the junction of flange and web. 
Answer. l= 39.8 in. 


30. Stresses in Built-up Beams.—In engineering practice 
built-up beams are frequently used and the stresses in them 
are usually calculated on the assumption that their parts are 
rigidly connected. The computation will then involve (a) 
the designing of the beam as a solid beam and (4) the designing 
and spacing of the elements which unite the parts of the 
beam. In the first case the formulas for solid beams are 
used, making an allowance for the effect of rivet holes, bolts, 
slots, etc., by the use of reduced sections. The computations 
necessary for the uniting of the elements will be indicated by 
illustrations. : 

Let us discuss first a wooden beam built up as shown in 
Fig. 99. It is assumed that the keys used between the two 
parts of the beam are strong enough to resist the shearing 
forces $ (Fig. 99, 6). Then eq. (57) can be used for calcu- 
lating oz In order to take into account the weakening of 
the section by the keyways and the bolt holes, only the shaded 
portion of the section, indicated in Fig. 99 (c), should be 
taken into consideration. Then 

L = C2 Tar = 00°] 
In calculating the shearing force S acting on each key we 
assume that this force is equal to the shearing force dis- 
tributed in a solid beam over the area ed of the neutral surface 
where 4 is the width of the beam and e is the distance between 
the middle points. of the keys (see Fig. 99, a). Then by 
using eq. (66) and considering that the depth of the beam 











p 
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is equal to 24 in this case, we obtain 


ak aoe cy mer as (75) 


The dimensions of the keys and the distance e between them 
should be chosen so as to insure sufficient strength against 
shear of the key and against crushing of the wood on the 
lateral sides of the key and the keyway. In such calculations 
the rough assumption is usually made that the shearing 
stresses are uniformly distributed over the middle section 
aX b of the key and that the pressure on the lateral sides 
of the keys is uniformly distributed over the areas ¢ X 4. 
Then denoting by T» the working shearing stress for the keys, 
and by oy’ the working stress in lateral compression of the 
wood of the keys or the keyways, the following equations 
for designing the keys are obtained: 


yes 2 S= , 
JI KIA 


It is necessary to insure also sufficient strength against shear- 
ing of the wood of the beam along the fibers between two 
keys. The shearing force will be again equal to S and the 
resisting area is X (e — a). Denoting with tẹ’ the working 
stress in shear of the material of the beam along the fibers, 
the condition of strength becomes 


S 
blea sS: 


In addition to keys there are bolts (Fig. 99) uniting the 
parts of the beam. By tightening them friction between the 
parts of the beam is produced. This friction is usually 
neglected in calculations and it is assumed that the total 
shearing force is taken by keys. Experiments show that such 
built-up wooden beams are weaker than solid beams of the 
same dimensions.” 

7 The experiments made by Prof. E. Kidwell at the Michigan College 


of Mines show that built-up wooden beams have about 75 per cent of the 
strength of the solid beam of the same dimensions. 
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In calculating the o, stresses in built-up I beams the 
weakening effect of rivet holes is usually taken into account 
by assuming that all the holes are in the same cross section 
(Fig. 112, a) of the beam ® and subtracting their diametral 
sections in calculating J, in eq. (57). + 

M „MAM 


mem, 





Fig, 112. 


In calculating the maximum shearing stress ry it is also 


the practice to take into account the weakening effect of the 
rivet holes. It can be seen that the cross-sectional area of 
the web is diminished, by holes, in the ratio (e — d)/e, where 
e is the distance between the centers of the holes and d the 
diameter of the holes. Hence the factor e/(e — d) is usually 
included ‘in’ the right side of eq. (64) for calculating rye in 
the web of built-up I beams. It should be noted that this 
manner of calculating the weakening effect of rivet holes is 
only a rough approximation. The actual distribution of 
stresses near the holes is very complicated. Some discussion 
of stress concentration near the edge of a hole will be given 
later (see Part II). ~ 

In calculating the shearing force acting on one rivet, such 
as rivet Æ (Fig. 112, 4), let us consider the two cross sections 
mn and mını. Due to the difference of bending moments in 
these two cross sections the normal stresses e, on sections 
mn and mn, will be different and there is a tendency’ for the 


8 The holes in vertical web are present in sections where vertical 
stiffeners are riveted to the girder. i 


f 
i 
i 
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flange of the beam shaded in Fig. 112 (c) to slide along the 
web. This sliding is prevented by friction forces and by the 
rivet 4. Neglecting friction, the force acting on the rivet 
becomes equal to the difference of forces acting in sections 
mn and mını of the flange. The force in the flange in the 
cross section mn is (see eq. (4), p. 113) 


M 
F f ydA, 


where the integration should be extended over the shaded 
cross sectional area of the flange. In the same manner for 
the cross section mm we obtain 


(M + AM) 
a f ydA. 


. Then the force transmitted by the rivet Æ from the flange 


to the web will be 
pas f yt: (2) 


By using eq. (50) and substituting the distance e between 
the rivets instead of dx, we obtain 


AM = Fe, 


where Y is the shearing force in the cross section of the beam 
through the rivet 4. Substituting in eq. (a), we obtain 


s=% f ydd. (76) 


The integral entering in this equation represents the moment 
of the shaded cross section (Fig. 112, c) of the flange with 
respect to the neutral axis z. 

It is easy to see that in order to get sliding of the flange 
along the web the rivet must be sheared through two cross 
sections. Assuming that the force S is uniformly distributed 
over these two cross sections, the shearing stress in the rivet 
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r = — p = pp ff da. (77) 


The force § sometimes produces considerable shearing stress 
in the web of the beam along the plane aé (see Fig. 112, 4) 
which must be taken into consideration. Assuming that these 
stresses are uniformly distributed and dividing S by the area 
bıle — d), we obtain 


,_ K e 
; = gT, pag foia (2) 


In addition to this stress produced by forces $ transmitted 
from the flanges there will act along the same plane ab shear- 
ing stresses 7” due to bending of the web. The magnitude 
of these stresses will be obtained by using the above eq. (4) 
and substituting for the integral f'yd4 the statical moment 
with respect to the neutral axis z of the portion of the rectan- 
gular cross section of the web above the plane ad. In this 
manner we arrive at the following equation for the shearing 
stress Tzy in the web along the plane ad: 


, um y 
ty tm rr rigfa (78) 


in which the integral is extended over the shaded area of the 
cross section shown in Fig. 112 (d). Knowing oz and Ta, 
the omax and omin for the points in the plane ad can be cal- 
culated from eqs. (72) and (74), as was explained in the 
previous article, and the directions of principal stresses can 
be determined. 

From the above discussion it is seen that in calculating 
stresses in built-up I beams several assumptions are made for 
simplifying the calculations. This to a certain extent reduces 
the accuracy of the calculated stresses, which fact should be 
considered in choosing the working stresses for built-up I 
beams.?® l 


° Experiments show that the failure of I beams usually occurs due 
to buckling of the compressed flanges or of the web (see H. F. Moore, 
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Problems 


1. A built-up wooden beam (Fig. 99) consists of two bars of 
rectangular cross section connected by keys. Determine the 
shearing force acting on the keys, the shearing stress in the key and 
pressure per unit area on its lateral sides if the load P = 5,000 Ibs., 
the width of the beam 4 = ¢ in., the depth 24 = 16 in., the width 
of the key a = 3 in., the depth of the key 2c = 23 in., and the 
distance between centers of the keys e = 11 in. 


Answer. 
_ 3, 2500 X11 _ 
S = : 7; = 2,580 lbs. 


Shearing stress in the key is 





2,580 . 
= = 172 lbs. per sq. in. 
T 5X3 7 per sq 
The pressure per unit area on the lateral side is 
S 2,580 X 2 


pen ar F 413 lbs. per sq. in. 


2. Determine the shearing stress at the neutral axis of a girder, 
the web of which is Ẹ in. thick and so in. high, the flanges consisting 
of two pairs of angles 6 in. X 6 in. X $ in., when the total shearing 
force on the section is 150,000 lbs. Determine also the shearing 
stresses in the rivets attaching the flanges to the web if the diameter 
of these rivets is 1 in. and the pitch e = 4 in. (Fig. 112). 

Solution. For the dimensions given we have 


50° 


l= : X Iz + 449-9 + 5-75 X 23.3%) = 20,400 in 


The moment of half of the cross section with respect to the neutral 
axis is 
i 325 X 25 : 
Í ydd = a ees 2 X 5-75 X 23.3 = §02 in? 
(u 


In this calculation 5.75 in.? is the cross sectional area of an angle, 
19.9 in.‘ is the moment of inertia of the cross section of an angle with 





University of Illinois, Bulletin 68, 1913). This question of buckling will 
be considered later. The effect of bending of rivets on the distribution of 
stresses in I beams has been discussed by I. Arnovlevic, Zeitschr. f. 
Architekt. u. Ingenieurwesen, 1910, p. 57. He found that due to this 
bending stresses for usual: proportions increase about 6 per cent. 
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respect to the axis through its centroid parallel to the neutral axis of 
the beam, 23.3 in. is the distance of the centroid of each angle from 
the neutral axis z of the beam. All such numerical data can be 
taken directly from a handbook. Now we obtain, from eq. (64), 


_ 150,000 X §02 _ ; 
(Tey)max = ae ar S Ibs. per sq. in. 
If we consider weakening of the web by the rivet holes, then 
e 4 ‘ 
(Tey)max = SG 41920 = 3 920 = 6,560 lbs. per sq. in. 
The force S transmitted by one rivet, from eq. (76), 


_ 150,000 X 4 X 268 
= 20,400 


S = 7,880 lbs. 


The shearing stress in the rivet, from eq. (77), 
__ 7,880 X 2 

3-14 
3. Determine omax in points of the plane aé (Fig. 112) a distance 
of 21.5 in. from the neutral axis if the dimensions of the beam are 
the same as in the previous problem, X = 150,000 and the bending 


moment M = 3 X 10 lbs. in. 
Solution. From eq. (78), 


= 5,020 lbs. per sq. in. 


150,000 4 
Try = EX 20,400 . gree + 61) — 45300 lbs. per sq. in., 
EELEE E 
K 20,400 = 3,160 lbs. per sq. in., 


Oz Ox x 
Omax = > +] + Ta?= 6,160 lbs. per sq. in. 
4 


4. Determine the shearing force in the 
rivets connecting the two rails of the beam 
shown in Fig. 113 if the cross-sectional 
area of a rail is 4 = 10 sq. in., the distance 
from the bottom of the rail to the centroid 
of its cross section c = 3 in., the moment 
of inertia of the cross section of the rail with 
respect to the axis through its centroid ¢ and 
parallel to the z axis is 40 in.*, the distance 
between the rivets e = 6 in., and the shear- 
ing force V = 5,000 lbs. 








; 
is 
$ 
x 


Solution. 
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CHAPTER V 


DEFLECTION OF TRANSVERSALLY LOADED BEAMS 


31. Differential Equation of the Deflection Curve.—In 
the design of a beam the engineer is usually interested not 
only in the stresses produced by the loads acting but also in 
the deflections produced by these loads. In many cases, 
furthermore, it is specified that the maximum deflection 
shall not exceed a certain small portion of the span. 





Fic. 114. 


Let the curve 4mB in Fig. 114 represent the shape of the 
axis of the beam after bending. This curve is called the 
deflection curve. To derive the differential equation of this 
curve we take the coordinate axes as shown in the figure and 
assume that the curvature of the deflection curve at any point 
depends only on the magnitude of the bending moment M 
at that point.! In such a case the relation between the curva- 
ture and the moment is the same as in the case of pure bending 
(see equation (56)), and we obtain 


I M 
eo ETS (2) 
! The effect of shearing force on the curvature will be discussed later 
(see art. 39). It will be shown that this effect is usually small and can 


be neglected. 
134 
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To derive an expression for the relation between the curvature 
and the shape of the curve, we shall consider two adjacent 
points m and m,, ds apart on the deflection curve. If the 
angle which the tangent at m makes with the x axis is denoted 
by 8, the angle between the normals to the curve at m and 
mı is dð. The intersection point O of these normals gives 
the center of curvature and defines the length r of the radius 
of the curvature. Then 


ds = rdo and -= (4) 








the bars indicating that we consider here only the numerical 
value of the curvature. Regarding the sign, it should be 
noted that the bending moment is taken positive in equation 
(a) if it produces upward concavity (see p. 71). Hence the 
curvature is positive when the center of curvature is above 
the curve as in Fig. 114. However, it is easy to see that for 
such a curvature the angle 0 decreases as the point m moves 
along the curve from 4 to B. Hence, to a positive increment 
ds corresponds a negative dð. Thus to have the proper sign 
equation (4) must be written in the form 


I do 

7 as" ©) 
In practical applications only very small deflections of beams 
are allowable, and the deflection curves are very flat. In 


such cases we can assume with sufficient accuracy that 
ds ~ dx and 0 = tan@ = dy/dx. (d) 


Substituting these approximate values for ds and 9 in equation 
(c) we obtain 


I dy 
rT de 2 
Equation (a) thus becomes 
d 
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This is the differential equation of the deflection curve which 
must be integrated in each particular case to find deflections 
of beams. 


It should be noted that the sign in equation (79) depends © 


upon the direction of the coordinate axes. For example, if 
we take y positive upwards, it is necessary to put 


6 = — dyldx 


in place of equation (d); and we obtain plus instead of minus 
on the right side of equation (79). 

In the case of very slender bars, in which the deflection 
may be large, it is not permissible to use the simplifications 
(d); and we must have recourse to the exact expression 


7 dy 
0 = arc tan (Z) 


dy 
i d d arc tan (2) pa 


-r Tare U) 
[+ (2) ] 


Comparing this result with equation (e), it can be concluded 
that the simplifications shown in equation (d) are equivalent 
to assuming that the quantity (dy/dx)? in the denominator of 
the exact formula (f) is small in comparison with unity and 
can therefore be neglected.? 

By differentiating equation (79) with respect to x and 
using equations (50) and (51), we obtain 


2 The exact expression (f) for the curvature was used by the first 
investigators of the deflection curves. It was used, for example, by 
L. Euler in his famous work on “Elastic Curves,” an English translation 
of which was published in “Isis,” No. 58 (vol. XX, 1) November, 1933. 
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and 
d'y 
EI z axt = q. (80) 

The last equation is sometimes used in considering the de- 
flection of beams under a distributed load. 

32. Bending of a Uniformly Loaded Beam.—In the case 
of a simply supported beam which is uniformly loaded, F ig. 63, 
the bending moment at a cross section mn, a distance x from 
the left support, is 


gix gx 
M 2 2 


and the differential equation (79) becomes 


Bee ae 


* dx? 2 2 
Multiplying both sides by dx and integrating, we obtain 


2 3 
£1, 2 = Et ae (a) 
where C is the constant of integration which is to be adjusted 
to satisfy the conditions of this particular problem. To this 
end, we note that as a result of symmetry the slope at the 
middle of the span is zero. Setting dy/dx = o when x = //2, 
we thus obtain 


cal 
24 
and equation (a) becomes 
dy _ qix? qx qP 
PE a a T (2) 


A second integration gives 


Lx xt Bx , 
ra A «) 


Ely ee 12 24 24 


The new constant of integration C, is determined from the 
condition that the deflection at the supports is zero.. Sub- 
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stituting y = o and x = o into equation (c) we find Ci = o. 
Equation (c) then becomes 


y= JAT, (Be — alx® + x4), (81) | 


This is the deflection curve of a simply supported and uni- 
formly loaded beam. The maximum deflection of this beam 





is evidently at the middle of the span. Substituting x = //2 i 
in equation (81) we thus find n 

ga 4 

max = 384 ET, * (82) = 


The maximum slope occurs at the left end of the beam where, 
by substituting x = o in equation 
(6), we obtain 


dy _ gł ; 
(2). 7 mer 
In the case of a uniformly 
loaded cantilever beam, Fig. 115a, 








z the bending moment at a cross 
6) section mn a distance x from the 
left end is 
á ee 
Fic. 115. 2 


and equation (79) becomes 
dy qx? 
EI. 7 = i 


The first integration gives 


dy _ x , 

EI T G. (a) 

The constant of integration is found from the condition that 

the slope at the built-in end is zero, that is dy/dx = o for 
x =] Substituting these values in equation (a) we find 


-_ Ë 
C=- f. 
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The second integration gives 
Pel ye p tC (b) 
The constant Cı is found from the condition that the deflection 


vanishes at the built-in end. Thus, by substituting x = /, 
= 0 in equation (4), we obtain 


© Substituting this value in equation (4), we find 


y= Ar,- ate + 30). (84) 


This equation defines the deflection curve of the uniformly 
loaded cantilever. 

If the left end, instead of the right end, is built in, as in 
Fig. 1154, the deflection curve is evidently obtained by sub- 
stituting Z — x instead of x in equation (84). In this way 
we find 


y= ZFT, (x4 = 4lx? + 6/2x?), (85) 


Problems 


1. A simply supported and uniformly loaded wooden beam of 
square cross section has a span / = 1o ft. Find the maximum 
deflection if (oz)max = 1,000 lbs. per sq. in., E = 1.5 X 108 Ibs. per 
sq. in. and g = 400 lbs. per ft. 

2. Find the depth of a uniformly loaded and simply supported. 
steel I beam having a span of 10 ft., if the maximum bending stress 
is 16,000 lbs. per sq. in. and the maximum deflection ô = 0.1 in. 

Answer: h= 16 in. 

3. A uniformly loaded cantilever beam of a span / = Io ft. 
has a deflection at the end equal to 0.01/._ What is the slope of the 
deflection curve at the end? 

4. What is the length of a uniformly loaded cantilever beam if 
its deflection at the free end is 1 in. and the slope of the deflection 
curve at the same point is 0.01? 
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5. A uniformly loaded steel I beam supported at the ends has a 
deflection at the middle of 5 = 5/16 in. while the slope of the deflec- 
tion curve at the end @ = 0.01. Find the depth 4 of the beam if the 
maximum bending stress is e = 18,000 lbs. per sq. in. 

Solution: 

We use the known formulas 


From the first two formulas we find 


5 


5 ô 5 : 
166 9 76 EA 100 in. and = 100 in. 


The second formula then gives 


Substituting this in the third formula, we obtain 


es 2 X 18,000 X I00 f 

3 X 30 X 108 X o.o1 ae 

33. Deflection of a Simply Supported Beam Loaded with 
a Concentrated Load.—In this case there are two different 
expressions for the bend- 
ing moment (see p. 75) 
corresponding to the two 
portions of the beam, Fig. 
116. Equation (79) for 
er the deflection curvesmust 


therefore be written for 
each portion. In this way we obtain 





a Pb 
EL 53 =->* for xa 
and 
a Pb 
EI, 33 = —Fx+P(e-a) for «za. 





; 
p 
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By integrating these equations we obtain 





2 
rL = -22 +0 for x Sa 
and (a) 
Phx? | P(x — a} 
ELZ = - Pie, PEA 5, for x 2 a. 


Since the two branches of the deflection curve must have a 
common tangent at the point of application of the load P, 
the above expressions (a) for the slope must be equal for 


‘ » =a. From this we conclude that the constants of in- 


tegration are equal, i.e., C = Ci. Performing the second 
integration and substituting C for Ci, we obtain 


3 
Ely = -2E 4 cr ts for x Sa 
and (b) 
3 Paa 3 
Elg = -PE y PORN tort Ci fr x« 2a. 


Since the two branches of the deflection curve have a common 
deflection at the point of application of the load, the two 
expressions (4) must be identical for x = a. From this it 
follows that Cz = Cs. Finally we need to determine only two 
constants C and Cz, for which determination we have two 
conditions, namely that the deflection at each of the two ends 
of the beam is zero. Substituting x = o and y = o in the 
first of expressions (4), we find 


Cy = C; = 0. (c) 


Substituting y = o and x =/ in the second of expressions 
(b) we obtain 


_ Pùl P _ PEP- 4) 
CS a on (4) 


Substituting the values (c) and (d) of the constants into 
equations (4) for the deflection curve, we obtain 
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Ely = = (2 — B — x?) for x=aq (86) 
and 


Pbx P(x — a)? 
Ely = Gp P-B xt) + FE a 
The first of these equations gives the deflections for the left 
portion of the beam and the second gives the deflections for 
the right portion. 
Substituting the value (d) into equations (a) we obtain 


S 


"dx 
and lo) 


—_— 2 
Gn Ft 2 gat) + POO 2) 


EI D Pipe g fr xs 


EI, for x Za. 

From these equations the slope at any point of the deflection 
curve can readily be calculated. Often we need the values of 
the slopes at the ends of the beam. Substituting x = o in 
the first of equations (e), x = Z in the second, and denoting 
the slopes at the corresponding ends by 0; and 62 we obtain ° 


_(®% _ Po? ~ B) 

S a )., - 6/ET, ”’ (88) 
_(% _ _ Pall +a) 

a= (ZF) = A (0) 


The maximum deflection occurs at the point where the 
tangent to the deflection curve is horizontal. If a > 5 as 
in Fig. 116, the maximum deflection is evidently in the left 
portion of the beam. We can find the position of this point 
by equating the first of the expressions (e) to zero to obtain 


P — B — 3x? = o, 


BT 

$ For flat curves, which we have in most cases, the slopes 6, and 0; 
can be taken numerically equal to the angles of rotation of the ends of 
the beam during bending, the slopes being taken positive when the 
rotation is clockwise. i 


for x=a. (87) 





| 
f 


argu ote 8 
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from which 


VT 
pa aa (f) 


This is the distance from the left support to the point of 
maximum deflection. To find the maximum deflection itself 
we substitute expression (f) in equation (86), which gives 


PiE — 28? 


Ymar = OEL (2) 


If the load P is applied at the middle of the span the 
maximum deflection is evidently at the middle also. Its 
magnitude is obtained by substituting 4 = //2 in equation (g), 
which gives 

PR 
(emu = 58ET, (90) 


From equation (f) it can be concluded that in the case of 
one concentrated force the maximum deflection is always near 
the middle of the beam. When 4 = //2 it is at the middle; 
in the limiting case, when 4 is very small and P is at the 
support, the distance x as given by equation (f) is //¥3, and 
the point of maximum deflection is only a distance 

5 = A = 0.077} 
from the middle. Due to this fact the deflection at the middle 
is a close approximation to the maximum deflection. To 
obtain the deflection at the middle we substitute x = //2 in 
equation (86), which gives 


Pb 
(Wes = BET. (32? — 46%). (91) 
The difference of the deflections (g) and (91) in the most 


unfavorable case, that is when 4 approaches zero, is only about 
2.5 per cent of the maximum deflection. 
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Problems 
1. Find the position of the load P, Fig, 116, if the ratio of 


the numerical values of the slopes at the ends of the beam is 


| 61/82) = 2. 

2. Find the difference between the maximum deflection and the 
deflection at the middle of the beam in Fig. 116 if 4 = 2a. 

3- Find the maximum deflection of the beam shown in Fig. 116 
if 4B is an American Standard I beam, 8 in. in depth and 5.34 
sq. in. in cross-sectional area, and a = 12 ft., 6 = 8 ft., and P = 
2000 lbs. 

4. What will be the maximum deflection if the I beam of the 
previous problem is replaced by a wooden beam having a cross 
section 10 in. by roin. The modulus of elasticity for wood can be 
taken as Æ = 1.5 X 108 Ibs. per sq. in. 


34. Determination of Defiections by the use of the Bend- 
ing Moment Diagram; Method of Superposition.—In the pre- 
ceding articles it was shown 
how the deflection curve of a 
beam can be determined by 
integration of the differential 
equation (79). In many cases, 
however, especially if we need 
the deflection in a prescribed 
point rather than the gen- 
eral equation of the deflection 
curve, the calculation can be 
considerably simplified by the 
use of the bending moment 
diagram as will be described in 
the following discussion.‘ 

In Fig. 117 4B represents a portion of a deflection curve 
and a,b, the corresponding portion of the bending moment 





Fig. 117. 


‘The use of the bending moment diagram in calculating deflections 
of beams was developed by O. Mohr, see Zeitschr. d. Architekten und 
Ingenieur-Vereins zu Hannover, p. 10, 1868. See also O. Mohr, Abhand- 
lungen aus dem Gebiete der Technischen Mechanik, p. 294, Berlin, 1906. 
A similar method was developed independently of O. Mohr by Prof. C. 
E. Green, University of Michigan, 1874. 





4 
M 


andose 
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diagram. Two adjacent cross sections of the beam at dis- 
tance ds apart will intersect after bending, at an angle do, 


and, from eq. (56), 


I M 
dé = 745 = EL, 
For beams used in structures, the curvature is very small, 
and we may use dx for ds. Then 


do = ae (Max). (a) 


Graphically interpreted, this means that the elemental angle 
dé between two consecutive radii or two consecutive tangents 
to the deflection curve equals the shaded elemental area Mdx 
of the bending moment diagram, divided by the flexural 
rigidity. This being so for each element, the angle 0 between 
the tangents at 4 and B will be obtained by summarizing 
such elements as given by eq. (4). Then 


= (92) 
a= f gr Max, 9 


that is, the angle between the tangents at two points 4 and B 
of the deflection curve equals the area of the bending moment 
diagram between the corresponding verticals, divided by the 
flexural rigidity of the beam. 

Let us consider now the distance of the point B from the 
tangent 4B’ at point 4. Recalling that a deflection curve is a 
flat curve, the above distance can be measured along the 
vertical BB’. The contribution made to this distance by the 
bending of an element mn of the beam and included between 
the two consecutive tangents at m and 7 is equal to 


y = Mae 
xdð = *-FT, 


Interpreted graphically this is 1/ÆZ, (moment of shaded area 


Mdx with respect to the vertical through B). Integration 


5 By way of dimensional check: 4 is in radians, Le., a pure number, 
Madx in inch lbs. X inches, EZ, in lbs. per sq. in. X (inches)*. 
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gives the total deflection BB’: 


=, B i 
BB’ = è= f pr Mds, (93) 


that is, the distance of B from the tangent at 4 is equal to 
the moment with respect to the vertical through B of the area 
of the bending moment diagram between 4 and B, divided by 
the flexural rigidity EZ, By using eqs. (92) and (93) the 
slope of the-deflection curve and the magnitude of deflec- 
tion at any cross section of the beam can easily be calculated. 
This method of calculating deflections is called 4rea-~-Moment 
Method. 


Area a th 





Cubre Parabola 
Area ih Area faih 


Fic. 118. 


It should be noted that the deflection of a beam ofa given 
flexural rigidity (see equation (93)) is entirely defined by the 
bending moment diagram. From this fact a very important 
conclusion can be drawn. It will be appreciated from the 
definition of the bending moment (art. 19) that the bending 
moment produced at a cross section mn of a beam by several 
simultaneously acting loads is equal to the sum of the mo- 
ments produced at the same cross section by the individual 
loads acting separately. On the basis of this conclusion, 
together with equation (93), it can be stated that the deflec- 
tion produced at a point of a beam by a system of simultane- 
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ously acting loads can be obtained by summing up the de- 
flections produced at that point by the individual loads. For 
example, if the deflection curve produced by a single load 
(equations (86) and (87)) is known, the deflection produced 
by several loads is obtained by simple summation. This 
method of calculating deflections will be called the method 
of superposition in the subsequent discussion. 

The calculation of the integrals in equations (92) and (93) 
can often be simplified by the use of known formulas concern- 
ing areas and centroids. Several formulas which are often 
encountered in applications are given in Fig. r18. 

35. Deflection of a Cantilever Beam by the Area-Moment 
Method.—For the case of a canti- 
lever beam with a concentrated 
load at the end (Fig. 119, a) the 
bending moment diagram is shown 
in Fig. 119 (4). Since a tangent 
at the built-in end 4 remains fixed, 
the distances of points of the de- 
flection curve from this tangent 
are actual deflections. The angle @, 
which the tangent to the deflection 
curve at B makes with the tangent 
at 4 is called the angular deflection of B with respect to 4. 
Then from eq. (92) ê 











Fic. 119. 


l PP 
= PIX = SX ERA yo a (94) 


The deflection 6 is calculated from eq. (93) as the moment of 
the area aba, about the vertical through 4 divided by EZ.. 
Then 

l 2 I PE 


eS PIX XG! x ay > SEI, (95) 


For any cross section such as mn, the angular deflection from 


ê The numerical value of the angular deflection is calculated. The 
direction of the deflection is readily seen from the loading conditions. 


148 STRENGTH OF MATERIALS 


A is the area m'n'aa, of Fig. 119 (4), divided by EI.. In the 
case of flat curves such as deflection curves of beams, angular 


deflection can be taken equal to the slope of the curve and we 


obtain 








ae E (96) 


dy PP (l= x)? 
-Z-Z - | 
The deflection y at the same cross section is the moment of the 
area m'n'aa, about m'n’ divided by EI, (see eq. 93). Separat- 
ing this area into the rectangle and the triangle indicated in 
the figure, this is 





| P {bẹ =) 
2 3] EL\2 6) (97) 


For a cantilever with a concentrated load P at a cross sec- 
tion a distance c from the support (Fig. 120, a) the bending 
moment diagram is shown in 
Fig. 120 (4). The slope and 
the deflection for any section 
to the left of the point of ap- 
plication of the load are deter- 
mined from eqs. (96) and (97) 
with ¢ in place of 7. For any 
cross section to the right of the 
load the bending moment and 
the curvature are zero; hence this portion of the beam re- 


I 2 
y= gr | re -92+ 











Fic. 120. 


mains straight. The slope is constant and equal to the slope | 


at D, i.e., from eq. (94), Pc?/2HI,. The deflection at any 
cross section mn is the moment of the area of the triangle aad 
about the vertical m'n’ divided by ÆI., which gives 


1 Pe I 
ars (ae) i 


In the case of a cantilever with a uniform load of intensity 
q (Fig. 121, a) the bending moment at any cross section 
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mn distant xı from the built-in end is 


RA q(l — x)? F 


M = 
2 


The slope at any cross section a 
distance x from the support is, 
from eq. (92), 


a _ 1 (* ql —*)? 
s=- y a 








3 
= JE AG TET F (99) 


Fie. 121. 


The slope at the end is obtained by 
substituting / for x in the above equation, giving 


dy _ gi 
(2) =E (100) 


The deflection at any section a distance x from the built-in 
end is the moment of the area aa,cd about the vertical cd 
divided by EJ, (Fig. 121, 4). The moment of the element of 
this area, shown shaded, is 





ere, 2 
(x — x) e—a dx, 


and the total moment is the integral of this with respect to x, 
from xı =o to xı = x. Hence 


y= gpl EDU- nde. 


The deflection at any point a distance x from the support is 
then, after integration, 


p= q (7-545) . (101) 
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For the deflection at the end x = /, 


i 
ô = (yeni = SET, (102) 


The same problem can be solved by using the method 

of superposition. The uniform load can be considered as a 

system of infinitesimal loads gdc as indicated by the shaded 

area in Fig. 122. The deflection 

produced at the cross section mn 

by each elemental load gde to its 

left can be found from eq. (98) by 

substituting gde for P. The de- 

flection yı produced by the total 

Fie. 122 load to the left of mn is the sum- 

mation of the deflections produced 

by all such elemental loads with c varying from ¢ = 0 to 
C= x: 





= qe x4 
nerf Ee -iod =f. 
The deflection produced at the cross section mn by an ele- 
mental load gdc, to its right is found from eq. (97) by 
substituting gdc, for Pandc, for Z. The deflection Y2 produced 
at mn by the total load to the right is the summation of the 
deflections due to all such elemental load, with cı varying 
from cı = x toc, = À 


_ 1 F (ex æ q xt a xd 
J2 -ert (2 -$ Jde A l al 
Then the total deflection at the section mn is 


which agrees with eq. (101) found above. 


Problems 


1. Determine the deflection and the slope of the cantilever 
beam in problem g, p. 108. 
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Solution. 
= PP 4 git 
~ 3EI. BEI, 








6 


2. Determine the deflection of the top of the pillar represented 
in Fig. 94. 
Solution. The bending moment at any cross section mn, a 
distance x from the top, is 
Wx 


M= 77A’ 


where W = 3d? X 62.4 lbs. is the total hydrostatic pressure trans- 
mitted to one pillar. Using eq. (93), the deflection of the top of 
the pillar is 


ma W ('xtdx WEB  3X6X624X6XIŻXI2 
~ El:Jo 3È SEI,  2X15X1.5X10ĉX9.9t 








3- Determine the deflection and the slope at the end of a canti- 
lever bent by a couple M (Fig. 123). 





Answer. 
__ MP, 2) __M 
(vent = — Sey} wee EL 
aw, 
z ———— 
y 





Fic. 123. 


4. Two wooden rectangular beams clamped at the left end 
(Fig. 124) are bent by tightening the bolt at the right end. Deter- 
mine the diameter d of the bolt to make the factors of safety for 
the wooden beams and for the steel bolt the same. The length of 
the beams / = 3 feet, the depth 4 = 8 in., the width 4 = 6 in., 
working stress for steel ew = 12,000 Ibs. per sq. in., for wood 
Ow = 1,200 lbs. per sq. in. Determine the deflection of the beams 
when the tensile stress in the bolt is 12,000 lbs. per sq. in. 

Solution. If P is the force in the bolt, the equation for deter- 
mining the diameter d will be 


4P 6P _ 12,000 
nd?” bh? ~ 1,200 





= IO, 


152 STRENGTH OF MATERIALS 


from which 
; td? 
'd = 0.476in. and P = 12,000 X — = 2,130 lbs. 


Then from eq. (95), by taking Æ = 1.5 X 10° lbs. per sq in. the 
deflection ô = 0.0864 in. 

5. What is the ratio of the deflections at the ends of the canti- 
levers shown in Fig. 125 if the intensity of uniform load is the same 
in both cases? 

Answer. 7:41. 


Zo} 
a 
l 
8 A “y 
i] y P 
Fic. 125. Fic. 126. 


6. What must be the equation of the axis of the curved bar 4B 
before it is bent if the load P, moving along the bar, remains always 
on the same level (Fig. 126)? 

Answer. 

Px 


?2= ZEL’ 


7. Determine the safe deflection of the beam shown in Fig. 123 
when the working stress ew is given. Determine this also for a 
cantilever loaded at the end (Fig. 119). 





Answer. 
wl? 2 Cyl? 
AC (1) è= FF eye iy 
A 
4" IN 8. A circular disc N of radius R (Fig. 127) 
Fic. 127. produces on a thin steel strip of thickness 4 


an attraction of g lbs. per sq. in. uniformly 

distributed. Determine the length / of the unsupported part 4C. 

of the strip and the maximum stress in it if A = 0.01 inch, R = 3 
in., and g = 15 lbs. per sq. in. 

Solution. The length of the unsupported part of the strip can 

be determined from the condition that at the point C the curvature 

produced by the uniformly distributed load g must be equal to 
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1/R. Therefore 
| qg? El, 
2 R? 
from which 
_ 2ET, Se 
= TR = 1/3 in 


The maximum stress is determined from the equation Smar = 
Eh/2R = 50,000 lbs. per sq. in. 

g. Determine the deflections of the cantilever beams shown in 
Fig. 68, assuming that the material is steel, the depth of each 
beam is Io in., and the maximum bending stress is 16,000 lbs. 
per sq. in. 


36. Deflection of a Simply Supported Beam by the Area- 
Moment Method.—Let us consider the case of a simply 
supported beam with a load P applied at point F, Fig. 
128. The bending moment diagram is the triangle a1d,/1. 





Fic. 128, 


Its area is Pab/2, and its centroid C is at distance (/ + 4)/3 
from the vertical Bå. The distance ô from the end B to the 
line 4d’ which is tangent to the deflection curve at Æ is ob- 
tained from equation (93) and is 


_ 1 Pab l+b_ Pabll +0). 
- EI, 2 3. 6ET, 





ô 
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By using this value the slope 0, at the left end of the beam 
is found to be 

_ 6  Pabil+ d) 

GIT (2) 


which coincides with previously obtained formula (88).7 A 
simple interpretation of the formula (a) is obtained if we 
consider a4, as a simply supported beam, carrying the tri- 


angular load represented by the triangle a:f,4. The reaction 


at the left support a of this imaginary beam is evidently 


_ Pab Itb 1 _ Pabll +b) 


By comparing this with formula (a), it can be concluded that 
the slope 4: is equal to the reaction at the corresponding 
support of the imaginary beam divided by the flexural rigidity 
of the real beam. The slope 6, at the right end of the beam 
can be obtained in a similar way; to get the correct sign for 
62 the reaction at the right end must be taken with minus sign, 
which represents the shearing force at the right end of the 
imaginary beam. The imaginary beam a), which carries the 
fictitious load represented by the area of the bending moment 
diagram is called a conjugate beam. It can thus be concluded 
that the numerical values of the slopes at the ends of a simply 
supported beam can be obtained by dividing the reactions at 
the ends of the conjugate beam by the flexural rigidity ZEZ.. 
This conclusion, which was derived for the case of a single 
load, holds for any transverse loading, since, as has been 
shown (p. 146) the moments and the deflections in the case 
of several loads can be obtained by the superposition of the 
moments and deflections due to single loads. 

To calculate the slope at any point d of the deflection 
curve, Fig. 128, it is necessary to subtract the angle 0 between 
the tangents at 4 and at d from the angle 4, at the support. 
Using equation (92) for the calculation of the angle 6, we 
obtain . 


™Note that a = / — 4, 


R 
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dy 
dx 
The first term in the parenthesis is the reaction at the left 
support of the conjugate beam 4%, and the second is the load 
on the conjugate beam to the left of the cross section mn. 
The expression in the parenthesis therefore represents the 
shearing force at the cross section mn of the conjugate beam. 
Consequently the slope of the actual beam at a point d can 
be obtained by dividing the shearing force at the correspond- 
ing cross section of the conjugate beam by the flexural 
rigidity EZ.. 
Considering next the deflection y at a point d, it may be 
seen from Fig. 128 that 


I 
=6,—-60= Er, (® — Aaymn). 


y = Ce — de. (b) 
From the triangle 4ce we obtain the relation 
R 
Tê = Ox = ET (c) 


where R is the reaction at the left support of the conjugate 
beam. The second term on the right side of equation (4) 
represents the distance of the point d of the deflection curve 
from the tangent 4e and is obtained from equation (93) as 





— = I x f d 

de = ET, *"¢4 Aaymn X 3 (d) 

Substituting expressions (c) and (d) in equation (4), we obtain 
y = gr, (Re — Aan x$). (e) 


The expression in parenthesis is seen to be the bending moment 
at the cross section mn of the conjugate beam. , Thus the 
deflection at any point of a simply supported beam is obtained 
by dividing the bending moment at the corresponding cross 
section of the conjugate beam by the flexural rigidity EI ne 
Substituting the actual value of R in equation (¢) and noting 
that 
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Phx? 
area Aaımn = T ’ 
we obtain 
_ 1 [Pabxd +b) Ph] Phx 
ase of eee dar | = ger, 6 *): 


This checks with equation (86), which was previously ob- 


tained by integration of the differential equation of the de- 


flection curve. The deflection for a point to the right of the 
load P can be calculated in a similar manner. The result 
will, of course, be the same as equation (87). 

Having the deflection curve produced by a single load P, 
the deflection curve produced by any system of transverse 
concentrated loads can readily be obtained by employing the 
method of superposition. It is simply necessary to use 
equations (86) and (87) for each individual load. 

The same method is also 
applicable to the case of a dis- 
tributed load. As an example 
we shall take the case of a 
simply supported beam under 
a uniformly distributed load, 
Fig. 129, and calculate the 
slopes at the ends and the de- 
flection at the middle. From 
equation (a) the increment of 
slope dð, produced at the left 
end of the beam by the ele- 
ment of load gdb shown in the Fig. 129 is 


do, = qabdbl + b) _ gb? — db. 
A 6/EI, 6/EI, ` l 
The slope 6; produced by the total load is then the summation 
of the increments of slope produced by all the elements gdb 
from =otob=/, Thus ° 
"gh? — B)db që - 
ea e uan (f) 


sia woes 








ĝ = 
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The deflection at the middle is obtained from equation (91), 
which was derived on the assumption that the load is to the 
right of the middle. Any element of load gdb to the right of 
the middle produces at the middle a deflection 


bdb 
` (dy)z=112 = BET. (30 — 4%). 


Summing up the deflections produced by all such elements of 
load to the right of the middle, and noting that the load on 
the left half of the beam produces the same deflection at the 
middle as the load on the right half, we obtain for the total 
deflection 
u2 gbdb 5 ql 
q pape Beye Lee 
zona f Sep Gh- =a, Fr O 
The results (f) and (g) coincide with formulas (83) and (82) 
previously obtained by integration of the differential equation 
of the deflection curve. i ae 
The same results are readily obtained by considering the 
conjugate beam aA, Fig. 1294, loaded by the parabolic segment 
acb, which is the bending moment diagram in this case. The 
total fictitious load on the conjugate beam is. 
2 qP 
3 x 8 x4 
and each reaction is equal to g/3/24. The slope (f) is then 
obtained by dividing this reaction by EL. To calculate the 
deflection at the middle we find the bending moment at the 
middle J of the conjugate beam, which is 
at _ x) 2 5qh 
24\2 16 384 
The deflection (g) is then obtained by dividing this moment 
by El.. a P 
The method of superposition is paor 
especially useful if the distributed ia oe 


load covers only a part of the span- 
as in Fig. 130. Using the expression developed above for 





. 
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(dy)z-12, the deflection produced at the middle by the load 
to the right of the middle is 


The load to the left of the middle produces the deflection 


"2 gbdb 
ô: = Í SFT, (G7 = 407). 


The total deflection at the middle is therefore 








u2 u2 
E _ '® qbdb f qèdb 
ô = 6,+ 6 = Í 4827, (37? — 40?) + f 48ET, (3/2 = 407). 


In the case of a simply supported beam 4B with a couple 
M acting at the end, Fig. 
131, the bending moment 
diagram is a triangle abd, 
as shown in Fig. 1314. 
Considering ab as the 
conjugate beam, the total 
fictitious load is Ml/2. 
The reactions at the 
ends of the conjugate 
beam are thus M//6 and 
Fic. 131. ~ Ml/3. Hence the numer- 
ical values of the slopes 

at the ends of the actual beam are 


MI 





WSE (103) 
and 
Mi 
ô: = SET. (104) 


The sign of the slope at the right end is of course negative. 
The deflection at a cross section mn of the beam is obtained 
by dividing the bending moment at the corresponding: cross 
section mn, of the conjugate beam by EI,, which gives 
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4 Mi. x? 
! (M.-@ 5.) =e: -ž) (105) 


Problems 


1. Determine the angles at the ends and the deflection under 
the loads and at the middle of the beam 
shown in Fig. 132. R ap He—P P ea 
Solution. The conjugate beam wi te A 
be loaded by the trapezoid adeé, the area —— 4 


of which is Pc(/ — c). The angles at the x 
ends are 5 ay 
1 Pe(l—c) b 
fı = b: = EI, 2 Fic, 132. 


The deflection under the loads is 


i Pe =e), Pe ‘| 7 e(t). 
exe = FT, = ise — 2 3 = EI, 2 3 


The deflection at the middle, from eq. (91), is 





Pc 
(y)a=u2 = ET, S” — 46°). 


2. Determine the slope at the ends of the beam shown in Fig, 88. 
Answer. 


dy _ 7 WP. (2) __ 8 PE 

(2 J GRO EL’ dx Jam 180 El, 

3- Determine the deflection at the middle of the beam 4B, 

shown in Fig. 133, when J, = 91.4 1n.4,¢ = 

500 Ibs. per foot, / = 24 feet, a = 12 feet, 

= 8 feet. E = 30 X 10° lbs. per sq. in. 

2 Solution. Due to the fact that a 

=//2 the deflection produced at the 

middle by the load acting on the left 
half of the beam, from eq. (82), is 








A 5 


Fic. 133. 


I 
(Yi)z=u2 = 2 384 El. 


The deflection produced at the middle by the load on the right 
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half of the beam is 


b 
E ( £4 (om ay  — 25 gh 
(y2)en1/2 = Í 48El, (3? — 4°) = 48 X 162 x El, 


The total deflection is 





1 2 it . 
(y)2=1/2= (yi)e=y2t (y2)2n1/2 = G sta + WG ) i = 1.02 in, 


4. Determine the deflection at the middle of the beam shown 
in Fig. gt when the load is in a position to produce the maximum 
bending moment. 

Suggestion. The deflection can be obtained by using eq. (91) 
together with the method of superposition and substituting 4 = //2 
— d/4 in this equation for one load and 4 = //2 — 3d for the 
other. 

5. Determine the deflections at the middle and the angles of 
rotation of the ends of the 
beams shown in Figs. 67 (4) 
and 67 (e). Assume in these 
calculations a standard I 
beam of 8 in. depth and 5.97 
sq. in. area, E = 30 X 108 
Ibs. per sq. in. 

6. Determine the angles 
6, and 62 and the deflection 
at any cross section mn of a 
beam simply supported at 

Fic. 134. the ends and bent by a 
couple Pe (Fig. 134). 

Solution. The loading of the conjugate beam is indicated in 

Fig. 134 (4). The reactions at a; and 4; are 


1| Pea? a Pe 2 
rd eral Cae beeen 
1[ Pcaoa Pch b 
R=5| a] e FF (e+ 5) |, 
Therefore . 
Pe a 2 Pe P 
= “srr 2 = — — = — — . 
a AE (2+5) 2a | r ( w); 


Pe 2 4 
= — —— |z- g = 
b2 arle b (a+ *) 
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If a = b = 1/2, we obtain 
Pel 
24kI, 
If a > 1/13 the angle 6. changes its sign. The bending moment at 
the cross-section mm of the conjugate beam is 


Peat ste _ Pox a -24| 2. 
Ax = 3T oP [«(4+£) 37 61 


0 = Qh = 


Therefore the deflection curve for the left part of the actual beam is 


Pex a 2 Pes 
= SPEI, [e( + 2) a | ~ GEI, 
7. A beam with supported ends is bent by two couples Mı and 
Mə, applied at the ends (Fig. m, 





. M, 

135). Determine the angles 8, A z i 
of rotation of the ends and the 
position of the cross section l 
l : oN ly 
in which the deflection is a Fic. 135. 
maximum. 

Solution. The absolute values of the angles are 


Ml. Mal OMi Mi, 
= ELT ber, © = 3e7,* 6E, 








a 


The deflection curve, by using eq. (105), is 


Ml — x) i—x\ AN =). 
y= ~ GET, [:-( 7 + GEA ~ P 
The position of maximum deflection can be found from this equa- 
tion by equating the first derivative to zero. 
8. A beam is bent by two couples as shown in Fig. 136. Deter- 
mine the ratio Mı: M if the 
M point of inflection is at a distance 
e //3 from the left support. 


aa “ Answer. M = 2M. 
Z _ 


Fro. 136. g. Two planks of different 
thicknesses 4, and he, resting one 
on the other, support a uniformly distributed load as shown in 
Fig. 137. Determine the ratio of the maximum stresses occur- 
ing in each. 
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Solution. Both planks have the same deflection curves and 
curvature; hence their bending moments are in the same ratio as 
the moments of inertia of their cross sections, i.e., in the ratio 


hè : hë. The section moduli are in the ratio 42: h2; hence the 


maximum stresses are in the ratio 4; : Ae. 


P 2 P f 
` A - 
ce — p ty 
he 7 F 
Fic. 137. Fic. 138. 


Io. A steel bar 4B has such an initial curvature that after 
being straightened by the forces P (Fig. 138) it produces a uni- 
formly distributed pressure along the length of the rigid plane 
surface MN. Determine the forces P necessary to straighten the 
bar and the maximum stress produced in it if Z = 20 in., ô = 0.1 in., 
and the cross section of the bar is a square having 1 in. sides. 

Solution. To obtain a uniformly distributed pressure, the 
initial curvature of the bar must be the same as the deflection curve 
of a simply supported beam carrying a uniformly distributed load 
of intensity 2P//. Then we obtain 


aPP PI 
mx "18 4? (a) 
s yy É., 
è= aT XE, (2) 
The maximum stress will be 
Mmaxs Plh 
Tmax = “7 = BF (c) 


24E8h 24 X 30 X 10° XO.I XI 


= — z ein = 36,000 lbs. per sq. in. 


and from (c) 
P = 1,200 lbs. 


37. Deflection of Beams with Overhangs.—A beam with an 
overhang can be divided into two parts: the one between the 
supports which is to be treated as a beam with supported ends 
and the overhang which is to be treated as a cantilever. Asan 
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illustration, we consider the bending of a beam with an overhang 
under the action of a uni- 
formly distributed load g (Fig. 
139). The beam is divided 
into the parts 4B and BC and 
the action of the overhang on 2f 
the portion of the beam be- | o) a 
tween the supports is replaced x 

by a shearing force ga and a 
couple M = qa*/2. We find Y 
that the shearing force is di- Fie, 139. 

rectly transmitted to the sup- , 

port and that only the couple ga?/2 need be considered. Then 
the deflection at any cross section between the supports 1s 
obtained by subtracting the deflection produced by the couple 
ga?/2 from the deflections produced by the uniform load q 
(Fig. 139, 4). Using eqs. (81) and (105), we obtain 











qals ( _ Z) 
y = ET, Oe HÀ +) -GENT P 


The angle of rotation of the cross section at B is obtained by 
using eqs. (83) and (104), from which, by considering rotation 
positive when in the clockwise direction, we have 


gal ge 
9 = CEI, 4E. 


The deflection at any cross section of the overhang (Fig. 139, 
c) is now obtained by superposing the deflection of a cantilever 
(eq. 101) on the deflection 


qal ql ) 
fox = (ET, ~ 4E)" 


due to the rotation of the cross section B. 





Problems 


1. Determine the deflection and the slope at the end C of the 
beam shown in Fig. 1414. 
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Pa(l + a) 


Answer. Deflection = 
3EI, ° 


Slope = Pet + 34) , 


EI 


i 2. For the beam shown in F ig. 140 determine the deflection at 
e end C and also that at the midpoint between the supports. 


beam between the supports 
will be in the condition of a 
beam loaded by the force P 
Fic. 140. and by the couples Pya and 
Pab at the supports. By using 


eqs. (91) and (105), pp. 14 > I d Aagi 
the deflection at the middle is 59 an the method of superposition, 





The angle 0, at the support 4 is obtained from eqs. (88), (103) 


and (104) on pp. 142, 158, 
6, = — ny ——- = ——, 


From eq. (95) the deflection at the end C is 





Pia? D 
3EI, — abı. A 8 7 
. 4 
3. A beam with an overhang is Hz “5 1—3 
bent in one case by the force Pat — -2% —° c 
the end Tig. 141,4) andin another 4 a a 
case by the same force applied at ? 
the middle of the span (Fig. 141, AS 
4). Prove that the deflection at Fig. 141. 


the point D in the first case is equal 
to the deflection at the end C in the second case. 
Answer. In each case the deflection is 


PPa 
16EI,— 





4. A beam of length / with two equal’ i 
qual overhan l 
two equal forces P at the ends (Fig. 142). Determine ‘the me a 





Solution. That partof the — 
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at which (1) the deflection at the middle is equal to the deflection at 
either end, (2) the deflection at the middle has its maximum value. 


Answer. (1) x = 0.1520; (2) x = 1/6. 


c At D 4 D 
Pia x x=? få Ze ag 


Fic. 142. Fic. 143. 


g. A wooden beam of circular cross section supported at C, 
with the end attached at 4, carries a uniformly distributed load 
q on the overhang CD (Fig. 143). Determine the diameter of the 
cross section and the deflection at D if Z = 3 feet, a = 6 feet, g = 
300 Ibs. per foot, cw = 1,200 lbs. per sq. in. 

Solution. The diameter d is found from equation 


Then the deflection at the end D is 
5= qa qal , 
— 8FI, | 6EI, 


6. A beam of length / carries a uniformly distributed load of 
intensity g (Fig. 144). Determine the 
length of overhangs to make the numer- 
ical maximum value of the bending 
moment as small as possible. Determine 
the deflection at the middle for this Fic. 144. 


condition. 
Solution. Making the numerical values of the bending mo- 


ments at the middle and at the supports equal we obtain 


x = 0.207.. 





The deflection at the middle is determined from the equation 


= 5. ql — 2x)! _ gll — 2x)? 
384 EI, 16EI, 


in which the first term on the right side represents the deflection pro- 
duced by the load between the support (eq. 82) and the second, 
the deflection produced by the load on the overhangs (eq. 105). 

7. Determine the deflections at the ends of the overhangs for 
the beams represented in Fig. 74 a, b, c. Assume a standard I 
beam of 8 in. depth and 5.97 sq. in. area. E = 30 X 10° lbs. 
per sq. in. 
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38. The Deflection of Beams When the Loads Are Not 
Parallel to One of the Two Principal Planes of Bending.— 


Let us consider first a simple ex- 


h section has two axes of symmetry 
a (Fig.145). Theload Pat theend 
y is perpendicular to the axis of the 

Fre. 145. beam and makes an angle a with 

the principal axis y of the cross 

section. In calculating the stresses and deflections of the 
beam the method of superposition will be used. The load P 
will be resolved into two components Pcosa and Psina in the 
directions of the two principal axes of the cross section. The 
deflection produced by each of these components can easily be 
obtained by using the theory of bending in the plane of 
symmetry. Then the resultant deflection is obtained by 
superposition. The absolute values of the two components 
of the bending moment at any cross section mn of the canti- 
lever are M, = P cos a(l — x) about the z axis, and M, 
= P sin a(/ — x) about the y axis. From the directions of 
the two components and of the axes y and z, it will be seen 
that the moment M, produces compression in points with a 
positive y and M, produces compression in points with 2 
positive z. Then the normal stress c, at any point of the 
cross section (y, z) is obtained by adding together the stresses 


produced by M, and M, separately. We thus arrive at the 
` equation: 





_ P cos all — x)y _ P sin a(l — x)z 
I, L, 


= — P(l— x) [es = +78 “| . (a) 


The neutral axis is found by taking points with such coordi- 
nates that the expression in brackets in eq. (a) equals zero. 
The equation of the neutral axis is therefore 


Oz = 


ycosa , zsina 


y 7 7e (d) 





ample of a cantilever, whose cross 
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This is an axis through the centroid of the cross section making 
an angle 6 with the z axis (see Fig. 146) such that, from eq. (b), 


Ky 





tan B = -Z= tana. (c) 
It will be seen that, in general, tan £ is 
not equal to tana; hence the neutral 
axis mn is not perpendicular to the plane 
of the bending forces and the plane of 
the deflection curve, which is perpen- 
dicular to nn, does not coincide with 
the plane of the bending forces. These Fie. 146. 
two planes coincide only when tana 
=oor worl, = I„ In the first two cases the plane of the 
bending forces coincides with one of the principal planes of 
bending. In the last case the ellipse of inertia becomes a 
circle since the two principal moments of inertia are equal and 
any two perpendicular directions may be taken as the two 
principal axes of the cross section. When IJI, is a large 
number, i.e., when the rigidity of the beam in the xy plane is 
much larger than that in the xz plane, tang becomes large in 
comparison with tana and when angle a is small, angle 8 
will approach 90° and the neutral axis will approach the 
vertical axis. The deflection will be principally in the xz 
plane, i.e., there is a tendency to deflect in the plane of greatest 
flexibility. This can be demonstrated in a very simple 
manner on a thin rule. The slightest deviation of the bending 
force from the plane of greatest rigidity results in a bending in 
the perpendicular direction. This can be shown also by 
resolving the force P (Fig. 145) into two components and 
calculating deflections produced by each component. If the 
flexural rigidity of the cantilever in the horizontal plane is 
very small in comparison with the rigidity in vertical plane, a 
small horizontal component may produce a much greater 
horizontal deflection than the deflection in the vertical plane; 
hence the resultant deflection will be principally in the plane of 


168 STRENGTH OF MATERIALS 


greatest flexibility. It is interesting to note that the neutral 
axis mn is parallel to the tangent drawn to the ellipse of 
inertia at the point of intersection of this ellipse with the 
direction of the force P. This can be proved as follows. The 
equation of the ellipse is 

y? 22 

ae 
and the equation of the tangent at the point with the coordi- 
nates yo and zo (Fig. 146) is 


YYo ZZ 
TRTE, 


The tangent of the angle between the z axis and this tangent 
will be 


Zo kè I 
yo ke tanay = tan 6. 


When the direction of the neutral axis is determined the points 
of maximum normal stress will be those most distant from it. 
In our case the maximum tension will be at point 4 and 
maximum compression at point B. Substituting in eq. (a) 
x= 0;y = — (A/2);z = — (6/2), we obtain 


_ Acosa bsna 
(Ja = PI( at, + al, ): (d) 


The compressive stresses at the point B will have the same 
magnitude. The method developed above for the case of a 
cantilever with two planes of symmetry and loaded at the end 
can be applied also to beams supported at the ends and loaded 
by several loads. Resolving each force into two components 
parallel to the two axes of symmetry of the cross section, the 
problem is reduced to two simple problems of bending of a 
beam in the two principal planes. The resultant deflections 
will be obtained by superposing the two deflections in the 
principal planes. 











DEFLECTION OF LOADED BEAMS 169 


Problems 


1. A cantilever beam of Z section is loaded at the end by a 
vertical load P = 400 lbs. (Fig. 147). Determine the maximum 
normal stress o, and the vertical 
and horizontal components of 
the deflection at the end. The 
dimensions are as indicated in 
the figure. a = 17° 20’, princi- 
pal moments of inertia 


I, = 60.3 in.4; Ty, = 3-54 in! 


Answer. (o2z)max = 6,420 lbs. 
per sq. in. at B; vert. = 0.178 
in.; dhoriz. = 0.336 in. 

2. A cantilever of rectangu- 
lar cross section is bent by a force 
P at the end. What curve will be described by the loaded end, 
when the angle a (Fig. 145) varies from o to 27? 

Answer. The curve will be an ellipse with the semi axes 


PP d PR 

3El, 3Ely 

3. A wooden beam of rectangular cross section carries a uni- 
formly distributed load of intensity g and is supported 

b at the ends in the position shown in Fig. 148. Deter- 











% mine the maximum normal stress and the vertical deflec- 
72 \\y_ tion at the middle if the length of the beam / = io feet, 
ay, 7 = 200 Ibs. per foot, A = 8 in., $ = 6 in., tana = 1/3. 
F Solution. The maximum bending moment will be at 
IG. 148 < 
the middle 
2 
Moax = t = m0 Ae. = 2,500 lbs. feet = 30,000 lbs. ins. 


The components of the bending moment in the principal planes are 
M: = Mma COS & = 30,000 X 0.949 = 28,500 lbs. ins. and M, = 
M maz SiN æ = 30,000 X 0.316 = 9,480 lbs. in. The maximum stress 
at the point B is 

6 X 28,500 6 X 9,480 


(02) max = — p + ae = 643 lbs. per sq. in. 
The deflections at the middle in the two principal planes are 
_ 5 gh cose _ _5 sina, 
ôs = 384 Els and ô= 384 Ely 
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The vertical deflection at the middle is 


_ . - if ( : Jinta) 
ô= by cosa + ô sina = 737 F7, Cos e +7 a 


= 0.117 in. X 1.08 = .126 in. 


4. Soive the above problem if the distance between the sup- 
ports is 6 feet and the beam has two equal overhangs each 2 feet 
long. 


39. Effect of Shearing Force on the Deflection of Beams.—In 
the previous discussion (see p. 134) only the action of the bending 
moment in causing deflection was considered. An additional de- 
flection will be produced by the shearing force, in the form of a 
mutual sliding of adjacent cross sections along 
each other. As a result of the non-uniform dis- 
tribution of the shearirig stresses, the cross sec- 
tions, previously plane, become curved as in 
Fig. 149, which shows the bending due to shear 
alone. The elements of the cross sections at 
the centroids remain vertical and slide along one 
another; therefore the slope of the deflection 
curve, due to the shear alone, is equal at each cross section to the 
shearing strain at the centroid of this cross section. Denoting by 
yı the deflections due to shear, we obtain for any cross section the 
following expression for the slope: 





ds GAG’ (2) 


in which V/A is the average shearing stress tys, G is the modulus 
in shear and a is a numerical factor with which the average shearing 
stress must be multiplied in order to obtain the shearing stress at 
the centroid of the cross sections. For a rectangular cross-section 
a = 3/2 (see eq. 66, p. 114); for a circular cross-section a = 4/3 
(see eq. 68, p. 118). With a continuous load on the beam, the 
shearing force V is a continuous function which may be differ- 
entiated with respect to x. The curvature caused by the shear 
alone is then 


8 The deformation produced by the bending moment and consisting of 
a mutual rotation of adjacent cross sections is removed. 
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The sum of this and the curvature produced by the bending moment 
(see eq. 79) gives 


Bor (u+ ): (106) 


This equation must be used instead of eq. (79) to determine 
deflections in all cases in which the effect of the shearing force 
should be taken into consideration.» Knowing M and g as func- 
tions of x, eq. (106) can be easily integrated in the same manner 
as has been shown in article 32. 

The conjugate beam method (see p. 154) may also be applied 
to good advantage in this case by taking as ordinates of the imag- 
inary load diagram 








EI, 
M+a AG? ($) 
instead of only M. , 

Let us consider, for example, the case of a simply supported 
beam with a uniform load (Fig. 150). The bending moment at 
any section x is 

a, ge 

M = 7” 2 (e) 

The load on the conjugate beam consists of two parts: (1) that 
represented by the first term of (4) and given by the parabolic 
bending moment diagram (Fig. 150, 4) and (2) that represented 
by the second term of (4), which is a( EI,{AG)q. Since q is constant, 
the second term is a uniformly distributed load shown in Fig. 150 (¢). 

The additional deflection at 


. . z 
any section due to the shearing 


force is the bending moment pro- z 
duced at this section of the con- 2 x 
jugate beam by such a load, di- re 
ded by El, At the middle of S 
the beam the additional deflection 5 


is consequently a 
X. Ls 
I ( EI, iF alg ! (c) A ° 


= ELT AG? 


ò: 8 84G Fic. 150. 


Adding this to the deflection due to the bending moment (see eq. 


? Another way of determining additional deflection due to shear is 
discussed on page 298. - 
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82, p. 138), we obtain the total deflection 


ae s ite BB) 





- 384 El, ' 84G ~~ 384 EL 





in which k, = VJ,/4 is the radius of gyration of the cross section 
with respect to the z axis. 

For a rectangular cross-section of depth 4, k? = qyh®, a = 3/2. 
Putting E/G = 2(1 + u) = 2.6, we obtain from (d) 


= IÉ be 
eS (1 +3125): 
It may be seen that for //A = 10 the effect of the shearing force 


on the deflection is about 3 per cent. As the ratio //A decreases 
this effect increases. . 

The factor a is usually larger than 2 for I beams and when 
they are short the effect of the shearing force may be comparatively 
great. Using eq. (70) and Fig. 106, we have 


aV V | bk hè 


_ A (bk hè 
«= |F -0-a (e) 


For example, suppose A = 24 in., Æ = 31.0 sq. in., J, = 2,810 in., 
the thickness of the web 4; = 5/8 in., Z = 6h. Then eq. (e) gives 
a = 2.42. Substituting in eq. (d), we find 


ft 8 8 
pa (4 x ngo x EEG x 26) = 1.265 5g” 





A bidl: 
from which 








384 EI 5 31 X 144 384El, 
The additional deflection due to shear in this case is equal to 26.5 
Pp per cent of the deflection produced by 

~ the bending moment and must therefore 


be considered. 
5 In the case of a concentrated load 
P (Fig. 151) such a load can be con- 


P . . ee 
ý sidered as the limiting case of a load 
distributed over a very short portion e 
of the beam. The amount of the im- 


_ aginary loading Pı on the conjugate 
beam 4,B,, corresponding to the second term in expression (4), 


Fie. 151. 
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will be 
El, 
P= a AG P. q) 


The additional deflection due to shearing forces is obtained by 
dividing by EI, the bending moment produced in the conjugate 
beam by the imaginary concentrated load given by eq. (f). For 
instance, for central loading of a beam the bending moment at the 
middle of the conjugate beam produced by the load (f) will be 
a(EI,/AG)Pi/4 and the additional deflection at the middle due to 
shearing forces is 

a PI 
a AG 4 (g) 


Adding this to the deflection produced by the bending moment 
alone (see eq. 90, p- 143), the following expression for the complete 
deflection is obtained: 

_ PË a P PR ( natt) 
= BE, ZG 4 ~ BEL PG 


For a beam of rectangular cross-section of depth 4 we have 


é1 





ô 


k? E., _3 
BP iP? ~~ 9? 
and we obtain 
PR k 
è= AE + 3907 ) @) 
For 4/7 = 1/10 the additional effect of the shearing force is about 


4 per cent. 

It has been assumed throughout the above discussion that 
the cross sections of the beam can warp freely as shown in Fig. 
149. The uniformly loaded beam is one case in which this 
condition is approximately satisfied. The shearing force at the 
middle of such a beam is zero and there will be no warping here. 
The warping increases gradually with the shearing force as we 
proceed along the beam to the left or to the right of the middle. 
The condition of symmetry of deformation with respect to the 
middle section is therefore satisfied. Consider now bending by a 
concentrated load at the middle. From the condition of symmetry 
the middle cross section of the beam must remain plane. At the 
same time, adjacent cross sections to the right and to the left of 
the load carry a shearing force equal to P/2, and warping of cross 
sections caused by these shearing forces should take place. From 
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the condition of continuity of deformation, however, there can be 
no abrupt change from a plane middle section to warped adjacent 
sections. There must be a continuous increase in warping as we 
proceed along the beam in either direction from the middle, and 
only at some distance from the load can the warping be such as a 
shearing force P/2 produces under conditions of freedom in warping. 
From this discussion it must be concluded that in the neighborhood 
of the middle cross section the stress distribution will not be that 
predicted by the elementary theory of bending (see p. 113). Warp- 
ing will be partially prevented and the additional deflection due 
to shearing forces will be somewhat less than that found above (see 
eq. g). A more detailed investigation ® shows that in the case of 
a concentrated load at the middle the deflection at the middle is 


PR k AN 
ô = 38I 1 +2.85 z — 0.84 7 : (k) 


; We have an analogous condi- 
tion also in the case ofa cantilever 
beam. If the built-in cross sec- 
tion can warp freely as shown 
in Fig. 152 (a), the conditions 

pt will be as assumed in the deri- 

2 vation of eq. (A). The deflection 

of a cantilever of rectangular 
cross section will be obtained 
by substituting / for //2 and P for P/2 in this equation, giving 


PR ~ k 
s= 25 (1 +0085): (D 
When the built-in cross section is completely prevented from warp- 


ing (Fig. 152, 4), the conditions will be the same as assumed in 
the derivation of eq. (k) and the deflection will be 


PR k ANS 
s= FG [ston % -o1(#) |, . (m) 


which is less than the deflection given by (/). 


1 See L. N. G. Filon, Phil. Trans. Roy. Soc. (A), Vol. 201, p. 63, 
1903, and S. Timoshenko, Phil. Mag., Vol. 47, p. 1095, 1924. See also 
Th. v. Karman, Scripta Universitatis atque Bibliothecae Hierosolmi- 
tanarum, 1923, and writer’s “Theory of Elasticity,” p. 95, 1934. 





Fic. 152. 





CHAPTER VI 


STATICALLY INDETERMINATE PROBLEMS IN BENDING 


40. Redundant Constraints.—In our previous discussion 
three types of beams have been considered: (a) a cantilever 
beam, (4) a beam supported at the ends and (c) a beam with 
overhangs. In all three cases the reactions at the supports 


- can be determined from the fundamental equations of statics; 


hence the problems are statically determinate. We will now 
consider problems on the bending of beams in which the 
equations of statics are not sufficient to determine all the 
reactive forces at the supports, so that additional equations, 
based on a consideration of the deflection of the beams, must 
be derived. Such problems are called statically indeterminate. 

Let us consider the various types of supports which a 
beam may have. The support represented in Fig. 153 (a) is 


x 
X 
X 





h y ©) 
y 
Fic. 153. 


called a hinged movable support. Neglecting the friction in the 
hinge and in the rollers, it is evident that in this type of 
support the reaction must act through the center of the hinge 
and must be perpendicular to the plane mn on which the rollers 
are moving. Hence we know the point of application of the 
reaction and its direction. There remains only one unknown 
element, the magnitude of the reaction. , 

In Fig. 153 (4) a hinged immovable support 1s shown. In 
this case the reaction must go through the center of the hinge 
but it may have any direction in the plane of the figure. We 
have two unknowns to determine from the equations of 

175 
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statics, the direction of the reaction and its magnitude, or, 
if we like, the vertical and horizontal components of the 
reaction. 

In Fig. 153 (c) a built-in end is represented. In this case 
not only the direction and the magnitude of the reaction are 
unknown, but also the point of application. The reactive 
forces distributed over the built-in section can be replaced by 
a force R applied at the centroid of the cross section and a 
couple M. We then have three unknowns to determine from 
the equations of statics, the two components of the reactive 
force R and the magnitude of the couple M. 

For beams loaded by transverse loads in one plane we have, 
for determining the reactions at the supports, the three 
equations of statics, namely, 


ZX = o; LY = o; 2M = o. (a) 


If the beam is supported so that there are only three unknown 
reactive elements, they can be determined from eqs. (a); 
hence the problem is statically determinate. These three 
elements are just sufficient to assure the immovability of the 
beam. When the number of reactive elements is larger than 
three, we say there are redundant constraints and the problem 
is statically indeterminate. 

A cantilever is supported at the built-in end. In this 
case, as was explained above, the number of unknown reactive 
elements is three and they can be determined from the equa- 
tions of statics. For beams supported at both ends and 
beams with overhangs it is usually assumed that one of the 
supports is an immovable and the other a movable hinge. In 

such a case we have again three 
unknown reactive elements, 
; which can be determined from 
the equations of statics. 

If the beam has immovable 
hinges at both ends (Fig. 154), 
the problem becomes statically indeterminate. At each end 
we have two unknown elements, the two components of the 







Fic. 154. 
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corresponding reaction, and for determining these four un- 
knowns we have only the three equations (a). Hence we 
have one redundant constraint and a consideration of the 
deformation of the beam becomes necessary to determine the 
reactions.. The vertical components of the reactions can be 
calculated from the equations of statics. In the case of 
vertical loads it can be concluded also from statics that the 
horizontal components H are equal and opposite in direction. 
To find the magnitude of H let us consider the elongation of 
the axis of the beam during bending. A good approximation 
to this elongation can be obtained by assuming that the 
deflection curve of the beam is a parabola, the equation of 
which is . 

y = o 


where ô is the deflection at the middle. The length of the 
curve is 


U2 on 1/2 dy 2 
-= “IJP = deal (2) . 
s 2f vd + dy 2 f NX API + ds (c) 


In the case of a flat curve the quantity (dy/dx)? is small in 


comparison with unity and neglecting small quantities of 


order higher than the second we obtain approximately 


dy \? if dy Ñ? 
V0 4 (3) tala) 
Substituting this expression in equation (c) and using equation 
(2) we find the length of the curve to be 


8 8 
s=i(1 +5): 


Then the difference between the length of the curve and the 
distance / between the supports represents the total axial 
elongation of the beam and is (8/3)(8//); the unit elongation 


1 The exact expression for the deflection curve will be given later 
(see Part II). . 
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is then (8/3)(8//?). Knowing this and denoting by E the 
modulus of elasticity of the material of the beam and by 4 
its cross-sectional area, we obtain the horizontal reaction from 
equation: 


H = -3 EA. (d) 


It is interesting to note that for most beams in practice the 
deflection 6 is very small in comparison with the length and 
the tensile stress (8/3)(6?//2)E produced by the forces H is 
usually small in comparison with bending stresses and can be 
neglected. This justifies the usual practice of calculating 
beams with supported ends by assuming that one of the two 
supports is a movable hinge, although the special provisions 
for permitting free motion of the hinge are actually used only 
in cases of large spans such as bridges. 

In the case of the bending of flexible bars and thin metallic 
strips, where the deflection 6 is no longer very small in 
comparison with /, the tensile stresses produced by the 
longitudinal forces H can not be neglected. Such problems 
will be discussed later (see Part II). In the following discus- 
sion of statically indeterminate problems of bending the 
method of superposition will be used and the solutions will be 
obtained by combining statically determinate cases in such a 
manner as to satisfy the conditions at the supports. 

41. Beam Built-in at One End and Supported at the 
Other.—Consider first the case where there is a single con- 
centrated load P (Fig. 155).2 In this case we have three 
unknown reactive elements at the left end and one at the 
right end. Hence the problem is statically indeterminate 
with one redundant constraint. In the solution of this prob- 
lem let us consider as redundant the constraint which prevents 
the left end 4 of the beam from rotating during bending. Re- 
moving this constraint, we obtain the statically determinate 
problem shown in Fig. 155 (4). The bending produced by the 
statically indeterminate couple M, will be studied separately 





_ end of the beam, due to the 
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as shown in Fig. 155 (c).2. It is evident that the bending of 
the beam represented in Fig. 155 (a) can be obtained by a 
combination of cases (4) and (c). 
It is only necessary to adjust 
the magnitude of the couple 
M, at the support in such a 
manner as to satisfy the con- 
dition 





6, = = 0. (a) 
Thus, the rotation of the left 
force P, will be annihilated by 


Ma and the condition of a 
built-in end with zero slope will 





NRG 
be satisfied. To obtain the stat- n > “ Pal Bi 
ically indeterminate couple Ma a @ 

it is necessary only to substitute Fro. 155. 


in eq. (a) the known values for 
the angles 6; and 6,’ from equations (88), p. 142, and (104), 
p. 158. Then 


PP-A Md 
6/EI, 3E? 
from which 
M, = — Pe ° (107) 


The bending moment diagram can now be obtained by com- 
bining the diagrams for cases (4) and (c) as shown by the 
shaded area in Fig. 155 (d). The maximum bending moment 
will be either that at a or that at d. 

The deflection at any point can easily be obtained by 
subtracting from the deflection at this point produced by the 
load P the deflection produced by the couple M,. The 
equations of the deflection curves for both these cases have 
already been given in (86) and (87), p. 142, and in (105), 
p. 159. Let us take, for instance, the case ¢ < 4/ and calcu- 


2 Deflection curves and bending moment diagrams are shown to- 
gether. 
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late the deflection at the middle of the span. From eqs. (91) 
and (105) 


ML 


Pe 
è = BET, 3" — 40) + Teer 


or, by using eq. (107), 


Pe 
ô = 36T, (32 — se). 


At the point C where the bending moment becomes zero, the 
curvature of the deflection curve is also zero and we have a 
point of inflection, i.e., a point where the curvature changes 
sign. 

It may be seen from eq. (107) that the bending moment 
at the built-in end depends on the position of the load P. If 
we equate to zero the derivative of eq. (107) with respect to c, 
we find that the moment M, has its numerical maximum value 
when ¢ = //J¥3. Then 


|Ma | max = PL = 0.192P/. (108) 


P ļ— 2 — 2 
m-f KO REP a ato. (2) 


If we take the derivative of (4) with respect to ¢ and equate it 
to zero, we find that Mz becomes a maximum when 


c= L — 1) = 0.366%. 
Substituting this in eq. (4), we obtain 
(Ma) max = 0.174Pl. 


Comparing this with eq. (108), we find that in the case of a 
moving load the maximum normal stresses ø, are at the 
built-in section. 

Having the solution for the single concentrated load and 
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using the method of superposition, the problem can be solved 
for other types of transverse 
loading by simple extension of 
the above theory. Take, for 
instance, the case represented in 
Fig. 156. The moment at the 
support 4, produced by any 
element qdc of the load, is obtained from eq. (107) by substi- 
tuting gde for P. The total moment M, at the support will be 


__ (gd? A) _ 4 |=? -*=*], 
m=- f of? E (©) 





Fre. 156. 





~ of 2 4 


If the load be distributed along the entire length of the beam, 
then substituting in eq. (c) a = o, 6 = Í, we obtain 


M. = - ©. (109) 
The bending moment diagram is obtained by subtracting 
the triangular diagram due to the couple M. (Fig. 157) 
from the parabolic diagram, due to uniform loading. It can 
be seen that the maximum bend- 
ing stresses will be at the built-in 
section. The deflection at any 
point is obtained by subtracting 
the deflection at this point pro- 
duced by the couple Ma (see eq. 
105, p. 159) from the deflection at 
the same point produced by the 
uniform load (see eq. 81, p. 138). 
For the middle of the span we will obtain 


lái MP gis 
ô = 5 l = — 
~ 384 El: ' 16FI, 192EI, 





(110) 





Problems 


1. Draw shearing force diagrams for the cases shown in Figures 


155 and 157. 
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2. Determine the maximum deflection for the case of a uni- 
formly distributed load shown in Fig. 157. 

Solution. Combining eqs. (81) and (105), the following equa- 
tion for the deflection curve is obtained: 


Setting the derivative dy/dx equal to zero, we find the point of 
maximum deflection at x = (J/16)(15 — V33) = 0.579/. Substi- 
tuting in (d), we obtain 


box = E 
mex = IgE, 


3. Determine the reaction at the right support of the beam 
shown in Fig. 157, considering this reaction as the redundant con- 
straint. 

Solutton. Removing support B, the deflection of this end of 
the beam, considered as a cantilever, will be g/#/8EJ, from eq. (84). 
Reaction R, at B (Fig. 157, a) must be such as to eliminate the 
above deflection. Then by using eq. (95) we obtain the equation: 


gi _ R! 
8El, ZEL? 


from which 


R = ol. 


4. A beam is loaded as shown in 
Fig. 158. Determine the moment 
Ma and the reactions R, and R at the 





supports. 

Answer. 
_y uta Lap. = 574 Zap. -3y Z 
Ma = 8 +ga R, = gf + om R = gf t oat 


5. Determine the reaction R, at the support B of a uniformly 
loaded beam such as shown in Fig. 157 if the support B is elastic, 
so that a downward force of the magnitude k lowers the support a 
unit distance. 


Solution. Using the same method as in problem 3 above, the | 
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equation for determining Ry will be 











git N Rit | Rs 
SEI, 3EL k’ 
from which 
. I 
R = 90) TF, 
kb 


6. Construct the bending moment diagram for a uniformly 
loaded beam supported at three equidistant points. 

Suggestion. From the condition 
of symmetry the middle cross section 
does not rotate during bending and 
each half of the beam will be in the 
condition of a beam built in at one end 
and supported at the other. 

7. Determine the deflection of the 
end C of the beam shown in Fig. 159. m oy 

Solution. Replacing the action of G A c (c) 
the overhang by a couple Pa, the 
bending of the beam between the sup- 
ports will be obtained by superposing cases (4) and (c). The stat- 
ically indeterminate couple Ma will be found from the equation 
6, = = 61’ or . 











Pal Mi 
6EI, 3EI,° 
from which Ma = Pa/2. The deflection at C will be 


Pa ; Pa Pæl 
è = say, + (0: — 0) = SET, + GET, 
The first term on the right side represents the deflection of a canti- 
lever and the second represents the deflection due to rotation of 
the cross section at B. 

8. Determine the additional pressure of the beam 4B on the 
support B (Fig. 155). due to non-uniform heating of the beam, 
provided that the temperature varies from fo at the bottom to £ 
at the top of the beam according to a linear law. 

Solution. If the support at B is removed, the non-uniform 
heating will cause the deflection curve of the beam to become an 
arc of a circle. The radius of this circle can be determined from 
the equation 1/r = a(¢ — ¢9)/h, in which 4 = the depth of the beam 
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and a = the coefficient of thermal expansion. The corresponding 
deflection at B can be found as in problem 2, p. 94, and is 


P _ Palt- to) 
ar 2h 


This deflection is eliminated by the reaction of the support B. 
Letting R, denote this reaction, 


RB _ Palt — to) 
3El, 2h 


from which 


EI, 
to -a(t — fo). 





R = 


9. A cantilever 4B, loaded at the 
end, is supported by a shorter cantilever 
CD of the same cross section as cantilever 
AB. Determine the pressure X between 
the two beams at C. 

Fie. 160. Solution. Pressure X will be found 

from the condition that at C both the can- 

tilevers have the same deflection. Using eq. (95) for the lower 
cantilever and eq. (97) together with eq. (95) for the upper we 


obtain 
Xit P (ill? lè ) Xi! 
3El, El.\ 2 6) 3E?’ 














from which 


From a consideration of the bending moment diagrams for the 
upper and lower cantilevers it can be concluded that at C the upper 
cantilever has a larger angular deflection than the lower has. This 
indicates that there will be contact between the two cantilevers 
only at points D and C. 

10. Solve problem 7 assuming, instead of a concentrated load 
P, a uniformly distributed load of intensity g to be distributed (1) 
along the length a of the overhand, (2) along the entire length of 
the beam. 

11. Draw the bending moment and shearing force diagrams for 
the case shown in Fig. 156 if a = 4 ft., d= 12 ft., / = 19 ft. and 
g = 400 lbs. per ft. 


42. Beam with Both Ends Built in—In this case we have 
six reactive elements (three at each end), i.e., the problem has 








STATICALLY INDETERMINATE SYSTEMS 185 


three statically indeterminate elements. However, for ordi- 
nary beams, the horizontal components of the reactions can be 
neglected (see p. 178), which 
reduces the number of stati- p c — 
cally indeterminate quantities g To 
to two. Let us take the mo- ™ G M 
ments M, and M, at the sup- 
ports for the statically inde- 
terminate quantities. Then ay) 6 
for the case of a single concen- 


trated load P (Fig. 161, a) the C. 


b 


solution can be obtained by 

combining the two statically allen.” Pe(t<}f 
determinate problems shown ae a Ge | 

in Fig. 161 (4) and (c). It is a a) 

evident that the conditions at Fie. 161. 

the built-in ends of the beam 

AB will be satisfied if the couples M, and M, are adjusted 


so as to make 
6, = — 67; b = — 02’. (a) 


From these two equations the two statically indeterminate 
couples are obtained. Using eqs. (88) and (89) for a con- 
centrated load and eqs. (103) and (104) for the couples, 
eqs. (4) become 


Pc? — %) _ Mal Mal 





— “CET, = 3ET, + GET,’ 
_ Pel =O@Ql= 0) Md | Md 
- 6/EI, ~ 6ET, © 3ET,’ 
from which 
2 — P vi — 2 
m - -2N , m = — . (111) 


Combining the bending moment diagrams for cases (4) and (c), 
the diagram shown in Fig. 161 (d) is obtained. The maximum 
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positive bending moment is under the load at the point C. 
Its magnitude can be found from Fig. 161 (d) and is given by 
the following: 


— — 2 — 2 
_ ; c) 4 Mee, Mr c) _ 2Pe ¢ g). (112) 

From Fig. 161 (d) it may be seen that the numerically 
maximum bending moment is either that at C or that at the 
nearest support. For a moving load, i.e., when c varies, 
assuming ¢ < //2, the maximum numerical value of M, is 
obtained by putting ¢ = 1/3/in eq. (111). This maximum is 
equal to 4/27P/. The bending moment under the load is a 
maximum when ¢ = //2 and this maximum, from eq. (112), 
is equal to 1/8P/. Hence for a moving load the greatest 
moment is at the end. 

By using the method of superposition the deflection at any 
point can also be obtained by combining the deflection pro- 
duced by load P with that produced by couples M, and M,. 

Having the solution for a single concentrated load P, any 
other type of transverse loading can easily be studied by using 
the method of superposition. 


Problems 


1. Draw the shearing force diagram for the case in Fig. 161 (a) 
if P = 1,000 lbs., Z = 12 ft., and ¢ = 4 ft. 
2. Construct the bending moment diagram for a uniformly 
loaded beam with built-in ends (Fig. 
rh 162). 


Solution. The moment at 4 pro- 





mA deal |e c Ym, duced by one element gdc of the load 
Fig. 162, a) is, from eq. (111), 
ym ee 
è, 2(7 — 
Fic. 162. 


The moment produced by the load 
over the entire span is then 


m=- |EN E, 
a Jo 2 
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the moment at the support B will have the same magnitude. Com- 
bining the parabolic bending moment diagram produced by the 
uniform load with the rectangular diagram given by two equal 
couples applied at the ends, we obtain the diagram shown in Fig. 
162 (4) by the shaded area. 
3. Determine the moments at the 7 
ends of a beam with built-in ends and @ M 
We 











h, 
loaded by the triangular load shown La 


in Fig. 163. 
Solution. The intensity of the Fic. 163. 

load at distance ¢ from the support B 

is gac/} and the load represented by the shaded element is gacde/l. 

The couples acting at the ends, produced by this elementary load, as 

given by eqs. (111), are 


qall — c)de 





gae*(l — c)°de 


dM, = F ; dM, = — 7 ; 
therefore 
, a 
_ gèl — c)de _ gal? 
M= — f B ~ 20°? 
l 2 2 
_ qa — cPde gal? 
m=- B 30 


4. Determine the reactive couples M, and Me in a beam with 
built-in ends and bent by a couple Pe 


Pare m (Fig. 164). 
Solution. By using the solution of 
a lsb problem 5, p. 160, and eqs. (104) and 
Fie. 164. (105), the following equations are ob- 
3Pc a 2 
2Ma + Mi = -2| efst) — a|, 


Pc{ 2 b 
amm = E| 28 —# (0+) |, 


from which Ma and Ms can easily be calculated. o. 

5. Determine the bending moments at the ends of a built-in 
beam due to non-uniform heating of the beam if the temperature 
varies from % at the bottom to ¢ at the top of the beam according 
to a linear law. 
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Answer. 


Ma — M, — aEl.(t to) ; 

A 
where æ is the coefficient of thermal expansion and 4 is the depth 
of the beam. 

6. Determine the effect on the reactive force and reactive couple 
at A of a small vertical displacement 6 of the built-in end Z of the 
beam 4B (Fig. 161). i 

Solution. Remove the support 4; then the deflection 8, at Z 
and the slope 6, at this point will be found as for a cantilever built 
in at B and loaded by P, i.e., 


Pe Pe Pe 
=E, 2T = ser’ 

Applying at 4 an upward reactive force X and a reactive couple 
Y in the same direction as M,, of such magnitude as to annihilate 
the slope ô, and to make the deflection equal to 6, the equations 
for determining the unknown quantities X and Y become 


AP YI Pe 

2EI, El, 2EI,? 

AB YP 

3El, 2ET, 

7. Draw the shearing force and bending moment diagrams for 
the beam shown in Fig. 163 if ga = 400 lbs. per ft. and / = 15 ft. 

8. Draw the shearing force and bending moment diagrams for 

a beam with built-in ends if the left half of the beam is uniformly 


loaded with a load g = 400 lbs. per ft. The length of the beam is 
l= 16 ft. 


61 











= 6, — 6. 


43. Frames.—The method used above for the cases of 
statically indeterminate beams can be applied also to the 
study of frames. Take, as a simple example, the symmetrical 
and symmetrically loaded frame, Fig. 165, hinged at C and D. 
The shape of the frame after deformation is shown by the 
dotted lines. Neglecting the change in the length of the bars 
and the effect of axial forces on the bending of bars,? the frame 
can be considered to be made up of three beams as shown in 


ë Simultaneous action of bending and thrust will be discussed later 
(see Part II). 
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Fig. 165 (4). It is evident that there will be couples M at the 
ends of the horizontal beam 4B which oppose the free rotation 
of these ends and represent the action of the vertical bars 
on the horizontal beam. This couple M can be considered as 
the only statically indeterminate quantity. Knowing M, the 


6) 





Fic. 165. 


bending of all three bars can be investigated without any 
difficulty. For determining M we have the condition that at 
A and at B there are rigid joints between the bars so that the 
rotation of the top end of the vertical bar ZC must be equal to 
the rotation of the left end of the horizontal bar. Hence the 
equation for determining M is 


61 = 61’. (a) 


6, must be determined from the bending of the horizontal 
beam 4B. Denoting by / the length of this beam and by EJ 
its flexural rigidity, the rotation of the end 4 due to the load P, 
by eq. (88) (6 = //2), is P/?/16EI. The couples at the ends 
resist this bending and give a rotation in the opposite direction, 
which, from eqs. (103) and (104), equals M//2EI. The final 
value of the angle of rotation will be 


o 


h = 36E] 2E] 
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Considering now the vertical bar 4C as a beam with supported 
ends, bent by a couple M, and denoting by 4 its length and by 
ET, its flexural rigidity, the angle at the top, from eq. (104), 
will be l 
_ Mh 
~ 3ET,” 
Substituting in eq. (a), we obtain 

PP MI Mah 


16E 2kI 3E’ 


6,’ 


from which 


g 2h I” (113) 


This is the absolute value of M. Its direction is shown in 
Fig. 165 (4). Knowing M, the bending moment diagram can 
be constructed as shown in Fig. 165 (c). The reactive forces 
at the hinges C and D are also 
shown (Fig. 165, a). The verti- 
cal components of these forces, 
from considerations of symmetry, 
are each equal to P/2. As regards 
the horizontal components, their 
magnitude M/A is obtained by con- 
sidering the vertical bars as simply 
supported beams loaded at the top 
by the couples M. 

The same problem can be solved 
in another way by taking the hori- 
zontal reaction H at the hinges 
C and D as the statically inde- 
terminate quantity, instead of M 
(Fig. 166). The statically inde- 
terminate problem is solved by 
superposing the two statically de- 
terminate problems shown in Fig. 
166 (4) and (c). In case (4) the redundant constraint prevent- 





Fic. 166. 
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ing the horizontal motion of the hinges C and D is removed. 
The vertical bars no longer have any bending. The horizontal 
bar 4B isin the condition of a bar with simply supported ends 
whose angles of rotation are equal to P/?/16EI, and the hori- 
zontal motion of each hinge C and D is therefore 4(P/?/16FJ). 
In case (c) the effect of the forces H is studied. These forces 
produce bending couples on the ends of the horizontal bar 4B 
equal to H-A, so that the angles of rotation of its ends 6’ will 
be Hh-1/2EI. The deflection of each hinge C and D consists 
of two parts, the deflection 0’2 = HA//2EI due to rotation of 
the upper end and the deflection HA?/3EJ, of the vertical bars 
as cantilevers. In the actual case (Fig. 166, a) the hinges C 
and D do not move; hence the horizontal displacements pro- 
duced by the force P (Fig. 166, 4) must be counteracted by 
the forces H (Fig. 166, c), i.e., 


PE HRI | HR 
16El” T 2ET T 3ET,’ 


from which 


Remembering that HA = M, this re- 
sult agrees with the equation (113) 
above. 

This latter method of analysis is 
especially useful for nonsymmetrical 
loading such as shown in Fig. 167. £fe 
Removing the constraint preventing Fic. 167. 
the hinges C and D from horizontal 
motion, we have the condition represented in Fig. 167 (b). It 
is evident that the increase in distance between C and D may 
be obtained by multiplying by 2 the sum of the angles 6; 
and 62. Using eqs. (88) and (89), this increase in distance 
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becomes 


k — 0) Pel — oll — e) _ Pel — eoh 
6/EL 6/EI E 2E ` 


It must be eliminated by the horizontal reactions H (Fig. 
166, c). Then, using the results obtained in the previous 
problem, we get the following equation for determining H: 


(SA Hh’ ) Pcl — jh 








2EI  3EI, 2E ? 
from which 
_ Pel —o) I 
H = 2Al 2Th (114) 
+377 


Having the solution for one concentrated load, any other case 
of loading of the beam 4B of the frame can easily be studied 
by the method of superposition. 


Let us consider now a frame with built-in supports and an 
unsymmetrical loading as shown in Fig. 168. In this case we have 





Fic. 168. 


three reactive elements at each support and the system has three 
statically indeterminate elements. In the solution of this problem 
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we will use a method based on the method of superposition in 
which the given system of loading is split into parts such that 
for each partial loading a simple solution can be found.4 The. 
problem shown in Fig. 168 (a) can be solved by superposing the 
solutions of the two problems shown in Fig. 168 (4) and (c). The 
case shown in (4) is a symmetrical one and can be considered in 
the same manner as the first example shown in Fig. 165. A study 
of the case shown in (c) will show that the point of inflection O 
of the horizontal bar 4B is situated at the middle of the bar. This 
follows from the condition that the loads P/2 are equally distant 
from the vertical axis of symmetry of the frame and are opposite 
in sense. The moment, the deflection, and the axial force produced 
at the mid point O of the horizontal beam 4B by one of the loads 
P/2 will be removed by the action of the other load P/2. Hence 
there will be no bending moment, no vertical deflection and no axial 
force at O. The magnitude of the shearing force at the same point 
X can be found from the condition that the vertical deflection of O 
is equal to zero (Fig. 168, d). This deflection consists of two parts, 
a deflection 5, due to the bending of the cantilever OB and a deflec- 
tion 52 due to rotation of the end B of the vertical bar BD. Using 
the known equations for a cantilever (eq. 98), and using the notations 
given in the figure, the following equations are obtained: 


IN 
P e (; ) x(5) 
Pet.) Nee, 
2 2 


2E1 


Pe I\ Al 
è= (Z-axis 
Substituting this in the equation 6; + 62 = o, the magnitude X of 
the shearing force can be found. Having determined X, the bend- 
ing moment at every cross section of the frame for case (c) can be 


calculated. Combining this with the bending moments for the sym- 
metrical case (4), the solution of the problem (a) is obtained.’ 


Problems 


1. Determine the bending moments at the corners of the frame 
shown in Fig. 169. 


4 Such a method was extensively used by W. L. Andrée; see his book 
“Das B-U Verfahren,” München and Berlin, 1919. 

5 Solutions of many important problems on frames can be found in 
the book by Kleinlogel, “ Mehrstielige Rahmen,” Berlin, 1927. . 
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Solution. Considering the bar 4B as a beam supported at the 





Fic, 169. 


ends (Fig. 169, 4) and denoting by M the moments at the corners, 
the angle 6, will be 


P? ML 
Fl 2ET 


Putting this equal to the angle 6,’ at the ends of the vertical bars 
which are bent by the couples M only, the following equation for 
M is obtained: 

PË Ml Mh 

16E] 2ET ET,” 
from which 


2. Determine the horizontal reactions H 
for the case shown in Fig. 170. 

Suggestion. By using eq. (114) and ap- 
» plying the method of superposition, we get 






Fre. 170, I 3h 


3- Draw the bending moment diagram for the three bars of the 
preceding problem assuming 4 = Z and J = lh. 
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4. Determine the bending moments at the joints of the frame 
shown in Fig. 171. 





Solution. Disjointing the frame as shown in Fig. 171 (4), the 
equations for determining the couples M and M, are 


bı = 6,’ and bz = bz. 


Substituting in these equations 





p -2-9 MI. 

17 2E ~ 2ET? 
gr = MA Mh, 

+ 3E 6EI,’ 

p, = ML. 

2T 2E? 
oy = Mh _ Mh 

? 6El, 3ER’ o! 


we obtain two equations for deter- 6 
mining M and M.. a “ m” > 
. A symmetrical rectangular d e n N 
frame is submitted to the action of S G a pea 

a horizontal force H as shown in () 
Fig. 172. Determine the bending Fie. 172. 
moments M and M, at the joints. 

Solution. The deformed shape of the frame is shown in Fig. 
172 (a). Disjointing the frame as shown in Fig. 172 (4), and 
applying moments the directions of which are chosen to comply 
with the distorted shape of the frame, Fig. 172 (a), we have 
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for the bar CD 


po Ml (E yy)! 

15 ber (z T“ eE (a) 
Considering now the vertical bar 4C as a cantilever built in at the 
end C at an angle 01, the slope at the end 4 will be 


Oo’ = 0 + —-— = - 5: (4) 
Finally, due to bending of the bar 4B, 





, Ml 
92 = b = ER (o) 
Then, from eqs. (a), (4) and (c), 
Hh Al 
m= (1 42) (d) 
2 ih 142 +6ł Z 
I li, 


Substituting in eq. (a), the bending moment M, can be found. 
When the horizontal bar CD has very great rigidity, we approach 
the condition of the frame shown in Fig. 168, submitted to a lateral 
load H. Substituting in (d) J = ©, we obtain for this case 


_ fh _o3 
4h © 
6h I, 


The case of a frame such as shown in Fig. 165 with hinged supports 
and submitted to the action of a lateral load applied at 4 can also 
be obtained by substituting J = o in eq. (d). 

6. Determine the horizontal reactions H, and the moments Me 
and M at the joints 4 and B for the frame shown in Fig. 173. 


Answer. 


where 
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“7, A frame consists of two bars joined rigidly at B and built 
in at 4 and C (Fig. 174). Determine the bending moment M at 





Fie. 173. Fic. 174. 


B and the compressive force P in 4B when, due to a rise in tem- 
perature, the bar 4B increases in length by A = a/(¢ — to). 
Answer. P and M can be found from equations: 


Pls Mit _ 4 
3EI 2EI ? 
Pi? Mh Ml 


2EI EI 4EI- 





44. Beams on Three Supports.—In the case of a beam 
on three supports (Fig. 175, a) there is one statically inde- 
terminate reactive element. Let the reaction of the inter- 
mediate support be this element. Then by using the. method 
of superposition the solution of case (4) may be obtained by 
combining the cases represented in (4) and (c), Fig. 175. The 
intermediate reaction X is found by using the condition 
that the deflection ô produced at C by the load P must be 
eliminated by the reaction X. Using eq. (86), we get the 
following equation for determining X: 


Pch[ (h + la)? — c — he] Xll 
6, + A) ETI, ~ 30a + lJ EL; 
from which 
2 a r? 2 
y- PAD th -e h, aie 
DAE: 


If P is acting on the left span of the beam, the same equation 
can be used, but the distance ¢ must be measured from the 
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support 4 and /, and /, must be interchanged. For/, = k= J, 
from (115), 
_ Pe(3l — e) 
= =F ~ 
Having the solution for a single load P, any other loading can 
easily be studied by using the method of superposition. 

The same problem can be solved in another manner. Įm- 
agine the beam cut into two parts at C (Fig. 175, d) and let 


X (116) 













q 
i al Ma 


(a) 
Fic. 175. 


M. denote the magnitude of the bending moment of the orig- 
inal beam at this cross section. In this manner the problem 
is reduced to the consideration of the two simply supported 
beams shown in (d) which are statically determinate. The 
magnitude of M, is determined from the condition of con- 
tinuity of the deflection curve at the support C. From this 
6 = 6’, whence, using the eqs. (88), p. 142, and (104), p. 158, 
we obtain 
Md Pcl?i-—&) Md 


— e a a — 


32L © 6hEI, + 3ET,’ 


Pellè — c*) 
— abel, + h) ` (117) 





from which 
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The direction of M, as determined from the condition of bend- 
ing is shown by arrows in Fig. 175 (d). The bending moment 
diagram is shown by the shaded area in Fig. 175 (d). 


Problems 


1. For the example in Fig. 175 prove that the magnitude of the 
bending moment M, given by eq. (117) is the same as that given 
for the cross section C by eq. (115). 

2. Draw the shearing force diagram for the beam of the preced- 
ing problem if 4, = h, ¢ = /,/2, and P = 1,000 lbs. 

3. A beam on three supports (Fig. 175, a) is carrying a uni- 
formly distributed load of intensity g. Determine the bending 
moment at the support C. 

Solution. By the method of superposition, substituting gde for 
P in eq. (117) and integrating along both spans, we obtain 

M f gell — ede ^ gell? — &)de gle +1) 
0 


lht) Jo Aht 8A4+h”’ 





p 
h=h=h M=-*. 
The direction of this moment is as shown in Fig. 175 (d). 

4- Draw the shearing force diagram for the preceding problem 
assuming /, = /, and g = 500 lbs. per ft. 

5. Determine the numerical maximum bending moment in the 
beam ACB (Fig. 175) if P = 10,000 lbs., 1 = 9 ft., l = 12 ft., 
c= 6 ft. 

Answer. Max = 23,600 Ibs. ft. 

6. A beam on three equidistant supports is carrying a uniformly 
distributed load of intensity g. What effect will it have on the 
middle reaction if the middle support is lowered a distance 6? 

Solution. Using the method shown in Fig. 175 (4) and (c), 
the middle reaction X is found from the equation: 

5 galt XQD 
384 EI EI ' ? 
from which 


5 6ôEI 
ge a 


7. Determine the additional pressure of the beam ZB on the 
support C (Fig. 175, a) due to non-uniform heating of the beam 





X = 
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if the temperature varies from ¢ at the bottom to 4 at the top of 
the beam according to a linear law,¢ > ż and 4, = k = /. 

Solution. If the support at C were removed, then, due to the 
non-uniform heating, the deflection curve of the beam would be- 
come the arc of a circle. The radius of this circle is determined 
by the equation: 

I a(t — 4) 


r A , 


in which 4 = the depth of the beam and a = the coefficient of 
thermal expansion. The corresponding deflection at the middle 
is ô = /?/2r and the reaction X at C can be found from the equation: 


XD 
48EI 





ô. 


8. Determine the bending moment diagram for the beam 4BC 
supported by three pontoons (Fig. 176) if the horizontal cross-sec- 
tional area of each pontoon is 4 and the weight of unit volume 
of water is y. 

Solution. Removing the support at C, the deflection 6 pro- 
duced at this point by the load 
P consists of two parts: (a) the 
deflection due to bending of the 
beam and (4) the deflection due 
to sinking of pontoons 4 and B. 
From eq. (91) we obtain 





Pe P 
ô = BE, [3 (22 — 42] + A : (a) 


The reaction X of the middle support diminishes the above deflec- 
tion by 

X(2/)3 X 

481, + ady 0 





The difference between (a) and (4) represents the distance the 
middle pontoon sinks, from which we get the following equation 
for determining X: 


Pc P Xo X X 
——_ 2 2 — _ — oe = —. 
ger, 302" — 4°] +A BEL 14” A 





Knowing X, the bending moment diagram can readily be obtained. 
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45. Continuous Beams.—In the case of a continuous beam 
on many supports (Fig. 177) one support is usually considered 
as an immovable hinge while the other supports are hinges on 
rollers. In this arrangement every intermediate support has 
only one unknown reactive element, the magnitude of the 
vertical reaction; hence the number of statically indeterminate 


M, M: M; M, Ms 





Fic. 177. 


elements is equal to the number of intermediate supports. 
For instance, in the case shown in Fig. 177 (a) the number of 
statically indeterminate elements is five. Both methods 
shown in the previous article can be used here also. But if 
the number of supports is large, the second method, in which 
the bending moments at the supports are taken as the stati- 
cally indeterminate elements, is by far the simpler method. 
Let Fig. 177 (4) represent two adjacent spans n and n + 1 ofa 
continuous beam cut at supports n — 1, n and n + 1. Let 
Mr- M, and Ma+ı denote the bending moments at these 
supports. The directions of these moments depend on the 
loads on the beam. We will assume the directions shown in 
the figure. Itis evident that if the bending moments at the 
supports are known the problem of the continuous beam will 
be reduced to that of calculating as many simply supported 

6 If finally we would obtain negative signs for some moments, this will 


indicate that the directions of these moments are opposite to that shown 
in the figure. - 
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beams as there are spans in the continuous beam. For 
calculating the bending moments M,_1, Mn, Mayı the con- 
dition of continuity of the deflection curve at the supports 
will be used. For any support n this condition of continuity 
is satisfied if the deflection curves of the two adjacent spans 
have a common tangent at the support n, i.e., if the slope at 
the right end of span z is equal to the slope at the left end of 
span n + 1. To calculate these slopes the area moment 
method will be used. Let 4, denote the area of the bending 
moment diagram for the span x, considered as a simply sup- 
ported beam, due to the actual load on this span; let a, and J, 
represent the horizontal distances of the centroid C, of the 
moment area from the supports 7 — 1 and. Then the slope 
at the right end for this condition of loading is (see Art. 35) 


Anan 
~ LET, ° 





In addition to the deflection caused by the load on the span 
itself, the span x is also bent by the couples M,—ı and M,. 
From equations (103) and (104) the slope produced at the 
support n by these couples is 


Maln Te) 
- (GEZ * GET, ) 





The total angle of rotation is then * 


M nln Mn Anan 
° = - (Ser + cre + GE): 





(a) 


In the same manner, for the left end of the span n + 1, we 
obtain 





I Anns Malati Masilnsi 
= Tel, + Ger. T 6Er 2) 


From the condition of continuity it follows that 


6 = 6. (c) 


* The angle is taken positive if rotation is in clockwise direction. 
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Substituting expressions (a) and (4) in this equation we obtain 


Min + 2Malln + Lat) + Masla+s 
. 6Anan 6AntOns1 


ry a (118) 


This is the well-known equation of three moments.’ It is 
evident that the number of these equations is equal to the 
number of intermediate supports and the bending moments at 
the supports can be calculated without difficulty. 

In the beginning it was assumed that the ends of the 
continuous beam were supported. If one or both ends are 
built in, then the number of statically indeterminate quantities 
will be larger than the number of intermediate supports and 
derivation of additional equations will be necessary to express 
the condition that no rotation occurs at the built-in ends (see 
problem 5 below). 

Knowing the moments at the supports, there is no difficulty 
in calculating the reactions at the supports of a continuous 
beam. Taking, for instance, the two adjacent spans 7 and 
n-+1 (Fig. 177, 4), and considering them as two simply 
supported beams, the reaction R,’ at the support 7, due to the 
loads on these two spans, can easily be calculated. In 
addition to this there will be a reaction due to the moments 
M,-1, Mn and M,41. Taking the directions of these moments 
as indicated in Fig. 177 (4), the additional pressure on the 
support 7 will be 

M,-1 — Ma — Mp + Mass 
ty + 


lapi 
Adding this to the above reaction R,’, the total reaction will be 
8 


Ma- — M, ™ M, M,, 
Ra = Rel d SP p SA Te (119) 


If concentrated forces are applied at the supports they will 


7 This equation was established by Bertot; see Comptes rendus de 
la Société des Ingenieurs civils, p. 278, 1855; see also Clapeyron, Paris, 
C. R., t. 45 (1857). 
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be transmitted directly to the corresponding supports and 
must be added to the right side of equation (119). 


The general equation of continuity (c) can also be used for 

those cases where, by mis-align- 

amano- t--===--~--=- -= 4 ment, the supports are not situ- 

ated on the same level (Fig. 

In ———>—-——— 2,4 178). Let 8, and 8,41 denote the 

Fic. 178. angles of inclination to the hori- 

zontal of the straight lines con- 

necting the points of supports in the wth and (7 + 1)th spans. 

The angle of rotation given by eqs. (a) and (4) was measured 

from the line connecting the centers of the hinges; hence the 

angle @ between the tangent at » and the horizontal line will be, 
for the span 7, 


6 — _ (4 + Mw, Anan ) 
~~ \3EI,  6EI, T LET, ® 
In the same manner for the span n + 1 
, Anpibnst Malagi Masylnvt 
= TaaEl, | 3E, + 6Er, + Sere 
Equating these angles we obtain 


Mn + 2Man + Litt) + Maslaei 


6Andn  6Ansidn 
= Anir — rt nt — 6EL (Basi = Ba). (120) 
ln lnti 














If An—1, Ån, Anti denote the vertical heights of the supports ” — 1, 
n and n + 1 above a horizontal reference line, we have 


_ n- — An ` An = Anyi 


Bn = I, 3 Bri = Inv 


Substituting in eq. (120), the bending moments at the supports 
due to mis-alignment can easily be calculated. 


Problems 


1. Determine the bending moment and shearing force diagrams 
for a continuous beam with three equal spans carrying a uniformly 
distributed load of intensity g (Fig. 179). 

Solution. For a simply supported beam and a uniformly dis- 
tributed load the bending moment diagram is a parabola with 
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maximum ordinate q/,2/8. The area of the parabolic segment is 





Fic. 179. 


The centroid is at the middle of the span, so a, = 4, = /,/2. Sub- 
stituting in eq. (118), we obtain 


3 
MV, + 2MiUn + layı) + Mn+iln+i == n e 4 . (118°) 


Applying this equation to our case (Fig. 179) for the first and the 
second span and noting that at the support o the bending moment 
is zero, we obtain n 

4M + Md = -f. (d) 
From the condition of symmetry 
it is evident that M, = Mə. 
Then, from (d), Mı = — (gP/10). 
The bending moment diagram 
is shown in Fig. 179 (a) by 
the shaded area. The reaction 
at support o is 





Fic, 180. 


l I 
R=- - 


4 
— gl. 
2 1o/ 10 


The reaction at support 1 is 
=g 41-2 
Ri =g! + {o7 7 ot 


The shearing force diagram is shown in Fig. 179 (4). The maximum 
moment will evidently be at a distance 4//10 from the ends of the 
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beam, where the shearing force is zero. The numerical maximum 
bending moment is at the intermediate supports. 

2. Set up the expression for the right side of eq. (118) when 
there is a concentrated force in the span z and no load in the span 
n-+1 (Fig. 180). 

Solution. In this case 4, is the area of the triangle of height 
Pe(l, — c)/la and with the base /,; hence 4, = PcG, — ¢)/2 and 
an = ly — bn = In — (ln + €)/3. Substituting in (118), we get 


Pella — c)(2h, — c) . 


n 


Min + 2M, (ln + lni) + Mnrilnyi = — 


3- Determine the bending moments at the supports and the 
reactions for the continuous beam shown in F ig. 181. 





Fic. 181. 
Answer, Mı = — 1.54 ton ft; M: = — 3-74 ton ft; Ms; 
= — 1.65 ton ft. The reactions are Rọ = — 0.386 ton; Ri = 2.69 
tons; R = 6.22 tons; Rs = 3.75 tons; Ry = — 0.275 ton. The 


moments at the supports are negative and produce bending con- 
vex up. 
4. Construct the bending moment and shearing force diagrams 
for the continuous beam shown in Fig. 182 (a) if P = gl, c = lf4. 
Solution. In this case the imaginary loading for the first span 
is 4, = gë/12, for the second span 4, = o, and for the third span 


_ Pe —c) _a—e _ tte 
Ay ye ES 


Substituting in eq. (118) gives the following equations for deter- 
mining the bending moments M; and Mz: 


4M + Mal = Ë 
2 — p2 
Mil + 4M = -2D 
from which 
49 44 
Mi= — ot; M= = iot 
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Both these moments are negative, so that the bending moment 
diagram will be as shown in Fig. 182 (4). To obtain the shearing 












7 
(a) 
A ial q i ah, *¢ “If; 








foce diagram it is necessary to find the reactions at the supports 
of the separate spans (eq. 119). The pressures on supports o and 
1 for the first span of the beam are 


£4 m = 0.449] and — — T = o.ç§1gl. 
The pressure on supports 1 and 2 of the second span of the beam are 


—~Mı+ M: ZM: + M 





7 =0.005¢/ and — yz s=- o.00§g] 
and on supports 2 and 3 of the third span 
Pe — m =0.296¢/ and P¢ 7 a + “ = 0.704q/. 
From this, the shearing force diagram is obtained as shown in 
Fig. 182 (¢). 


5. Determine the bending moment diagram for the case shown 
in Fig. 183 (a). 
Solution. Equation (118) for this case becomes 


Mol + 4M! + Mil = 0. 


Now, M: = — Pc, while the condition at the built-in end (sup- 
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port o) gives (from eqs. 103, 104) 


Md | My 

3El ' 6EIr ® 
From the above equations we obtain Mọ = — I Pe; Mı = + Z Pe; 
M= — Pc. The bending moment diagram is as shown in 


Fig. 183 (4). 





Fic. 183. 


_ 6. Determine the bending moments at the supports of a con- 
tinuous beam with seven equal spans when the middle span alone 
is loaded by a uniformly distributed load g. 

Answer. 


M= M=- L, M: =M; = — —— Mi; M, = Ms = = M. 


7- A continuous beam having four equal spans of length 16 ft. 
each is uniformly loaded over the last span. Draw the shearing 
force and bending moment diagrams if g = 400 lbs. per ft. 
| 8- Solve problem § assuming that a uniform load of intensity g 
is distributed along the entire length of the beam and that ¢ = }/2. 
Draw the shearing force diagram for this loading condition. 








CHAPTER VII 


BEAMS OF VARIABLE CROSS SECTION. BEAMS 
OF TWO MATERIALS 


46. Beams of Variable Cross Section——In the preceding 
discussion all of the beams considered were of prismatical 
form. More elaborate investigation shows that equations 


. (56) and (57), which were derived for prismatical bars, can 


also be used with sufficient accuracy for bars of variable cross 
section provided the variation is not too extreme. Cases of 
abrupt changes in cross section, in which considerable stress 
concentration takes place, will be discussed in Part II. 

As a first example of a beam of a variable cross section 
let us consider the deflection of a cantilever beam of uniform 
strength, i.e., a beam in which the section modulus varies along 
the beam in the same proportion as the bending moment. 
Then, as is seen from eqs. (60), (oz) max remains constant along 
the beam and can be taken equal to cw. Such a condition is 
favorable as regards the amount of material used, because 
each cross section will have only the area 
necessary to satisfy the conditions of 
strength. 

For a cantilever with an end load (Fig. y 
184), the bending moment at a cross sec- 
tion a distance x from the load is numer- 
ically equal to Px. In order to have a beam of uniform 
strength the section modulus also must be proportional to x. 
This condition can be fulfilled in various ways. 

Let us take as a first example the case of a rectangular cross 
section of constant width 4 and variable depth 4. From the 
definition of the beam of equal strength it follows that 

M 6Px  6P/ 
Z = Vie T bag = Cto 
209 


P 


Fig. 184. 
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in which Ag is the depth of the beam at the built-in end. Then 
_ hex 

=: 

It may be seen that in this case the depth of the beam varies 
following a parabolic law. At the loaded end the cross- 
sectional area is zero. This result is obtained because the 
shearing stress was neglected in the derivation of the form of 
the beam of uniform strength. In practical applications this 


A2 


stress must be taken into account by making certain changes 


in the above form at the loaded end to have a cross-sectional 
area sufficient to transmit the shearing force. The deflection 
of the beam at the end is found from eq. (93): 


*12Pxdx  12PP82 


_ _ ? 2 PP 
ô = , E T ERF Í aixdx = 3 El,’ (121). 
— i x where Jo = $h/12 represents the mo- 


ment of inertia of the cross section at 
the built-in end. Comparison with 
eq. (95) shows that this deflection 
is twice that of a prismatical bar 
having the flexural rigidity EZ, and 
subjected to the same load. That 
is, the bar has the same strength, 
but not the same stiffness as the pris- 
matical bar. 
As a second example we consider a 
Pa n cantilever of rectangular cross section 
Fic. 186. of constant depth 4 and variable 
width 4 (Fig. 185a, 4). As the section 
modulus and moment of inertia J, of a beam of triangular 
shape increases with x in the same proportion as the bending 
moment, the maximum stress (cz) max and the curvature (see 
eq. 56) remain constant along the beam and the magnitude 
of the radius of curvature can be determined from the equation 
(see eq. 55): 





h 
(oz) max = 1E . (c) 
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The deflection at the end of a circular arc can be taken, for 
small deflections, equal to 


2 PP 
ô = oF = GET (122) 
or, by using (c), 
2 


ô = (02) max ZE (123) 
It is seen from this equation that for this type of cantilever of 
uniform strength the deflection at the end varies as the square 
of the length and inversely as the depth. 

These results may be used to compute the approximate 
stresses and deflections in a spring of leaf type. The triangular 
plate considered above is thought of as divided into strips, 
arranged as shown in Fig. 185 (4, c,d). The initial curvature 
and the friction between the strips are neglected for a first 
approximation and eq. (123) can then be considered as 
sufficiently accurate.} 

The conjugate beam theory can also be used in calculating 
the deflection of beams of variable cross section. In this 
connection it is only necessary to bear in mind that the 
curvature of the deflection line at any cross section is equal to 
the ratio M/EI, (eq. 56, p. 91). Therefore an increase in 
the flexural rigidity at a given section will have the same 
effect on the deflection as a decrease of the bending moment 
there in the same ratio. Consequently the problem of the 
deflection of beams of variable cross section can be reduced to 
that of beams of constant cross section, by using the modified 

1 This solution was obtained by E. Phillips, Annales des Mines, 
Vol. 1, pp. 195-336, 1852. See also Todhunter and Pearson, History of 
Elasticity, Vol. 2, part 1, p. 330, and Theorie der Biegungs- und Torsions- 
Federn v. A. Castigliano, Wien, 1888. The effect of friction between 
the leaves was discussed by G. Marié, Annales des Mines, Vols. 7-9, 
1905 and 1906. D. Landau and P. H. Parr investigated the distribution 
of load between the individual leaves of the spring, Journ. of the Franklin 
Inst., Vols. 185, 186, 187. A complete bibliography on mechanical 
springs was published by the Amer. Soc. Mech. Eng., New York, 1927. 
See also the book by S. Gross and E. Lehr, “ Die Federn,” V. D. I. Verlag, 
1938. 
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bending moment diagram in which each ordinate is multiplied 
by Jo/I, where J is the moment of inertia at that cross section 
and J, is the constant mement of a uniform bar to the de- 
flection of which we will reduce our bar of variable cross section. 
For example, the problem of the deflection of a circular 
shaft (Fig. 186) which has sections of two different diameters, 
with moments of inertia Jo and J, 


P 
j gj p and loaded by P, can be reduced to 
pe] al that for a circular shaft having a 
A ® constant moment of inertia of the 


C; 
cross section Jy as follows. In con- 
aI. sidering the conjugate beam 4,8, 


Fic. 186. instead of a triangular loading 
AıCıBı representing the bending 
moment diagram, we use the loading represented by the shaded 
area. This area is obtained by reducing ordinates of the 
diagram along the middle portion of the shaft in the ratio Zo/J,. 
Determination of deflections and slopes can now be made as 
in the case of prismatical bars, the magnitude of the deflection 
and slope at any cross section of the beam being equal to the 
bending moment and shearing force of the conjugate beam 
divided by EJo. It should be noted that in the case repre- 
sented in Fig. 186 an abrupt change in the diameter of the 
shaft takes place at a distance //4 from the supports, producing 
local stresses at these points. These have no substantial 
effect upon the deflection of the shaft provided the difference 
in diameter of the two portions is small in comparison with 
the lengths of these portions. 

The method used for a shaft of variable cross section can be 
applied also to built-up I beams of variable cross section. An 
example of an I beam supported at the ends and uniformly 
loaded is shown in Fig. 187. The bending moment decreases 
from the middle towards the ends of the beam and the weight 
of the beam can be reduced by diminishing the number of 
plates in the flanges as shown schematically in the figure. The 
deflection of such a beam may be calculated on the basis of the 
moment of inertia of the middle cross section. The load on 
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the conjugate beam, instead of being a single parabola indi- 
cated by the dotted line, is taken as represented by the shaded 


| 
lll 





Fic. 187. 


diagram in Fig. 187, each diminution in the cross section being 
compensated for by an increase of the ordinates of the moment 
diagram in the ratio Imiaate/JZ. 


Problems 


1. A steel plate of the form shown 
in Fig. 188 is built in at one end and %4 8 c 
loaded by a force P at the other. i 
Determine the deflection at the end if 
the length is 2/, æ is the width, A the 5 
thickness of the plate, and P the load at kh—. 
the end. 

Solution. The deflection will con- Fic. 188. 
sist of three parts: 

PR PP 


(1) ô = 3E T ZEP” the deflection at B, 


_ 32E 
(2) & = 2EI,’ 


the deflection at C due to the slope at B, 
and 
PR . . 
(3) é3 = SET? the deflection due to bending of part BC of the plate. 
The complete deflection is given by ô = 51 + 52 + 43. 


2. Solve the previous problem assuming / = Io in., a = 3 in., 
P = 1,000 lbs. and omax = 70,000 Ibs. per sq. in. 
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3. Determine the width d of a carriage leaf spring (Fig. 185) 
and its deflection if P = 6,000 lbs., A = 4 in, 7 = 24 in, oy = 
70,000 Ibs. per sq. in., and the number of leaves n = Io. 

Solution. Considering the leaves of the spring as cut out of a 
triangular plate (Fig. 18 5, 4), the maximum stress will be 


6P/ 
nah?” 


Cmax 
from which 


6P! _ 6 X 6,000 X 24 X 4 


d= Nooh Io X Jopp00 ~ 4941n. 





The deflection is determined from eq. (123), 


70,000 X 24? . 
= 2X 30 X 108 = 2.69 in, 

4. Compare the deflection at the middle and the slope at the 
ends of the shaft shown in Fig. 186 with those of a shaft of the 
same length but of constant cross section whose moment of inertia 
is equal to Jp. Take I, : Jy) = 2. 

Solution. Due to the greater flexural rigidity at the middle, 
the slopes at the ends of the shaft shown in Fig. 186 will be less 
than those at the ends of the cylindrical shaft in the ratio of the 
shaded area to the total area of the triangle 4,:C\B;. The total area 

is the loading for the case of the 
cylindrical shaft. For the values 
given, this ratio is 5/8 : 1. 

The deflections at the middle 
for the two types of shaft are in 
the ratio given by the bending mo- 
ment produced by the shaded area, 
divided by that produced by the 

Fie, 189. area of the triangle 41CıBı. This 
will be 9/16 : 1. 

5. A beam supported at the ends is loaded as shown in Fig. 189. 

How should the depth 4 of the beam vary in order to have a form 


of equal strength if the width 4 of the rectangular cross section 
remains constant along the beam? 


Answer. 
B= ne (1 — 8 z). 
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6. Determine the deflection of a steel plate 4 in. thick shown in 


Fig. 190 under the action of the load P = 20 Ibs. at the middle. 
Solution. Reducing the problem to 


that of the deflection of a plate of con- p 

stant width = 4 in., the transformed z 

moment area for this case will be repre- 

sented by the trapezoid adeb, and we ee; 
obtain 


u PP 10ra- 18 i 
ô= 3° BET, d e 


where J, is the moment of inertia at the Loo 


middle of the span. The numerical 
value of the deflection can now be easily Fic. 190. 
calculated. , i , 
7. Determine the maximum deflection of a leaf spring (Fig. 
185) if Z = 36 in., A = 3 in., E = 30 X 108 lbs. per sq. in., o = 
60,000 lbs. per sq. in. 
Answer. 8 = §.18 in. , ; 
8. A simply supported rectangular beam carries a load P which 
moves along the span. How should the depth 4 of the beam vary 
in order to have a form of equal strength if the width 4 of the 
rectangular cross section remains constant along the beam? , 
Solution. For any given position of the load, the maximum 
moment occurs under the load. Denoting the distance of the load 
from the middle of the span by x, the bending moment under the 


load is i 
p(t- s)(ż+=) 
2 2 


M= p 


The required depth 4 of the beam under the load is obtained from 
the equation 


6M 
Ow PA 3) 
from which eM EPIR 
-E-e 
and 
h? x? 


6Pll4bon * Pj T i 


It may be seen that in this case the depth of the beam varies follow- 
ing an elliptical law, the semi-axes of the ellipse being 


Ijz and  vV6PIjaboe. 
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9. Determine the bending 
moments at the ends of the 
beam 4B shown in Fig. 191, 
with built-in ends and centrally 
loaded. Take J,/J) = 2. 

Solution. A solution is ob- 


a p? tained by combining the t 
A, {SPs cases shown in @) and 
f) (c). It is clear that the con- 


dition at the built-in ends will 


M l . : 
C (LET pe saristi E e S ppes ten 


the reactions due to the imag- 

Fic. 191. inary loading (see p. 154) repre- 

sented by the shaded areas in 

(4) and (c) are equal. Therefore the equation for calculating the 
numerical value of M is 





from which 
M = 5/48Pi. 
10. Solve the above problem on the assumption that two equal 


loads P are applied at C and D. 
Answer. M = P16. 


47. Beams of Two Different Materials.—There are cases 
when beams of two or more different materials are used, 
Figure 192 (a) represents a simple case, a wooden beam re- 
inforced by a steel plate bolted to the beam at the bottom. 
Assuming that there is no sliding between the steel and wood 
during bending, the theory of solid beams can also be used 
here. According to this theory elonga- 
tions and contractions of longitudinal mes are 
fibers are proportional to the distance l T oF 
from the neutral axis. Due to the fact +% h f 
that the modulus of elasticity of wood is L e 
much smaller than that of steel, the eerde 
wooden part of the beam in bending Z & 
will be equivalent to a much narrower 
web of steel as shown in Fig. 192 (4). To have the moment 


Fic. 192. 
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of the internal forces unchanged, for a given curvature, i.e., 
for a given elongation and contraction, the thickness 4, of this 
web must be as follows: 


b = -5r (a) 


In this manner the problem is reduced to that of the bending 
of a steel beam of T section, which can be solved on the basis of 
the previous theory. Consider, for instance, a simply sup- 
ported beam to feet long loaded at the middle by 1,000 lbs. 
The cross-sectional dimensions of the wooden part of the beam 
are b = 4 in. and Ą = 6 in. and at the convex side it is re- 
inforced by a steel plate 1 inch wide and 3 inch thick. As- 
suming E,,/E, = 1/20 and using eq. (a), the equivalent section 
will have a web 6 X 0.20 and the flange 1 X 0.50. The dis- 
tances of the outermost fibers from the neutral axis (Fig. 
192, 4) are Ai = 2.54 in. and Ay = 3.96 in. The moment of 
inertia with respect to the neutral axis is 7, = 7.37 in.*, whence 
the stresses in the outermost fibers are (from eqs. 61, p. 92) 





z = Moinaxhr _ 30,000 X 2.54 
max I, 7.37 


max: b) : 6 1 
Tain = — Mees =— Soe X 3.92 = — 16,000 lbs. per sq. in. 


To obtain the maximum compressive stress in the wood of the 
actual beam the stress omin obtained above for steel must be 
multiplied by #./E, = 1/20. 


_ As another example of the bending of a beam of two different 
materials let us consider the case of a bi-metallic strip built up of 
nickel steel and monel metal (Fig. 193). The bending of such a 
strip by external forces can be discussed in the same manner as 
in the above problem of wood and steel, it being necessary only to 
know the ratio E,,/E,, in which Em and E, are respectively the 
moduli of elasticity of monel metal and steel. Let us consider now 
the bending of such a strip due to a change in temperature. The 
coefficient of thermal expansion of monel metal is larger than that 
of nickel steel and when the temperature rises bending will occur 
concave on the side of the steel. This phenomenon of bending of 


= 10,300 lbs. per sq. in., 
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bi-metallic strips under varying temperatures is used in various 
automatic instruments for regulating temperature ? (thermostats). 
Let 4/2 be the thickness of each metal, 4 the width of the strip, 
t the increase in temperature, r the radius of curvature, a, and an 


m a] T°? Sheet 
LLL 
E RRE 


(Q monel 





the coefficients of thermal expansion of steel and monel respec- 
tively, ÆJ, = the flexural rigidity of the steel, EnJm = the flexural 
rigidity of monel metal. When the temperature rises, the strip of 
monel metal, having a greater coefficient of expansion, will be sub- 
jected to both bending and compression and the steel will be sub- 
jected to bending and tension. Considering an element of the strip 
cut out by two adjacent cross sections mn and myn, (F ig. 193, ¢), 
the internal forces over the cross section of the steel can be reduced 
to a tensile force P, and a couple My. In the same manner for 
the monel metal, the internal forces can be reduced to a compressive 
force P and a couple Mz. The internal forces over any cross 
section of the beam must be in equilibrium; therefore 





P= P= P 
and 
Ph 
7 7 M + M. (a) 
Using equations: 
M, = Eh, M: = End 
r r 


ay t r? (b) 


* See author’s paper in Journal of the Optical Soc. of Amer., Vol. 11, 
1925, P. 233. 
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another equation for determining P and r can be derived from the 
condition that at the joining surface, c—c, the unit elongation of 
monel metal and steel must be the same; therefore 





oP A, 2 A 
ast + Epb t yp Om eb ar 
or p ; 
2 I I 
— = =— = — — — c 
hb (5+5) (am — as)t — 57 (c) 


From eqs. (4) and (c) we obtain 
I 


A 
se Bale + Enla) (5 + x)= anar-i. (d) 


bhr ar 
Substituting in this equation 
3 
l, = Im = d and E, = 1.15Em 
96 


3 (am — a,)t . (e) 
Now, from eq. (4), 


= 3 (an — o)t(Eel, + Emdm) = 7 (on —a)tE,+ En) Q) 
and 


— — a,)i 
M, = 3C En; m 3C Im (g) 


h 2 h 
i he 

From eqs. and (g) P, Mı and M can be determined. T 
maximum Va in the steel is obtained by adding to the tensile 
stress produced by the force P the tensile stress due to the curva- 


ture I/r: 


PME (Entit ER) 
Tm = 3 +45 = kr El + mlm + Te 8 


Assuming, for example, that both metals have the same modulus 
E, we obtain 


yb ing eq. (e),! 
Ors by using eq Cmax = 3Et(am — Os). 


4 This equation holds also for Es = Em 
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For E = 27 X 108 Ibs. per sq. in., ¢ = 200 degrees Centigrade and 
Am ~ Qs = 4 X 1076 we find 


Cmax = 10,800 Ibs. per sq. in. 
The distribution of stresses due to heating is shown in Fig. 193 (c). 


Problems 

_ 1, Find the safe bending moment for the wooden beam rein- 
forced by a steel plate, Fig. 192, if = 6 in, h = 8 in., and the 
thickness of the steel plate is 4 in. Assume Ey = 1.6 X 108 lbs. 
per sq. in., Es = 30 X 108 lbs. per sq. in., ae = 1,200 lbs. per sq. in. 
for wood and ow = 16,000 lbs. per sq. in. for steel. 

_ 2. Assume that the wooden beam of the previous problem is 
reinforced at the top with a steel plate 2 in. wide and 1 in. thick 
and at the bottom with a steel plate 6 in. wide and % in. thick. 
Calculate the safe bending moment if E and oy are the same as in 
the previous problem. 

Answer. M = 308,000 in. lbs. 

3. A bimetallic strip has a length 7=1in. Find the deflection 
at the middle produced by a temperature increase equal to 200 
degrees Centigrade if £, = 1.15Em and am — a = 4 X 10%. 

48. Reinforced-Concrete Beams.—It is well known that 
the strength of concrete is much greater in compression than in 
tension. Hence a rectangular beam of concrete will fail 
from the tensile stresses on the convex side. The beam can 
be greatly strengthened by the addition of steel bars on the 
convex side as shown in Fig. 194. As concrete grips the steel 
strongly there will be no slid- 
ing of the steel bars with re- 
spect to the concrete during 
bending and the methods de- 
veloped in the previous article 
can also be used here for 
calculating bending stresses. 
In practice the cross-sectional area of the steel bars is usually 
such that the tensile strength of the concrete on the convex 
side is overcome before yielding of the steel begins and at 
larger loads the steel alone takes practically all the tension. 
Hence it is the established practice in calculating bending 
stresses in reinforced-concrete beams to assume that all the 
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tension is taken by the steel and all the compression by the 
concrete. Replacing the tensile forces in the steel bars by 
their resultant R, the distribution of internal forces over any 
cross section mp will be as shown in Fig. 194 (4). Assuming 
as before that cross sections remain plane during bending 
and denoting by kh the distance of the neutral axis nn from 
the top,’ the maximum longitudinal unit contraction in the 
concrete e, and the unit elongation of the axes of the steel 
bars es are given by the following: 
kh (1 — kA 
-7> és = = (a) 
Concrete does not follow Hooke’s law and a compression 
test diagram for this material has a shape similar to that for 
cast iron in Fig. 2 (4). As the compression stress increases, the 
slope of the tangent to the diagram decreases, 1.e., the modulus 
of concrete decreases with an increase in stress. In calcu- 
lating stresses in reinforced-concrete beams it is the usual 
practice to assume that Hooke’s law holds for concrete, and to 
compensate for the variable modulus by taking a lower value 
for this modulus than that obtained from compression tests 
when the stresses are small. In specifications for reinforced- 
concrete it is usually assumed that E/E. = 15. Then, from 
eqs. (a), the maximum compressive stress in the concrete and 
the tensile stress in the steel ê are, respectively, 
kh yn. (1 — kjk E.. H) 


Oc = — TE; os = r 


€& = 


We will now calculate the position of the neutral axis from 
the condition that the normal forces over the cross section mp 
reduce to a couple equal to the bending moment. The sum of 
the compressive forces in the concrete must equal the tensile 
force R in the steel bars, or 


bkhe, 
~ a 





= TAs, (c) 


5 k is a numerical factor less than unity. ; 
€ The cross-sectional dimensions of the steel bars are usually smali 
and the average tensile stress is used instead of the maximum stress. 
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where 4, is the total cross sectional area of ste i 
el. Using the 
notation 4,/6h = m and E,/E, = n, we get from (c) and (4) 


k? = 2(1 — k)nm, 
from which o 
k = — nn, + Vinny)? + nn. (124) 


After determining the position of the neutral axis from eq. 
(124), the ratio between the maximum stress in the concrete 
and the stress in the steel becomes, from eqs. (b), 


oO Be’ (125) 


The distance a between the resultants R of the compressive 
and tensile forces acting over the cross section of the beam 
(Fig. 194, 4) is 


2 
a=5htir~wa=(1- 4), (126) 


and the moment of the internal forces equal to the bending 
moment M is 


aR = a4, = ~ TEDA a, = M, 
from which 
_M 
a = 72> (127) 
_ 2M 
Oe = — EBA (128) 


By using eqs. (124) to (128) the bending stresses in reinforced- 
concrete beams are easily calculated. 


Problems 


1. If E/E. = 15 and 4, =o. i i 
the neutral axis from the top of the beam (hig aae the distance of 
Solution. Substitutingin eq. (124) 2 = 15, 21 = 0.008, weobtain 
k = 0.384 and the distance from the top of the beam is kh = 0.3844 
2. Determine the ratio x, = A,/bh if the maximum tensile stress” 
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in the steel is 12,000 lbs. per sq. in., the maximum compressive 
stress in the concrete is 645 lbs. per sq. in., and E/E. = n = 15. 
Solution. From eq. (125) k = 0.446. Then, from eq. (d), 


k 
m= k)n 


3. Determine the ratio 7, if the maximum compressive stress 
in the concrete is one-twentieth of the tensile stress in the steel. 

Answer. nı = 0.0107. 

4. If n = 15 and the working compressive stress for concrete 
is 650 lbs. per sq. in., determine the safe load at the middle of a 
reinforced-concrete beam Io feet long supported at the ends and 
having 6 = toin., A = 12 in., 4, = 1.17 sq. in. 

Answer. P = 5,570 lbs. 

5. Calculate the maximum moment which a concrete beam will 
safely carry if 6 = 8 in., A = 12 in., 4, = 2 sq. in, E/E, = 12, 
and the working stress for steel is 15,000 lbs. per sq. in. and for 
concrete 800 lbs. per sq. in. 

Answer. M = 16,000 ft. Ibs. 

6. Determine the value of & for which the maximum permissible 
stresses in the concrete and the steel are realized simultaneously. 

Solution. Let c. and o, be the allowable stresses for the concrete 
and the steel. Then taking the ratio of these stresses, as given 
by formulas (4), and considering only the absolute value of this 
ratio, we obtain 


= 0,012, 


oe kE. 

Os ~ (i — kh E? 
from which 

k = —— 


E, 
Cc + Og E, 


If this condition is satisfied the beam is said to have balanced 
reinforcement. . Having k and using equation (126) the depth is 
obtained from equation (128) and the area 4, from equation (127). 
7. Determine the steel ratio nı = 4,/bh if ea = 12,000 lbs. per 
sq. in., ce = 645 lbs. per sq. in., and n = EE. = 15. 
Solution. From the formula of the preceding problem we find 


k = 0.446. 
Then, substituting in equation (d), we obtain 


nı = 0.012. 
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8. Design a beam Io in. wide to withstand safely a moment of 
22,500 ft. Ibs. if e. = 750 lbs. per sq. in., es = 12,000 lbs. per sq. in., 
and E/E. = 12. Find the depth #4 and the steel area 4,. Assume 
balanced reinforcement as in problem 6. 


49. Shearing Stresses in Reinforced-Concrete Beams.— 
Using the same method as in arti- 
cle 26, by considering an element 
mnm,n, between the two adjacent 
cross sections mp and mip; (Fig. 
195) it can be concluded that the 
maximum shearing stress rz, will 
act over the neutral surface nm. 
Denoting by dR the difference between the compressive forces 
on the concrete on cross sections mp and mp, the shearing 
stress Tay over the neutral surface is found from the following: 


(T2y) maxbdx = aR, 





from which 
Cnm = 55S (2) 
Since the bending moment is 
M = Ra, 
eq. (a) becomes 
Cna = OM =E, (2) 


in which X is the shearing force at the cross section considered. 
Using eq. (126), the above equation for shearing stresses 
becomes 
=- 3” _ 
(Tay) max = bh(3 L k) (129) 


_ In practical calculations not only the shearing stresses over 
the neutral surface but also the shearing stresses over the 
surface. of contact between the steel and concrete are of 
importance. Considering again the two adjacent cross 
sections (Fig. 195), the difference between the tensile forces 
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in the steel bars at these two sections is 
Vdx 
a 


dR = 


This difference is balanced by the shearing stresses distributed 
over the surface of the bars. Denoting by < the total laterai 
surface of all the steel bars per unit length of the beam, the 
shearing stress over the surface of the bars is 


aR Vo 3, l (130) 


This stress becomes larger than the stress on the neutral 
surface (eq. 129) if 4 is iess than 4. To increase 4 and at the 
same time keep the cross sectional area of steel constant, it 1s 
only necessary to increase the number of bars and decrease 
their diameter. 


CHAPTER VIII 


COMBINED BENDING AND TENSION OR COMPRESSION; 
THEORY OF COLUMNS 


50. Bending Accompanied by Compression or Tension.— 
It is assumed here that a prismatical bar is loaded by forces in 
one of its planes of symmetry, but, whereas in the previous 
discussion these forces were all transverse, here they may have 
components along the axis of the bar. A simple case of this 
kind is shown in Fig. 196, which represents a column loaded by 
an inclined force P. This force is resolved into a transverse 
component N and a longitudinal T and it is assumed that the 
column is comparatively stiff with a deflection so small that 
it can be neglected in discussing the stresses produced by the 
force T. Then the resultant stress at any point is obtained 
by superposing the compressive stress due to the force T on 
| the bending stress produced by the 
(7 transverse load N. The case of a 
w flexible column, in which the thrust, 
due to deflection of the column (F ig. 
196, 4), has a considerable effect on 
the bending, will be discussed later 
(see Art. 53). The stress due to 
y force T is constant for all cross sec- 
tions of the column and equal to 
T/A where A is the cross-sectional 
area. The bending stress depends 
upon the moment, which increases from zero at the top to a 
maximum N/ at the bottom. Hence the dangerous section 
is at the built-in end, and the stress there, for a point at dis- 
tance y from the z axis, is 





@) a 
Fic. 196. 


== -47 TS (a) 
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l i i ion of the column is 
Assuming, for instance, that the cross section o 
a rectangle X% with the side / parallel to the plane of bending, 
we have 4 = bh and J, = 4/3/12. Maximum compressive 
stress will be at point n, at which 


6Ni T () 


This stress is numerically the largest. 
At point m we obtain 


When the force P is not parallel to one of the two principal 


planes of bending, the bending stresses, produced by its 
transverse component N, are found by resolving N into 
components parallel to those planes (see the discussion in art. 
38). The resultant stress at any point is obtained by super- 
posing these bending stresses with the compressive stress 


produced by the longitudinal force. 
Problems 


1. Determine the maximum compressive stress in the circular 
wooden poles 20 feet high and 8 inches in diameter shown in ig. 
197 if the load P on the wire ABC is 60 lbs. The tensile force in 


y 


ay 





ía) (o) 
Fic. 197. 


each cable DF is S = 1,000 lbs.; tana = 1/10; sinB = 1/5, and 

k = t . . o 
Uk Soltis The components of the force in the wire BC (Fig. 
197, 4) are Nı = 300 lbs.; Tı = 30 lbs. The components of the 
force in the cable DF are Nz = 200 lbs.; Tz = 980 lbs. The maxi- 
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mum bending moment is found to be at the built-in end, where 
Mmaz = 36,000 lbs. in. The thrust at the same cross section is 
Ti + T: = 1,010 lbs. The maximum compressive stress at the 
point m 1s 


_ 4X 1,010 , 32 X 36,000 
td? md? 


Co 


= 21 + 715 = 736 lbs. per sq. in. 


2. Determine the maximum tensile stress in the rectangular 
wooden beam shown in Fig. 198 if S = 4,000 lbs.; 5 = 8 in; 
A = ioin. 





Answer. 
_ 6 X72 X 1,000 , 4,000 
(oz)mex = 8 X 100 go 7 590 lbs. per sq. in. 





Fic. 198. Fic. 199. 


3- Determine the maximum compressive stress in the structure 
ABC, which supports a load P = 2,000 lbs. (Fig. 199), has a rigid 
connection between the bars at B, an immovable hinge at 4, and 
a movable support at C. The cross section of the bars 4B and BC 
is a square 10 X Io in. 

Answer. 


6 X I,000 X 8 X12 600 
a + To = 582 lbs. per sq. in. 


4. A brick wall 6 feet thick and 15 feet high 
supports sand pressure (Fig. 200). Determine 
the maximum tensile compressive stresses at 
the bottom of the wall if its weight is y = 150 
Ibs. per cubic foot and the lateral pressure of 
the sand is 10,000 Ibs. per yard of the wall. 
The distribution of the sand pressure along the 





Fic. 200. height of the wall follows a linear law, given by 
the line 4B. 
Answer. The stress at m = — 150 X 15 — 10,000 X 6o X 6 
144 36 X 72? 
= — 15.6 — 19.3 = — 34.9 lbs. per sq. in. The stress at 





a 
Fa 
zi 
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150X I 10,000 X 60 X 6 . 
ya 1 77 54 exe RT lbs. per sq. in. 

5. Determine the thickness of the wall in the previous problem 
which will give zero stress at z. 

Answer. Boin. 

6. A circular column, 6 ft. high, Fig. 196, is acted upon by a 
force P the components N and T of which are equal to 1,000 lbs. 
Find the diameter of the column if the maximum compressive stress 
is 1,000 lbs. per sq. in. 

7. Find omax and Smin at the cross section at the middle of the 
bar BC, Fig. 199, if, instead of the concentrated load P, a uniform 
vertical load g = 400 lbs. per ft. is distributed along the axis 7BC. 

8. A circular bar 4B hinged at B and supported by a smooth 
vertical surface (no friction) at 4 is submitted to the action of its 
own weight. Determine the position of the 
cross section mn (Fig. 201) at which the com- 
pressive stress is maximum. 

Solution. Denote by / the length of the 
bar, by g its weight per unit length and by 
a its angle of inclination to the horizon. 
The horizontal reaction at 4 is R= (g//2) cot a. 
The compressive force at any cross section 
mn, distant x from 4, is gx sin a + (g//2) 
X (cos? a/sin a); the bending moment at the Fic. 201. 
same cross section is M = (g//2) cos a:x 
— (q cos a/2)x?. The maximum compressive stress at the cross 
section mn is 


4 : gl cos? a 32 gl wf cosa , ) 
4 (arsina + 2) + 3 (Leos ars ~ x j 
where d is the diameter of the bar. 


Equating the derivative of this stress with respect to x to zero, 
we obtain the required distance 








_/,¢4 
w= >t @ tana. 


g. The bar shown in Fig. 196 is 6’ long and has a 12” diameter. 
Determine the magnitude of the force P if its components N and 
T are equal and the maximum compressive stress at 7 is 1,000 lbs. 
per sq. in. 

Answer. P = 3,260 ibs. 

to. A force P produces bending of the bar 4BC built in at 4 
(Fig. 202). Determine the angle of rotation of the end C, during 
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bending, if the bending moments at Z and at B are numerically 
equal. 

a Solution. From the equality of the bending moments at Z and 
B, it follows that the' force P passes through the midpoint D of 
the bar 4B. Then P, = P,//2a, and the 
components P, and P, may now be calcu- 
lated. The rotation of the cross section 
B due to bending of the portion 4B by the 
component P, is P,?/2E1 in a clockwise 
direction. The rotation of the same 
cross section due to the component P, is 

Fic. 202. P,al/EI in a counter-clockwise direction. 

The rotation of the cross section C with 

respect to the cross section B, due to bending of the portion BC of 

the bar, is P,a?/2EI in a counter-clockwise direction. The total 
angle of rotation of the end C in a clockwise direction is 








51. Eccentric Loading of a Short Strut—Eccentric load- 
ing is a particular case of the combination of direct and 
bending stresses. When the length of the bar is not very 
large in comparison with its lateral 
dimensions, its deflection is so small P 
that it can be neglected in compar- 5A 
ison with the initial eccentricity e; P ET 
hence the method of superposition 
may be used.! Take, for example, @) 
the case of compression by a longi- z 


tudinal force P applied with an eccen- 
tricity e (Fig. 203) on one of the two y @ 


principal axes of the cross section. T4- 

Then, if we put two equal and oppo- y 
site forces P at the centroid O of the Ley ol 7 
cross section, the problem is not 
changed, as they are equivalent to 


zero, and we obtain an axial compression by the force P pro- 
ducing direct compressive stresses, — (P/4), as shown in 


Fic. 203, 


1 For the case of eccentric loading of long bars see art. 53. 
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Fig. 203 (4), and bending in one of the principal planes by 
the couple Pe producing bending stresses, — (Pey/I,), as 
shown in Fig. 203 (c). The total stress is then 


= — Gp (a) 


The distribution diagram of this total stress is shown in Fig. 
203 (d). It is assumed that the maximum bending stress is 
less than the direct stress; then there will be compressive 
stresses all over the cross section of the bar. If the maximum 


_ bending stress is larger than the direct compressive stress, 


there will be a line of zero stress parallel to the z axis, dividing 
the cross section into two zones with tensile stresses on the 
left and compressive stresses on the right. For a rectangular 
cross section with sides 4 and 4 (Fig. 203, a) eq. (a) becomes 








z = — F  bB (2’) 
and we obtain, by putting y = — (A/2), 
P  6Pe P 6e 
(Ca)max = — 33 t ge = al i+ S) (6) 


and, by putting y = A/2, 
P 6Pe P 6e 

(Os)min = -5-F--3h +> ° (c) 
It may be seen that when e < 4/6 there is no reversal of sign 
of the stresses over the cross section; when e = 4/6, the 
maximum compressive stress, from eq. (c), is 2P/dh, and 
the stress on the opposite side of the rectangular cross section 
is zero; when e > A/6, there is a reversal of sign of the stress 
and the position of the line of zero stress is obtained by 
equating to zero the general expression (a’) for oz, giving 


y=-5 (a) 


or, using the notation k, for the radius of gyration with 
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respect to the z axis (see appendix), 


kè 


y= 


It will be seen that the distance of the line of zero, stress from 
the centroid O diminishes as the eccentricity e increases. 
The same discussion applies as well to the case of eccentric 
loading in tension. Equation (131) may also be used for other 
shapes of cross sections if the point of application of the load 
is on one of the principal axes of inertia. 


Let us consider now the case in which B, the point of applica- 
tion of the eccentric compressive force P, is not on one of the two 
principal axes of the cross section, taken as the y and the z axes, 
in Fig. 204. Using m and n as the coordinates of this point, the 
moments of P with respect to the y and z axes are Pn and Pm 
respectively. By superposition, the stress at any point F of the 

cross section is 


P Pmy Prz 
Or = — — — ~— 


4% 7,’ © 








in which the first term on the right side 
represents the direct stress and the two 
other terms are the bending stresses pro- 
duced by the moments Pm and Pn re- 
spectively. It may be seen that the 
Fig. 204. stress distribution follows a linear law. 
The equation of the line of zero stress 
is obtained by equating the right side of eq. (e) to zero. Using 
the notation J,/4 = kê and I,/A = k}, where k, and ky are the 
radii of gyration with respect to the z and y axes respectively, this 
gives 





NZ 


my 
eet ep thao 


By substituting in this equation first y = o and then z = o we 
obtain the points M and N of intersection of the line of zero stress 
with the axes of coordinates z and y (Fig. 204). The coordinates 
of these points, s and r, are 


2 
i 
| 


kè, kè, 
m 


r 


s= — 


(g) 


3 (131) 


-solve the load at B into two parallel com- 
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From these equations we obtain 


ky ke 
n= — 3 m = = — >» 
s r 


These equations have the same form as eqs. (g) and it can be con- 
cluded that when the load is put at the point B’ with the coordinates 
s and r, the corresponding line of zero stress will be the line N'M’, 
indicated in the figure by the dotted line, and cutting off from the 
y and z axes the lengths m and n. 

There is another important relation be- 
tween the point of application B of the load 
and the position of the corresponding line 
of zero stress, namely, as B moves along a 
line B, By (Fig. 205), the corresponding line 
of zero stress turns about a certain constant 
point B’. This is proven as follows: Re- 





ponents, one at Bı and the other at Ba. 
The component at B, acts in the principal Fic. 205, 
plane xz; hence the corresponding line of 
zero stress is parallel to the y axis and its intercept on OZ, as found 
from an equation analogous to eq. (131), is 
2 
s=- k, (A) 


nı 
Similarly the line of zero stress for the component 
Bz is parallel to the z axis and its distance from this 
axis is 


n r= — —. (k) 


For any position of the load on the line B,Be there will 
P be zero stress at B’; hence as the point of application of 
Fic, 206. the load moves along the straight line BBs, the corre- 
sponding line of zero stress turns about the point B’, 
the coordinates of which are determined by eqs. (4) and (k). 


Problems 


1. The cross-sectional area of a square bar is reduced one 
half at mn (Fig. 206). Determine the maximum tensile stress at 
this cross section produced by an axial load P. 
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Answer. 
2P Par 8P 


(oz) max = Pg 4 @ = po . 

2. Solve the above problem, assuming the bar to have a circulat 
cross section. 

3. A bar of L section is excentrically loaded by the forces P (Fig. 
207). Determine the maximum tensile and compressive stresses in 
this bar if d = 1”, h = 5”, the width of the flange b= 5”, P= 
4,000 lbs. ; 





Fic. 207. 


h Solution. The distances of the centroid of the L section from 
the ottom and the top are respectively 4: = 23 in. and he = $4 in. 
e eccentricity of the force P is e =4-+4+ 23 = 2% in. The 


moment of inertia J, = 19.64 in.4 The bending stresses are 


Peh _ 4,000 X 24 X 29 





(oz) max = T, 19.64 X18 > 693 lbs. per sq. in., 
_ _ Peh _ 4,000 X 24 X 61 
(¢2)min = — T = igx = 1,458 lbs. per sq. in. 


Combining with the direct stress P/4 = 4,000/9 = 444 lbs. per 
sq. in., we obtain the maximum tensile stress 693 
+ 444 = 1,137 lbs. per sq. in., maximum compres- 
sive stresses 1,458 — 444 = 1,014 lbs. per sq. in. 
4. Determine the maximum tensile stress at 
the section mn of the clamp shown in Fig. 208 if 
P = 300 lbs., 6 = 3 in., and the cross section is a 
rectangle with the dimensions 1 in. X 4 in. 
Answer. Omax = 22,800 lbs. per sq. in. 





> . : . 

ko] _ 5. Determine the width of the cross section m 

Fic. 208. in the previous problem to make omsx = 20,000 lbs. 
per sq. in. 


6. Find the maximum and the minimum stress at the built-in 
cross section of the rectangular column shown in Fig. 203, if 8 = 10 
in., h = 12 in., P = 5,000 lbs., and the coordinates of the point B 
of application of the load, Fig. 204, are m = n = 2 in. Find the 
position of the neutral axis. 
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52. The Core of a Section—In the previous article it was 
shown that for a small eccentricity e the normal stresses have the 
same sign over all of the cross section of an eccentrically loaded bar. 
For larger values of e the line of zero stress cuts the cross section 
and there is a reversal of sign of the stress. In the case of a mate- 
rial very weak in tension, such as brick work, the question arises 
to determine the region in which the compressive load may be 
applied without producing any tensile stress on the cross section. 
This region is called the core of the cross section. The method of 
determining the core is illustrated in the following simple examples. 

In the case of a circular cross section of radius R we can con- 
clude from symmetry that the core is a circle. The radius a of 
this circle is found from the condition that when the point of appli- 
cation of the load is on the boundary of the core the corresponding 
line of zero stress must be tangent to the boundary of the cross 
section. Remembering that the moment of inertia of a circle about 
a diameter is 7R*/4 (see appendix), and hence the radius of gyration 
is k = VIJA = R/2, we find from eq. (131) (p. 232), by substituting 
a for e and R for — y, that 

RR 
4 = R = 4 ry (i 32) 
i.e., the radius of the core is one quarter of the radius of the cross 
section. 

For the case of a circular ring section with outer radius Ro and 

inner radius R; we have 


=7(Rt-~ R); B= 


and the radius of the core, from eq. (131), 
becomes 


For R; = 0, eq. (133) coincides with eq. (132). 
For a very narrow ring, when R; approaches 
Ry the radius a of the core approaches the 
value Ro/2. 

In the case of a rectangular cross section 
(Fig. 209) the line of zero stress coincides Fic. 209. 
with the side cg when the load is applied at 
point 4, a distance 4/6 from the centroid (see p. 231). In the same 
manner the line of zero stress coincides with the side gf when the 
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load is at the point B, a distance A/6 from the centroid. As th 
load moves along the line 4B the neutral axis rotates about the 
point g (see p- 233) without cutting the cross section. Henc 4B 
is one of the sides of the core. The other sides follow from ‘ 

Hater yee core is therefore a rhombus with diagonals equal to 
h 3 an : i, 3 aes long as the point of application of the load remains 

) zero stre 
section and there will be no reversal in TAV Toss 

For an I section (Fig. 210) the extreme 
Positions of the lines of zero stress, in which 
ite they do not cut the cross section, are given by 

z}, the sides 4B and CD and by the dotted lines 
AC and BD. The corresponding positions 
of the point of application of the load may be 
determined from eq. (131). From symmetry 
it may be concluded that these points will 
be the corners of a thombus, shaded in 
Fig. 210. 

If the point of application of the eccentric load is outside th 
core of a cross section, the corresponding line of zero stress cross ‘ 
the section and the load produces not only compressive but also 
tensile stresses. If the material does not resist tensile stresse at 
all, part of the cross section will be inactive and the rest will carn ; 
compressive stresses only. Take, for example, a rectangular cro 4 
section (Fig. 211) with the point of application 4 of the load on 
the principal axis y and at a distance c from the edge of the section 
Ifc is less than h/3, part of the cross section will not work The 
working portion may be found from the condition that the distri. 






| 


SSR 
SSSSVw 






Fic. 210. 





aay 


Fig. 211, 





Fig. 212. 


bution of the compressive forces over the cross section follows a 
linear law, represented in the figure by the line mm, and that the 
resultant of these forces is P. Since this resultant must pass 
through the centroid of the triangle mus, the dimension ms of th 
working portion of the cross section must be equal to 3c. ° 
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In the case of a circular cross section (Fig. 212), if the eccen- 
tricity CZ of the load is larger than R/4 and the material does not 
resist tensile stresses, only a portion of the cross section will work. 
Let the line nn, perpendicular to AC, be the limit of this portion. 
Its distance 4 from the point 4 may be found from the conditions 
that (1) the compressive stresses are proportional to the distance 
y from nn, (2) the sum of the compressive forces over the working 
portion of the cross section is equal to the load P, and (3) the 
moment of these forces with respect to 7 is equal to the moment 
Pb of the load P with respect to the same axis. Denoting the 
maximum compressive stress by dmax, the compressive stress at any 
distance y from nn is 

YTmax 


btc 


and the equations for determining 4 become 





g 


YOmax _ . YT max — 
54 44 =P: Siaa Pb, 
from which 
Inn 
b= Onn’ (a) 


in which Inn = J'y*dd is the moment of inertia of the working 
portion of the cross section with respect to the mm axis and Qan 
= fydA is the moment of the working portion of the cross section 
with respect to the same axis. By using eq. (a) the position of 4 
for any given position of mm may easily be found. The same 
equation may also be used for other shapes of cross sections, pro- 
vided 4 is on one of the principal axes.2 If the load is not on a 
principal axis, the problem of determining the working portion of 
the cross section becomes more complicated 

By using the notion of the core, the calculation of maximum 
bending stresses when the bending is not in a principal plane may 
be greatly simplified. For example, in Fig. 209 let mm be the axial 


2 For the cases of circular cross sections and circular ring sections, 
which are of importance in calculating stresses in chimneys, tables have 
been published which simplify these calculations. See Keck, Z. Han- 
nover. Arch. u. Ing. Ver., 1882, p. 627; see also V. D. I., 1902, p. 1321, 
and the paper by G. Dreyer in “ Die Bautechnik,” 1925. 

3 Some calculations for a rectangular cross section will be found in 
the following papers: Engesser, Zentralblatt d. Bauv., 1919, P. 429; 
K. Pohl, Der Eisenbau, 1918, p. 211; O. Henkel, Zentralbl. d. Bauv., 
1918, p. 447; E. K. Esling, Proc. of the Institute of Civ. Eng., 1905- 


1906, part 3. 
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plane of the beam in which a bending moment M acts and un the 
corresponding neutral axis, which makes an angle a with the plane 
mm (see p. 166). Denoting by omax the maximum stress in the most 
remote point ¢ and by d its distance from the neutral axis nn, the 
stress at any other point, distant w from mn, is ø = Omaxto/d, and 
the moment of all forces distributed over the cross section with 
respect to the axis zn is 

o 

Teati dA = EE Inq (2) 
in which Jnq is the moment of inertia of the cross section with 
respect to the #-n axis. The moment of the external forces with 
respect to the same axis is Msina. Equating this to (4), we have 


Mad sin a , 
Omax = r an . (c) 


This equation may be greatly simplified by using the property of 
the core of the cross section.4 Let O be the point of intersection 
of the plane mm with the core and 7 its distance from the centroid 
of the cross section. From the property of the core it follows that 
a compressive force P at O produces zero stress at the corner c; 
hence the tensile stress produced at ¢ by the bending moment Pr, 
acting in the plane mm, is numerically equal to the direct com- 
pressive stress P/A, or, substituting Pr for M in eq. (¢), we obtain 


P _ Prdsina 


A la ’ 
from which 
dsina I 
Im dr @) 
Substituting this into eq. (c), we obtain 
M 
Omar = Ar . (134) 


The product 4r is called the section modulus of the cross section 
in the plane mm. This definition agrees with the definition which 
we had previously (see p. 92), and for bending in a principal plane 
Ar becomes equal to Z. 

Problems 


1. Determine the core of a standard I beam, 24” depth, for 





‘See R. Land, Zeitschr. f. Architektur und Ingenieurwesen, 1897, 
Pp. 291. 
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which 4 = 23.33 sq. in., J, = 2,087 int, ke = 9.46 in., Ty = 42.9 
in.t, ky = 1.36 in. The width of the flanges 6 = 7 in. 

"Answer. The core is a rhombus with diagonals equal to 14.9 
in. and 1.06 in. 
m pi Determine the radius of the core of a circular ring section 
if Ro = 10 in. and R; = 8 in. 

Answer. The radius of the core a = 4.10 in. 

3. Determine the core of a cross section in the form of an equi- 

teral triangle. 
" a Determine the core of the cross section of a square thin tube. 
Solution. If h is the thickness of the tube and 4 the side of 


the square cross section, we have 


B 
2 
I, = I, ~ 7 Abs; ko = ki =: 
The core is a square with diagonal 
e2, 
d = 2 i} = 3 


53. Eccentric Compression of a Slender Column.—In dis 
cussing the bending of a slender column under the action o 
an eccentric load, Fig. 213, the deflection 
ô can no longer be neglected as being small 
in comparison with the eccentricity e. 
Assuming that the eccentricity is in the 
direction of one of the principal axes of the 
cross section of the column, the deflection 
occurs in the same axial plane xy in which 
the load P acts, and the bending moment 
at any cross section mn is 


M = — Pè +e — y). (a) 


In determining the sign of the moment it Fro. 213. 
should be noted that by rotating Fig. 213 a 

in the clockwise direction by an angle + /2 the same directions 
of the coordinate axes are obtained as those used in deriving 
equation (79). Hence, to follow the rule shown in ig. Fh 
(6), the moment (a) is taken with a minus sign since the de- 
flection curve is concave in the positive direction of the y 
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axis. The differential equation of the deflection curve ob- 
tained by substituting (a) in equation (79) is 


dy 





El, Ja = PO +e — y). (i) 
Using the notation 
P 2 
ET, =? (135) 


we obtain from equation (4) 


dy 
+ py = pe to. (© 
By substitution it can be readily proved that 


y = Ci sin px + Cocos px +b +e (d) 


is the solution of equation (c). This solution contains two 
constants of integration Cı and C whose magnitudes must 
be adjusted so as to satisfy the conditions at the ends of the 
column if we are to obtain the true deflection curve of the 
column. At the lower end, which is built-in, the conditions are 


(y)e-0 = O, (Z) = 0. (e) 


Using these conditions together with expression (d) and its 
first derivative, we obtain 


Ci = 0, C: = — (6+). 
The equation of the deflection curve (d) thus becomes 
y = (6 + e)(1 — cos px). (A 


To obtain the magnitude of the deflection ô at the upper end 
of the column, we substitute x = /in the right side of equation 
(f). The deflection y on the left side must then be equal to ô 
and we obtain the equation 
5 = (ô — 
from which 0 + oG = cosp) 
_ e(1 — cos pl) 
ô = cosp ` (136) 
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Substituting this into equation (/) we obtain the deflection 

curve 

e(I — cos px) 
cosp 


(137) 


By using this equation the deflection at any cross section of 
the column can readily be calculated. 

` In the case of short columns, which were considered in 
Art. 51, the quantity p/is small in comparison with unity and 
it is sufficiently accurate to take 


cos pl = 1 — $77. (g) 


Using this value of cos p/ and neglecting the quantity p7/?/2 
in the denominator of expression (136), as being small in 


* comparison with unity, we obtain 





2 ET, () 


This represents the magnitude of the deflection at the end of a 
cantilever bent by a couple Pe applied at the end. Hence the 
use of the approximate expression (g) is equivalent to neglect- 
ing the effect of the deflections upon the magnitude of the 
bending moment and taking instead a constant moment 
equal to Pe. 

If plis not small, as is usually the case when the column 
is slender, we must use expression (1 36) in calculating 6. In 
this way we find that the deflection is no longer proportional 
to the load P. Instead, it increases more rapidly than P, 
as is seen from the values of this deflection as given in the 
second line of the table below. 


DEFLECTIONS PRODUCED BY AN ECCENTRIC LonerruptnaL Loap 








| ese o.r 0.5 1.0 1.5 a/2 
Boece cee eee 0.005¢ 0.139¢ 0.851e 13.1¢ 20 
Approximate 8...... 0.005¢ 0.1396 0.840¢ 12.8¢ oo 
sec Pl... cee e eee ee 1.005 1,140 1.867 13.2 œ 
P| Per.. 0.004 0,101 0.405 O.911 I 
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The maximum bending moment occurs at the built-in end 
of the column and has a magnitude 


Max = P(e + 5) = Pe sec pl. (138). 


A series of values of sec p/ is given in the fourth line of the 
above table. These values show how rapidly the moment 
increases as p/ approaches the value 7/2. This phenomenon 
will be discussed in the next article. 

Here, however, we should like to repeat that in the case 
under discussion there is no proportionality between the mag- 
nitude of the compressive force and the deflection ô which it 
produces. Hence the method of superposition (p. 147) cannot 
be used here. An axially applied force P produces only 
compression of the bar; but when the same force acts in 
conjunction with a bending couple Pe, it produce not only 
compression but also additional bending, so that the resulting 
deformation cannot be obtained by simple superposition of 
an axial compression due to the force P and a bending due 
to the couple Pe. The reason why in this case the method of 
superposition is not applicable can readily be seen if we 
compare this problem with the bending of a beam by trans- 
verse loads. In the latter case, it can be assumed that small 
deflections of the beam do not change the distances between 
the forces, and the bending moments can be calculated without 
considering the deflection of the beam. In the case of 
eccentric compression of a column the deflections produced 
by the couple Pe entirely change the character of the action of 
the axial load by causing it to have a bending action as well 
as a compressive action. In each case in which the deforma- 
tion produced by one load changes the action of the other 
~ load it will be found that the final deformation cannot be ob- 
tained by the method of superposition. 

In the previous discussion bending in one of the principal 
planes of the column was considered. If the eccentricity ¢ 
is not in the direction of one of the principal axes of the cross 
section, it is necessary to resolve the bending couple Pe into 





strut in Fig. 214 is in exactly the same 


COMBINED BENDING AND TENSION 243 


two component couples each acting in a principal plane of 
thecolumn. The deflection in each of the two principal planes 
can then be investigated in the same 
manner as discussed above. 

The preceding discussion of bending 
of a column built-in at one end can also 
be applied to the case of a strut eccen- 
trically compressed by two equal and 
opposite forces P, Fig. 214. From sym- 
metry it can be appreciated that the 
cross section 4 at the middle does not ro- 
tate during bending and each half of the 


condition as the strut in Fig. 213. Hence 
the deflection and the maximum bending 
moment are obtained by substituting //2 
for / in equations (136) and (138). In Fie. 214. 
this way we obtain 


pl 
‘ e( 1 = cos®) 





è= — (139) 
cos pl 
2 
and I 
M maz = Pe sec 2 . (140) 
Problems 


1. Find the deflection at the middle and the maximum tensile 
and compressive stresses in an eccentrically compressed strut Io 
ft. long with hinged ends if the cross section is a channel of 8 in. 
depth with 7, = 1.3 in.4, J, = 32.3 in.4, and 4 = 3.36 sq. in. The 
distance between the centroid and the back of the channel is 0.58 
in., and the compressive forces P = 4,000 lbs. act in the plane of 
the back of the channel and in the symmetry plane of the channel. 

2. A square steel bar 2 by 2 in. and 6 ft. long is eccentrically 
compressed by forces P = 1,000 lbs. The eccentricity e is directed 
along a diagonal of the square and is equal to 1 in. Find the 
maximum compressive stress, assuming that the ends of the bar 
are hinged. 
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3. A steel bar 4 ft. long and having a rectangular cross section 
1 by 2 in. is compressed by two forces P = 1,000 lbs. applied at the 
corners of the end cross sections so that the eccentricity is in the 
direction of a diagonal of the cross section and is equal to half 
the length of the diagonal. Considering the ends to be hinged, find 


the maximum compressive stress. 


54. Critical Load.—It was indicated in the previous article 
that the deflection of an eccentrically compressed column 
increases very rapidly as the quantity p/ in equation (136) 
approaches the value 7/2. When p/ becomes equal to 7/2, 
the formula (136) for the deflections and (138) for the max- 
imum bending moment both give infinite values. To find the 
corresponding value of the load we use formula (135). Sub- 
stituting p = 2/2/ in this expression we find that the value of 
the load at which the expressions (136) and (138) become 
infinitely large is 
wl, 


TEA. (141) 


Po = p 


This value depending, as we see, only on the dimensions of 
the column and on the modulus of the material is called the 
critical load or Euler’s load since Euler was the first to derive 
its value in his famous study of elastic curves.’ To see more 
clearly the physical significance of this load let us plot curves 
representing the relation between the load P and the deflection 
ô as given by equation (136). Several curves of this kind, 
made for various values of the eccentricity ratio e/k,, are 
shown in Fig. 215. The abscissas of these curves are the 
values of the ratio 6/k, while the ordinates are the ratio P/P.,, 
that is the values of the ratio of the acting load to its critical 
value defined by equation (141). 

It is seen from the curves that the deflections 6 become 
smaller and smaller and the curves approach closer and closer 
to the vertical axis as the eccentricity e decreases. At the 
same time the deflections increase rapidly as the load P ap- 


5 An English translation of this work is given in “Isis” No. 58 
(vol. XX, 1), 1933. 
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proaches its critical value (141), and all the curves have as 
their assymptote the horizontal line P/Pe = 1. 
The differential equation of the deflection curve (79), 


` which was used in the discussion of the preceding article, was 


derived on the assumption that the deflections are small in 
comparison with the length / of the column. Hence formula 
(136) for the deflection ô cannot give us an accurate result 
when P is very close to Pe. However, the curves in Fig. 215 
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indicate that, irrespective of how small the eccentricity e may 
Be, very large deflections are produced if the load P is suffi- 
ciently close to its critical value. If the deflection becomes 
large, the bending moment at the built-in end and the stresses 
are also large. 

Experiments dealing with the compression of columns 
show that even when all practicable precautions are taken to 
apply the load centrally there always exists some unavoidable 
small eccentricities. Consequently in such experiments the 
load P produ¢es not only compression but also bending. The 


» 
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curves in Fig. 216 show the results of such experiments as 
obtained by several experimenters. It may be seen that 
with increasing accuracy in the application of the load the 
` curves become closer and closer to the vertical axis and the 
rapid increase in the deflection as the load approaches its 
critical value becomes more and more pronounced. The loads 
P which are close to their critical values always produce large 
deformations which usually go beyond the elastic limit of the 
material, so that after such a loading the column loses its 
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practical usefulness. This indicates that the critical value of 
the load, as given by equation (141), must be considered as 
an ultimate load which will produce complete failure of the 
column. In practical applications the allowable load should 
be smaller than the critical load and is obtained by dividing 
the critical value of the load by a certain factor of safety. 
Further discussion of this question is given in the next two 
articles. 

In the preceding discussion a column with one end built-in 
and the other end free was considered. Similar conclusions 
can be made in the case of a strut with hinged ends, Fig. 214. 
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Equations (139) and (140) give infinite values when 


T 
2 2 


Substituting for p its value from formula (135) we obtain 


"El, 
Pu = 7 P ‘ (142) 





This is the critical value of the compressive force 
for a strut with hinged ends. 

In the case of compression of columns with 
built-in ends the deflection has the form shown in 
Fig. 217. The deflection curve can be considered 
as consisting of four portions each similar to the 
curve previously obtained for a column with one 
end built-in and the other free. The critical 
value of the load is found in such a case by 2% 
substituting //4 instead of / into equation (141), 
which gives Fig. 217. 


2ET, 
Po = er . (143) 


~ n =--> 





This is the critical load for a column with built-in ends. 

It should be noted that in the derivation of equation (136) 
it was assumed that the eccentricity is in the direction of the 
y axis and that the bending occurs in the xy plane. Similar 
formulas will be obtained if the initial eccentricity is in the 
direction of the z axis. The bending then occurs in the xz 
plane and, to calculate the deflections, J, must be substituted 
in place of J, in equation (136). If an attempt is made to 
apply the load centrally and bending occurs as a result of 
small unavoidable eccentricities, we must consider deflections 
in both principal planes xy and xz; and, in calculating the 
critical value of the load, we must use the smaller of the two 
principal moments of inertia in equations (141), (142) and 
(143). In the following discussion it is assumed that J, is 
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the smaller principal moment of inertia and k, is the corre- 
sponding radius of gyration. 

In calculating deflections it is sometimes advantageous to 
use approximate formulas instead of the accurate formulas 
(136) and (138). It was shown in the preceding article that 
for small loads, that is when p/ is a small fraction, say less 
than 1/10, the deflection is given with sufficient accuracy by 
the equation 
-= Pel a 

2EI, 





in which the influence of the longitudinal force on the bending 
is neglected and a constant bending moment Pe is assumed. 
For larger loads the equation (a) is not accurate enough, and 
the influence of the compressive force on bending should be 
considered. This influence depends principally on the ratio 
P/P. and the deflection can be obtained with very satisfactory 
accuracy from the approximate formula 


6=— ayi (2) 


The deflections calculated from this formula are given in the 
third line of the table on p. 241. Comparison of these figures 
with those of the second line of the same table shows that the 
formula (4) is sufficiently accurate almost up to the critical 
value of the load. 

A similar approximate formula for the deflection of a strut 
with hinged ends is ê 





è= 3E OP g 


The first factor on the right side is the deflection produced 
by the two couples Pe applied at the ends. The second factor 


* This approximate solution was given by Prof. J. Perry. See Engi- 
neer, December 10 and 24, 1886. 
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represents the effect on the deflection of the longitudinal 
compressive force P. 

Equation (c) is very useful for determining the critical 
load from an experiment with a compressed strut. If the 
results of such experiment are represented in the form of a 
curve, such as the one shown in Fig. 216, the horizontal 
asymptote to that curve must be drawn to determine P.. 
This operation cannot be done with sufficient accuracy, 
especially if the unavoidable eccentricities are not very small 
and the curve does not turn very sharply in approaching the 
horizontal asymptote. A more satisfactory determination 
of Pe is obtained by using equation (c). Dividing this 
equation by P/P., we obtain 


ô _ en? I ‘te 
p Per = g P H 
T Pa 
and 
ô en? 
po Pe- òisg 


This equation shows that, if we plot the 

ratio 6/P against the deflection ô meas- 

ured during experiment, the points will | exe J é 
fall on a straight line, Fig. 218. This 
line will cut the horizontal axis (5/P = o) 
at the distance ex*/8 from the origin, and the inverse slope of 
the line gives the critical load.’ 

55. Critical Stress; Design of Columns.—Considering 
the case of a strut with hinged ends, the critical stress is 
obtained by dividing the critical load given by equation (142) 
by the cross-sectional area 4. In this way we find 


Pe TE 
Ger = F = UER (144) 


Fic. 218. 


7 This method, suggested by R. V. Southwell, Proc. Roy. Soc. London, 
series A, vol. 135, p. 601, 1932, has proved a very useful one and is widely 
used in column tests. 
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It is seen that for a given material the value of the critical 
stress depends on the magnitude of the ratio //k,,. which is 
called the slenderness ratio. In Fig. 219 the curve 4CB 
represents ë the relation between øser and //k, for the case of 
steel having Æ = 30 X 108 lbs. per sq. in. It will be appreci- 
ated that the curve is entirely defined by the magnitude of 
the modulus of the material and is independent of its ultimate 
strength. For large values of the slenderness ratio //k, the 
critical stress becomes small, which indicates that a very 
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slender strut buckles sidewise and loses its strength at a very 
small compressive stress. This condition cannot be improved 
by taking a steel of higher strength, since the modulus of steel 
does not vary much with alloy and heat treatment and remains 
practically constant. The strut can be made stronger by in- 
creasing the moment of inertia J, and the radius of gyration 
ka which can very often be accomplished without any increase 
in the cross-sectional area by placing the material of the strut 
as far as possible from the axis. Thus tubular sections are 
more economical as columns than are solid sections. As the 
slenderness ratio diminishes the critical stress increases and 
the curve 4CB approaches the vertical axis asymptotically. 
However, there must be a certain limitation to the use of the 
Euler curve for shorter struts. The derivation of the ex- 


8 This curve is sometimes called the Euler curve, since it is derive: 
from Euler’s formula for the critical load. 
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pression for the critical load is based on the use of the differ- 
ential equation (79) for the deflection curve, which equation 
assumes that the material is perfectly elastic and follows 
Hooke’s law (see art. 31). Hence the curve 4CB in Fig. 219 
gives satisfactory results only for comparatively slender bars 
for which der remains within the elastic region of the material. 
For shorter struts, for which øser as obtained from equation 
(144) is higher than the proportional limit of the material, the 
Euler curve does not give a satisfactory result and recourse 
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should be had to experiments with the buckling of struts 
compressed beyond the proportional limit. These experi- 
ments show that struts of materials such as structural steel, 
which have a pronounced yield point, lose all their stability 
and buckle sidewise as soon as the compressive stress becomes 
equal to the yield point stress. Some experimental results 
are shown in Fig. 220. The material is a structural steel 
having a very pronounced yield point at cy p = 45,000 lbs. per 
sq.in. It is seen that for struts of relatively large slenderness 
(//k.>80) the experimental values of the critical stresses 
coincide satisfactorily with the Euler curve, while for shorter 


252 STRENGTH OF MATERIALS 


struts the critical stress remains practically independent of 
the slenderness ratio //k, and is equal to the yield point stress. 

In the case of an ordinary low carbon structural steel the 
yield point is not as pronounced as in the preceding example 
and occurs at a much lower stress. For such steel we may 
take ay p = 34,000 lbs. per sq. in. The proportional limit is 
also much lower, so that the Euler curve is satisfactory only 
for slenderness ratios beginning with //k, = 100, to which 
value corresponds the compressive stress ce = 30,000 lbs. 
per sq. in. For higher stresses, i.e., for //k,z < 100, the ma- 
terial does not follow Hooke’s law and the Euler curve cannot 
be used. It is usually replaced in the inelastic region by the 
two straight lines 4B and BC as shown in Fig. 221. The 
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horizontal line 7B corresponds to the yield point stress and 
the inclined line BC is taken for the stresses between the 
proportional limit and the yield point of the material. 
Having such a diagram as the line 4BCD in Fig. 221, 
constructed for ordinary structural steel, the critical stress 
for a steel strut of any dimensions can readily be obtained. 
It is only necessary to calculate in each particular case the 
value of the slenderness ratio //k, and take the corresponding 
ordinate from the curve. To obtain the safe stress on the 
strut the critical stress must then be divided by a proper 
factor of safety. In selecting this factor it must be considered 
that as the slenderness ratio increases various imperfections, 
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such as an initial crookedness of the column, are likely to 
increase. It appears logical therefore to introduce a variable 
factor of safety which increases with the slenderness ratio. 
In some specifications the factor of safety increases from 1.7 
for //k, = o to 3.5 for //kz = 100. It varies in such a way 
that the allowable stress in the inelastic range follows a para- 
bolic law. For //k, > 100, the factor of safety is taken as 
constant at 3.5, and the allowable stresses are calculated from 
the Euler curve. In Fig. 221 curves are given which represent 
the allowable stress and the factor of safety as functions of 
the slenderness ratio for ordinary structural steel. 

In the preceding discussion a strut with hinged ends was 
considered. This case is sometimes called the fundamental 
case of buckling of struts, since it is encountered very often 
in the design of compressed members of trusses with hinged 
joints. The allowable stresses established by the diagram in 
Fig. 221 for the fundamental case can also be used in other 
cases provided we take, instead of the actual length of the 
column, a reduced length the magnitude of which depends on 
the conditions at the ends of the column. Considering, for 
example, the case of a column with one end built-in and the 
other end free and also the column with both ends built-in, 
the corresponding formulas for the critical loads can be put 
respectively in the form 


_ rl z _ EI z 
== GIy "= OF 


Comparing these formulas with formula (142) for the funda- 
mental case it can be concluded that in the design of a column 
with one end built-in and the other free we must take a length 
two times larger than the actual length of the column when 
using the diagram of Fig. 221. In the case of a column with 
both ends built-in the reduced length is equal to half of the 
actual length. 

The selection of proper cross-sectional dimensions of a 
column is usually made by trial and error. Having the load 
P which acts on the column, we assume certain cross-sectional 


P and P 
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dimensions and calculate k, and //k, for these dimensions. 
Then the safe value of the compressive stress is obtained from 
the diagram of Fig. 221. Multiplying this value by the area 
of the assumed cross section, the safe load on the column is 
obtained. If this load is neither smaller nor overly larger 
than P, the assumed cross section is satisfactory. Otherwise 
the calculations must be repeated. In the case of built-up 


columns the gross cross section is used in calculating kz 


since the rivet holes do not appreciably affect the magnitude 
of the critical load. However, in calculating the safe load 
on the column the safe stress is multiplied by the net cross- 
sectional area in order to insure against excessive stresses in 
the column. 


Problems 


r. A steel bar of rectangular cross section 1 by 2 in. and having 
hinged ends is compressed axially. Determine the minimum length 
at which equation (144) for the critical stress can be applied if the 
limit of proportionality of the material is 30,000 lbs. per sq. in. and 
E = 30 X 108 lbs. per sq. in. Determine the magnitude of the 
critical stress if the length of the bar is 5 ft. 

Answer. Minimum length = 28.9 in. The critical stress for 
l = 5 ft. is 6,850 lbs. per sq. in. 

2. Solve the preceding problem assuming a bar with a circular 
cross section I in. in diameter and built-in ends. 

3. Determine the critical compressive load for a standard I 
section 6 ft. long and 6 in. deep assuming hinged ends. J, = 1.8 
in.4, J, = 21.8 in.t and 4 = 3.61 sq. in. Determine the safe load 
from the curve of Fig. 121. 

4. Solve the preceding problem assuming that the ends of the 
column are built-in. 

5. Calculate, by the use of Fig. 221, the safe 


~ z load on a member built-up of two I beams of the 

same cross section as those in problem 3, Fig. 222. 

a The length of the member is ro ft. and the ends 
c 


are hinged. Assume that the connecting details 
are so rigid that both I beams work together as a 
single bar. 

6. Solve the preceding problem assuming that the ends of the 
member are built-in. 


Fic. 222. 
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7. A column io ft. long with hinged ends is made of two channels 
8 in. deep having J, = 1.3 in.4, J, = 32.3 int, Æ = 3.36 in? and a 


‘distance of ¢ = 0.58 in. between the centroid and the back of 


channel. Find the safe load on the column if the back to back 
distance between the channels is 4 in. 

8. Determine the cross-sectional dimension of a square steel 
strut 6 ft. long if the load P = 40,000 lbs. and the ends are hinged. 
Use Fig. 121. 

g. Solve the preceding problem assuming that the ends of the 
strut are built-in. Use Fig. 121. 


56. Design of Columns on Basis of Assumed Inaccuracies. 
—In the preceding article the safe load on a column was 
obtained by dividing the critical load for the column by a 
proper factor of safety. The weakness of that method lies in 
a certain arbitrariness in the selection of the factor of safety 
which, as we have seen, varies with the slenderness ratio. To 
make the procedure of column design more rational, another 
method based on assumed inaccuracies has been developed.® 
On the basis of existing experimental data we can assume 
certain values for the magnitude of the unavoidable ec- 
centricity e in the application of the compressive force P. 
Then, by using these values in the formulas of Article 53, we 
can calculate the magnitude Py » of the load at which the 


,maximum stress in the compressed strut becomes equal to 


the yield point stress of the material. The safe load is then 
obtained by dividing the load Py. p, by a proper factor of safety. 
Thus instead of using the critical load, which is equivalent 
to the ultimate load, we use the load at which yielding begins 
as a basis for calculating the safe load. 

This method of column design can be simplified by the 
use of diagrams the calculations of which will now be ex- 
plained. Taking the case of a strut with hinged ends, Fig. 
214, the maximum bending moment is obtained from equation 
(140) and the maximum compressive stress is 


Tmax = 7 + Z See NET, 3” (a) 
2 

- 9See paper by D. H. Young, Proceedings Am. Soc. Civil Eng., 

December, 1934. 
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The first term on the right side is the direct stress and the 
second is the maximum compressive bending stress. The load 
at which yielding begins is obtained by substituting cy » for 
Tmax in this equation, which gives 








_ Pyr L (Pax), 


oy. r, = -7 (1 +£ sec sp EA (8) 


We now introduce the notations r = Z/4 for the radius of the 
core of the cross section (see p. 238) and k; = V/,/A for the 
smaller principal radius of gyration. The quantity Py »/4 is 
the average compressive stress or centroidal compressive stress 
at which yielding begins. Denoting this stress by ø, we obtain 


/ fe 
ren =o 1 + Eseese E) © 


From this equation, for a given value of the eccentricity ratio 
elr, the value of e, can readily be obtained for any value of the 
slenderness ratio //k,. The results of such calculations for a 
structural steel having cy p, = 36,000 lbs. per sq. in. are repre- 
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sented by curves in Fig. 223. By the use of these curves the 
average compressive stress o, and the compressive load 
Py», = Ao. at which yielding begins can readily be calculated 
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if e/r and //k, are given. The safe load is then obtained by 
dividing Py » by the factor of safety. 

We assumed in the foregoing discussion that the unavoid- 
able inaccuracies in the column could be represented by an 
eccentricity of the load. In a similar manner we can also 
consider the inaccuracies to be equivalent to an initial crooked- 
ness of the column. Denoting the maximum initial deviation 
of the axis of the column from a straight line by a, curves 
similar to those shown in Fig. 223 and representing s, as a 
function of the ratio a/r and the slenderness ratio //k, can be 
obtained. l 
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In practical design it is usually assumed that the initial 
deflection a is in a certain ratio to the length / of the column. 
Taking a certain magnitude for that ratio," the magnitude 
of a is calculated and the value of o, is then obtained from the 
above-mentioned curves. The results obtained in this way 
for three different values of the ratio a// and for Syp, = 36,000 
Ibs. per sq. in. are shown for an I section in Fig. 224. For 
very short columns all three curves give e, = 36,000 lbs. 


10 A half wave of a sinusoidal form is usually taken as representing 
the initial crookedness of a column. 





. ye . . - 
"Tt is usually taken within the limits Too Faz 
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per sq. in. For very slender columns the values given by the 
curves approach those obtained from the Euler curve. Using 
one of the curves and dividing the value o, from the curve by 
a proper factor of safety, say by 2, the safe value of the average 
compressive stress is obtained. The advantage of this 
method is that it employs a constant factor of safety, since 
the increase of inaccuracies with the length / of the column 
has already been taken into consideration by assuming that 
the eccentricity is proportional to the span. However, the 
magnitude of the inaccuracies which should be taken remains 
to a certain extent indefinite and dependent upon existing 
experimental data. 

57. Empirical Formulas for Column Design.—In both of 
the methods of column design developed in the last two articles 
on the basis of theoretical considerations there occur some 
uncertainties such as a variable factor of safety in the design 
procedure illustrated by Fig. 221 or the assumed inaccuracies 
as used in making the curves in Fig. 224. These quantities 
can be properly selected only on the basis of experiments with 
actual columns. Under such circumstances it is natural that 
many practical engineers prefer to use directly the results 
of experiments as represented by empirical formulas. Such a 
procedure is entirely legitimate so long as the application of 
these formulas remains within the limits for which they were 
established and for which there is sufficient experimental 
information. However, as soon as it is necessary to go beyond 
those limits, the formulas must be modified to conform with 
the new conditions. In this work the theoretical considera- 
tions become of primary importance. 

One of the oldest empirical formulas was originated by 
Tredgold.2 It was adapted by Gordon to represent the re- 
sults of Hodgkinson’s experiments and was given in final form 
by Rankine. The allowable average compressive stress as 





12 Regarding the history of the formula see E. H. Salmon, “ Columns,” 
London, 1921. See also Todhunter and Pearson, “History of the Theory 
of Elasticity,” vol. 1, p. 105, Cambridge, 1886. 
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given by the Rankine formula is 


a 


"ey (a) 


in which a is a stress and 4 is a numerical factor, both of which 
are constant for a given material. By a proper selection of 
these constants the formula can be made to agree satisfactorily 
with the results of experiments within certain limits. 

The American Institute of Steel Construction in its specifica- 
tions of 1928 takes for the safe stress on the cross section of 
a column 


18,000 
m = D () 
r+ 18,000k/? 
for //k, > 60. For shorter columns oy is taken as 15,000 
Ibs. per sq. in. 

The straight-line formula used by the American Railway 
Engineering Association and incorporated also in the building 
codes of the cities of Chicago and New York gives the working 
stress in the form 


Sw = 16,000 — 7ol/r (c) 


to be used for 30 < //k. < 120 for main members and as high 
as //k, = 150 for secondary members. For values of //k; < 30, 
Tw = 14,000 lbs. per sq. in. is used. 

The parabolic formula proposed by A. Ostenfeld ® is also 
sometimes used. It gives for the critical compressive stress 


=a- EY (d) 


in which the constants a and 4 depend upon the mechanical 
properties of the material. For structural steel equation (d) 


18 Zeitschr. Ver. Deutsch Ing. vol. 42, p. 1462, 1898. See also C. E. 
Fuller and W. A. Johnston, “Applied Mechanics,” vol. 2, p. 359, 1919. 
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is sometimes taken in the form 


2 ‘ 
Fer = 40,000 — 1.33 (z) . fe) 


This gives a parabola tangent to the Euler curve at //k, = 122.5 
and makes øe = 40,000 lbs. per sq. in. for short columns. A 
suitable factor of safety varying from 2-1/2 to 3 should be 
used with this formula to obtain the working stress. 


Problems 


I. A 6 in. X 6 in. 22-1/2 lb. H-beam, J; = 12.2 in.4, 4 = 6.61 
sq. in., is to be used as a column with hinged ends. Three lengths 
are to be considered: / = 5 ft., 10 ft., and 13 ft.-4 in. What are 
the safe loads using the formulas (4), (c), and (e), the latter with a 
factor of safety of 2-1/2. 


Answers. 

Formulas 2 = 60 in. l= 120 in. = 160 in, 
(2) 99,000 83,000 67,300 
(c) 85,300 65,000 51,000 
(e) 98,700 78,300 57,000 


2. Select a Carnegie Beam section to serve as a column 25 ft. 
long with fixed ends to carry a load of 200,000 lbs. Use formula (4). 

Solution. Taking the reduced length / = 3-25 ft. = r50 in., 
equation (4) gives 


200,000 18,000 
Ao” 1.25) V) 
I+ ke 


The minimum area may be found by taking ow = 15,000 lbs. per sq. 
in. as for a short column. This gives 4 = 200,000/15,000 = 13.3 
sq. in. We therefore need not try any section which has an area 
less than 13.3 sq. in. We try a 12 in. X Io in. §3 lb. section, for 





which 4 = 15.57 sq. in., k: = 2.48, and //k, = 60.5. The safe 


stress as given by the right side of equation (f) is 14,970 lbs. per sq. 
in. The actual stress given by the left side is 12,850 Ibs. per sq. in. 
It may be seen that a smaller section should be tried. Taking a 
12 in. X 8 in. 50 lb. section, for which 4 = 14.69 sq. in., kz = 1.96 
in., and //k, = 76.5, the permissible stress is found to be 13,600 
Ibs. per sq. in. This value is also given by the left side of equation 
(f). The above section is therefore satisfactory. 








CHAPTER IX 


TORSION AND COMBINED BENDING AND TORSION 


38. Torsion of a Circular Shaft.—Let us consider a cir- 
cular shaft built in at the upper end and twisted by a couple 
applied to the lower end (Fig. 225). It can be shown by 
measurements at the surface that circular sections of the shaft 
remain circular during twist, and that their diameters and 
the distances between them do not change provided the angle 
of twist is small. 

A disc, isolated as in Fig. 225 (4), will be in the following 
state of strain. There will be a rotation of its bottom cross 
section with reference to its top through an angle dg where 
y measures the rotation of the section mn with reference to 
the built-in end. An element abcd of the surface of the disc 
whose sides were vertical before strain takes the form shown 





Fie. 225. 


in Fig. 225 (4). The lengths of the sides remain essentially 
the same, and only the angles at the corners change. The 


„element is in a state of pure shear (see article 16) and the 


magnitude of the shearing strain is found from the small 
261 
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triangle cac’: 


Since ¢’c is the small arc of radius d/2 corresponding to the 
difference dg in the angle of rotation of the two adjacent 
cross sections, c'c = (d/2)dy, we obtain 


_ Ide 
Y~ od . (a) 


For a shaft twisted by a torque at the end the angle of twist 
is proportional to the length and the quantity dọ/dx is con- 
stant. It represents the angle of twist per unit length of the 
shaft and will be called 6. Then, from (a), 


y = 30d. (145) 


The shearing stresses which act on the sides of the element 
and produce the above shear have the directions shown. The 
magnitude of each, from eq. (39), is 


rt = 4Gôd. (146) 


So much for the state of stress of an element at the surface 
of the shaft. As for that within the shaft the assumption 
will now be made that not only the circular boundaries of 
the cross sections of the shaft remain undistorted but also 
the cross sections themselves remain plane and rotate as if 
absolutely rigid, that is, every diameter of the cross section 
remains straight and rotates through the same angle. The 
tests of circular shafts show that the theory developed on this 
assumption is in very good agreement with the experimental 
results. Such being the case, the discussion for the element 
abcd at the surface of the shaft (Fig. 225, 4) will hold also for 
a similar element of the surface of an inner cylinder, whose 
radius r replaces d/2 (Fig. 225, c). The thickness of the ele- 
ment in radial direction is considered as very small. 

Such elements are then also in pure shear, and the shearing 
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stress on their sides is 
+ = Gro. (2) 


This states that the shearing stress varies directly as the 
distance r from the axis of the shaft. Figure 226 pictures this 
stress distribution. The maximum stress occurs in the outer 
surface of the shaft. For a ductile material, plastic flow 
begins first in this surface. For a material which is weaker 
in shear longitudinally than transversely, e.g., a wooden shaft 
with the fibers parallel to the axis, the first 

cracks will be produced by shearing stresses, Gare > 
acting in the axial sections and they will ap- D 

pear on the surface of the shaft in the longi- Y 
tudinal direction. In the case of a mate- Fio. 226. 
rial which is weaker in tension than in shear, 

e.g., a circular shaft of cast iron or a cylindrical piece of 
chalk, a crack along a helix inclined at 45° to the axis of 
the shaft often occurs (Fig. 227). The explanation is simple. 
We recall that the state of pure shear is equivalent 
to one of tension in one direction and equal com- 
pression in the perpendicular direction (see Fig. 41). 
A rectangular element cut from the outer layer of a 
twisted shaft with sides at 45° to the axis will be 
submitted to such stresses as shown in Fig. 227. 
The tensile stresses shown produce the helical crack 
mentioned. 

We seek now the relationship between the applied 
twisting couple M; and the stresses which it produces. 
From the equilibrium of that portion of the shaft between the 
bottom and the imaginary section mn, we conclude that the 
shearing stresses distributed over the cross section are statically 
equivalent to a couple equal and opposite to the torque M.. 
For each element of area d4 (Fig. 225, c), shearing force 
= 7d4. The moment of this force about the axis of the 
shaft = (rdA)r = GordA, from eq. (4). The total moment 
M, about the axis of the shaft is the summation, taken over the 
entire cross-sectional area, of these moments on the individual 


Fic. 227. 
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elements, i.e., 


r=d [2 r=d /2 
M, = f Gordd = Go f rdd = Gly, (0) 

r=0 r=0 i. 
where J, is the polar moment of inertia of the circular cross 
section. From the appendix, for a circle of diameter d, 
Ip = rd*/32; 


4 
M, = Go TË 
32 
and 
-M32 _ M 
°= Grd G (147) 


We see that 0, the angle of twist per unit length of the shaft, 
varies directly as the applied torque and inversely as the 
modulus of shear G and the fourth power of the diameter. 
If the shaft is of length /, the total angle of twist will be 


MJ 
ea i= or. (148) 


This equation is useful in the physical verification of the 
theory, and is checked by numerous experiments which prove 
the assumptions made in deriving the theory. It should be 
noted that experiments in twist are commonly used for deter- 
mining the modulus of materials in shear. If the angle of 
twist produced in a given shaft by a given torque be measured, 
the magnitude of G can be easily calculated from eq. (148). 

Substituting @ from eq. (147) in eq. (146), we obtain an 
equation for calculating the maximum shearing stress in twist 
of a circular shaft: 


Tmax = 37, ade | (149) 
That is, this stress is proportional to the torque M, and 
inversely proportional to the cube of the diameter of the 
shaft. In practical applications the diameter of the shaft 
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must usually be calculated from the horse-power H which it 
transmits. Given H, the torque is obtained as lbs. ins. from 
the well-known equation: 


Mi." = 550X112 XH (150) 


in which x denotes the number of revolutions of the shaft 
per minute. The quantity 277/60 is then the angle of rotation 


‘per second and the left side of the equation (150) represents 


the work done during one second by the torque M; measured 
inin. lbs. The right side of the same equation represents the 
work done in in. lbs. per second as calculated from the horse- 


-power H. Taking M: from eq. (150) and substituting it into 


eq. (149), we obtain 
H 


NT max 


(151) 





3 
d = 68.5 


Taking, for instance, the working stress for shear as Te = 9,000 
Ibs. per sq. in., we have 


s JH 
d = 3.29 JE- 


Problems 


1. Determine the shaft diameter d of a machine of 200 h.p. of 
speed m = 120 r.p.m., for the working stress 7, = 3,000 lbs. per 
sq. in. 

Answer. 

d = 5.63 in. 


2. Determine the horse-power transmitted by a shaft if d = 6 
ins., 2 = 120 r.p.m., G = 12 X 108 Ibs. per sq. inch, and the 
angle of twist, as measured between two cross sections 25 ft. apart, 
is 1/15 of a radian. 

Solution. From eq. (148) 


t yG «xX 64 12 X 108 


M =~ > Z © 32. 16 X 25 X12 
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The power transmitted is, from eq. (150), 


Mi arn m X 64 X 12 X 108 X ar X 120 
~ 60% $g0X 12° 32 X15 X25 X12 X60X 550 X12 


3. A shaft of diameter d = 3.5 in. makes 45 r.p.m. Determine 
the power transmitted if the maximum shearing stress is 4,500 lbs. 
per sq. in. 

4. A steel shaft (G = 12 X 108 lbs. per sq. in.) is to have such 
proportions that the maximum shearing stress is 13,500 lbs. per sq. 
in. for an angle of twist of 90°. Determine the ratio //d. 

Answer. 


= 698. 


Ql 


5. Asteel shaft with built-in ends (Fig. 228) is submitted to the 
action of a torque M,, applied at an intermediate cross section mn. 
Determine the angle of twist if the working stress 7. is known. 

Solution. For both parts of the shaft the angles of twist are 
equal; therefore, from eq. (148), the twisting moments are inversely 
proportional to the lengths of these parts. If a > 4, the greater 
twisting moment is in the right part of the shaft and its magnitude is 





Fic. 228. 





Me ajla + b). Substituting this for the torque, and ry for Tmax in 
eq. (149), the following equation for d is obtained: 


d 3 16aM; 
~ Nia + bars 
Now the angle of twist can be obtained by using eq. (148). 

6. 500 h.p. is transmitted from pulley I, 200 h.p. to pulley H 
and 300 h.p. to pulley III (Fig. 229). Find the ratio of the diameters 
dı and dz to give the same maximum stress in both parts of the 
shaft. Find the ratio of the angles of twist for these two parts. 


Solution. The torques in the two parts of the shaft are in the 
ratio 5: 3. In order to have the same maximum stress from eq. 
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(149), 


The angles of twist, from eqs. (148) and (149), must be in the ratio 


Pit 2 = 7 5 


7. Assuming that the shaft of the preceding problem has a 
constant diameter and turns at 200 r.p.m., find the magnitude of 
the diameter if rw = 6,000 lbs. per sq. in. Find the angle of twist 
for each portion of the shaft if G = 12 X 108 lbs. per sq. in. and 
A= h = 4 ft. 

8. Determine the length of the steel shaft of 2 in. diameter 


' (G= 12 X 108 lbs. per sq. in.) if the maximum stress is equal to 


13,500 lbs. per sq. in. when the angle of twist is 6°. 

Answer. 

l = 93 in. 

9. Determine the diameter beginning from which the angle of 
twist of the shaft, and not the maximum stress, is the controlling 
factor in design, if G = 12 X 108 lbs. per sq. in., Te = 3,000 lbs. 
per sq. in. and the maximum allowable twist is 3° per yard. 

Solution. Eliminating M; from the equations 


16M, _ . 32M: T 
qd? T 320005 G-nd*~ 180X4X 36° 





we obtain d = 4.12 in.; for d < 4.12 in., the angle of twist is the 


-controlling factor in design. 


10. Determine the torque in each 
portion of a shaft with built-in ends 
which is twisted by the moments M 
and M,” applied in two intermediate 
sections (Fig. 230). 

Solution. By finding the torques 
produced in each portion of the shaft 
by each of the moments M’ and M” (see problem 5 above) and 
adding these moments for each portion we obtain 


Mi (b + c) + Mic Mia — M'e Mia + Mi'(a + b) 
7 : Z > 7 
11. Determine the diameters and the angles of twist for the 


shaft of problem 6 if n = 120 r.p.m., Tmax = 3,000 lbs. per Sq. in., 
= 6 feet, J, = 4 feet. 
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59. Torsion of a Hollow Shaft.—From the previous dis- 
cussion of the twist of a solid shaft, it is seen (see Fig. 226) 
that only the material at the outer surface of the shaft can 
be stressed to the limit assigned as the working stress. The 
material within will work at a lower stress, and in the cases 
in which reduction in weight is of great importance, e.g., 
propeller shafts of aeroplanes, it is advisable to use hollow 
shafts. In discussing the torsion of hollow shafts the same 
assumptions are made as in the case of solid shafts. The 
general expression for shearing stresses will then be the same 
as is given by eq. (4) of the previous article. In calculating 
the moment of the shearing stresses, however, the radius 
r varies from the radius of the inner hole, which we will 
denote by 3d1, to the outer radius of the shaft, which, as 
before, will be 4d. Then eq. (c) of the previous article must 
be replaced by the following equation: 


4d 
G9 a rdd = M: = Gol, 
44, 


where J, = (1/32) (dt — d,4) is the polar moment of inertia of 
the ring section. Then 


§= _ 32M = M: 
-a GL (152) 


and the angle of twist will be 


Mil 
ọ = bl = GI,’ (153) 
Substituting eq. (152) in eq. (146), we obtain 
k 16M, Mid 
Tmax = A dA = JA a (154) 
rd ( = =) 


| We see from eqs. (153) and (154) that by taking, for instance, 
dı = 3d the angle of twist and the maximum stress, as com- 
pared with the same quantities for a solid shaft of diameter d, 


COMBINED BENDING AND TORSION 269 


will increase about 6 per cent while the reduction in the 
weight of the shaft will be 25 per cent. 


Problems 


1. A hollow cylindrical steel shaft, 10 in. outside diameter and 
6 in. inside diameter, turns at 1,000 r.p.m. What horse-power is 
being transmitted if Tmax = 8,000 lbs. per sq. in. 

Answer. H = 21,700 h.p. 

2. Find the maximum torque that may be applied to a hollow 
circular shaft if d = 6 in., dı = 4 in., and tw = 8,000 lbs. per sq. in. 

3. A hollow propeller shaft of a ship transmits 8,000 h.p. at 
100 r.p.m. with a working stress of 4,500 Ibs. persq.in. Ifd/d, = 2, 
find d. 





Solution. 
8 2 000 
M, = yooo X 12 X 33 
2r X 100 
Eq. (154) becomes 
= 16 16M; 
aa ie ga 


from which . 
3] 
ya 16 X 16 X 8,000 X I2 X 33,000 -iain 
15 X 2m X 100 X T X 4,500 
Then dı = 9.1 in. 


6o. The Shaft of Rectangular Cross Section. 
—The problem of the twist of a shaft of rectangu- 
lar cross section is complicated, due to the 
warping of the cross section during twist. This 
warping can be shown experimentally with a rec- 
tangular bar of rubber on whose faces a system 
of small squares has been traced. It is seen 
from photograph 231 that during twist the lines 
originally perpendicular to the axis of the bar be- 
come curved. This indicates that the distortion 
of the small squares, mentioned above, varies 
along the sides of this cross section, reaches a 
maximum value at the middle and disappears at 
the corners. We therefore expect that the 
shearing stress varies as this distortion, namely, 
is maximum at the middle of the sides and zero 
at the corners of the cross section. Investigation 
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of the problem ! indicates that the maximum shearing stress occurs 
at the middle of the longer sides of the rectangular cross section 
and is given by the equation: 


Mi: ' 
Tmax = abe’ (155) 


in which 4 is the longer and c the shorter side of the rectangular 
cross section and æ is a numerical factor depending upon the ratic 
b/c. Several values of ware given in Table 3 below. Itis interesting 
to note that the magnitude of the maximum stress can be calculated 
with satisfactory accuracy from the following approximate equation: 


Mı (A 
Tmax = bee 3 + 1.8 A ° 
TABLE 3 
DATA ror THE Twist or a Swarr or RECTANGULAR Cross SECTION 

4 

~ = 100 1.50 1.76 200 2.60 3.00 4.00 6 8 10 % 
c 

œ = 0,208 0.231 0.239 0.246 0.258 0.267 0.282 0.299 0.307 9.313 0.333 
B= 0.141 0.196 0.214 0.229 0.249 0.263 0.281 0.299 0.307 0.313 0.333 


The angle of twist per unit length in the case of a rectangular 
cross section is given by the equation: 


M, 
0 = Bes (156) 





The values of the numerical factor 8 are given in the third line of the 
above table. 


In all cases considered the angle of twist per unit length 
is proportional to the torque and can be represented by the 
equation 

t 
0 = T’ (a) 
where C is a constant called the sorsional rigidity of the shaft. 

In the case of a circular shaft (eq. 147), C = GL. 

For a rectangular shaft (eq. 156), C = Bbc3G. 





Í The complete solution is due to de Saint Venant, Mém. des Savants 


étrangers, t. 14 (1855). An account of this work will be found in Tod- 


hunter and Pearson’s “History of the Theory of Elasticity,” Vol. II, p. 
312. 
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61. Helical Spring, Close Coiled.—Assume that a helical 
spring of circular cross section is submitted to the action of 
axial forces P (Fig. 232), and that any one coil lies nearly in 
a plane perpendicular to the axis of the helix. Considering 
the equilibrium of the upper portion of the spring bounded 
by an axial section such as mn (Fig. 232, 4), it can be concluded 
from the equations of statics that the stresses over the cross 
section mn of the coil reduce to a shearing force P through 
the center of the cross section and a couple acting in a counter 
clockwise direction in the plane of the cross section of mag- 





1° 7 >. 
“LIS / / \ 
= ~ ; o her da 
a | | re 
E N J 
P 
@) + o 
Fic. 232. 


nitude PR, where R is the radius of the cylindrical surface 
containing the center line of the spring. The couple PR 
twists the coil, and causes a maximum shearing stress given 
by eq. (149), which becomes here 


PR 
n = ER, (a) 





where d is the diameter of the cross section man of the coil. 
Upon this stress due to twist that due to the shearing force 
P is superposed. For a rough approximation, this shearing 
force is assumed to be uniformly distributed over the cross 
section; the corresponding shearing stress will be 


T2 = rg (2) 


At the point m the directions of rı and r, coincide so that 
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the maximum shearing stress occurs here and has the mag- 
nitude 


6PR d 
Taa = n +n = a (i +&): (157) 


It can be seen that the second term in the parenthesis, which 
represents the effect of the shearing force, increases with the 
ratio d/R. It becomes of practical importance in heavy heli- 
cal springs, such as are used on railway cars. Due to this 
term points such as m on the inner side of a coil are in a less 
favorable condition than points such as z. Experience with 
heavy springs shows that cracks usually start on the inner 
side of the coil. 

There is another reason to expect higher stresses at the 
inner side of the coil. In calculating the stresses due to 
twist, we used eq. (a), which was derived for cylindrical bars. 
In reality each element of the spring will be in the condi- 
tion shown in Fig. 233. It is seen that 


A E np if the cross section Jf rotates with re- 

f spect to ac, due to twist, the displace- 

ment of the point with respect to a 

f will be the same as that of the point f 
Fic. 233. 


with respect toc. Due to the fact that 
the distance ad is smaller than the distance cf, the shearing 
strain at the inner side ad will be larger than that at the outer 
side cf, and therefore the shearing stresses produced by the 
couple PR will be larger at d than at f. Taking this into con- 
sideration, together with the effect of the shearing force,? we 
replace eq. (157) by the following equation for calculating the 
maximum shearing stress: 


en (2 —I etis) 


Tmax = “g 4m — 4 mn (158) 


2 Such investigations were made by V. Roever, V. D. I., Vol. 57, p. 
1906, 1913; also A. M. Wahl, Trans. Am. Soc. Mech. Eng., 1928. The 
‘latter also determined the stresses experimentally by making measure- 
l ments at the surface of the coil. Recent literature on helical springs 
‘is given in the paper by J. R. Finniecome. See Trans. Am. Soc. Mech. 


Eng., Vol. 6 A, p. 188, 1939. 
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in which 
2R 
”= g 
It can be seen that the correction factor in the parenthesis 
increases with a decrease of m; for instance, in case m = 4 


- this factor is about 1.40 and for m = io it is equal to 1.14. 


In calculating the deflection of the spring, usually only the 
effect of the twist of the coils is taken into consideration. 
For the angle of twist of one element between the two adja- 
cent cross sections mn and m'n’ (Fig. 232, c), using eq. (148), 
in which Rda is used instead of /, we obtasn 


Jo = ER: Rda 
e= TG 


Due to this twist the lower portion of the spring rotates with 
respect to the center of mn (Fig. 232, a), and the point of appli- 
cation B of the force P describes the small arc BB’ equal to 
ady. The vertical component of this displacement is 


pn ,R _ PRèda 
B'B = BBY = Rde = TE: (c) 


The complete deflection of the spring is obtained by summa- 
tion of the deflections B’B’’ due to each element mnm’n’, over 
the length of the spring. Then 

aan PRS da = 64an PR? 
o IG" dG? 


in which denotes the number of coils. 

For a spring of other than circular cross section, the 
method above can be used to calculate stresses and deflections 
if, instead of eqs. (148) and (149), we take the corresponding 
equations for this shape of cross section. For example, in the 
case of a rectangular cross section eqs. (155) and (156) should 
be used. 


ô = (159) 


Problems 


1. Determine the maximum stress and the extension of the 
helical spring (Fig. 232) if P = 250 lbs., R = 4 in., d = 0.8 in., the 
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number of coils is 20 and G = 12 X 108 Ibs. per sq. in. 
Answer. 


Tmax = 11,300 Ibs. per sq. in., 6 = 4.17 in, 


2. Solve the previous problem, assuming that the coil has a 
square cross section 0.8 in. on a side. 

Solution. Assuming that the correction factor for the shearing 
force and the curvature of the coils (see eq. 158) in this case is the 
same as for a circular cross section, we obtain from eq. (155) 


_ PR _ 250X4X 114 | Ib . 
Tmax = 0.208 X p114 = 0.208 X 0.88 = 10,700 lbs. per sq. in. 


In calculating extension 0.1414! (see eq. 156) instead of rd4/32 must 
be used in eq. (159); then 


è= — HT 2.90 in. 

32 X O14 

3. Compare the weights of two helical springs, 
one of circular, the other of square cross section, 
designed for the conditions stated in problem I and 
having the same maximum stress. Take the cor- 
rection factor in both cases as 1.14. Compare the , 
deflections of these two springs. 

Solution. The length of the side of the square 
cross section is found from the equation zd*/16 
= 0.20848, from which 4 = {6.944-d = 0.981d. 
The weights of the springs are in the same ratio as 
the cross-sectional areas, i.e., in the ratio 





d 
+ : 0.981? = 0.816. 


The deflections of the two springs are in the ratio 


wa! T 
o.I4IÀt : Pi 0.141 X 0.926 : z257 1.33. 

4. How will the load P be distributed between the two ends of 
the helical spring shown in Fig. 234 if the number of coils above the 
point of application of the load is 6 and that below this point is 5? 

Answer. Ri: R, = 5:6. 

5. Two helical springs of the same material and of equal circular 
cross sections and lengths, assembled as shown in Fig. 235, are 
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compressed between two parallel planes. Determine the maximum 


in each spring if d = 0.5 and P = Ico lbs. 

we Solution. F rom eq. (159) ie follows that the load P is distributed 
between two springs in inverse proportion to the cubes of the radii 
of the coils, i.e., the forces compressing the outer and the inner 
springs will be in the ratio 27 : 64. The maximum stresses in these 
springs are then (from eq. 158) 2,860 lbs. per sq. in. and ve 
5,380 lbs. per sq. in. respectively. 

6. What will be the limiting load for the spring of 
problem 1 if the working stress is rW = 20,000 lbs. per sq. 
in.? What will be the deflection of the spring at this 
limiting load? 

Answer. 442 lbs. = 7.38 in. 

7. A conical spring (Fig. 236) is submitted to the ac- 
tion of axial forces P. Determine the safe magnitude of 
P for a working stress te = 45,000 lbs. per sq. in.; diam- 3% 
eter of the cross section d = 1 in.; radius of the cone at Fie. 235. 


‘the top of the spring Rı = 2 in.; and at the bottom, 


Rz = 8 in. Determine the extension of the spring if the number 
of coils is n, and the horizontal projection of the center line of the 
spring is a spiral given by the equation 


(Re = Ria | 


R= Ri + 27n 


Solution. For any point 4 of the 
spring, determined by the magnitude of 
the angle a, the distance from the axis of 
the spring is 


(Ra 7 Rida 


R= R + ann (a) 


and the corresponding torque is 


(R: — Roa) l 


27n 


M= PÈR + 


The maximum torque, at a = 27”, is 
P-R, The safe limit for P, from eq. 
(158), will be 


45,000 X T 
16 X 8 X 1.09 





P= = 1,010 lbs. 
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The deflection of the spring will be obtained, from eq. (c) (see p. 273), 
as follows: 


_ 32P [7 (Re — Ae! 
ô = td'G Jo [x + 27H da 





6P 
= “ag (R? + Re\(Ri + Re). 


8. Determine the necessary cross sectional area of coils of a 
conical spring, designed for the same conditions as in the previous 
problem, but of a square cross section. Take 1.09 as the correction 
factor (see previous problem). 

Answer. B = 0.960 sq. in. 


62. Combined Bending and Twist in Circular Shafts.— 
In the previous discussion of twist (see p. 261) it was assumed 
that the circular shaft was in simple torsion. In practical 
applications we often have cases where torque and bending 
moment are acting simulta- 
neously. The forces trans- 
mitted to a shaft by a pul- 
ley, a gear or a flywheel 
can usually be reduced toa 
torque and a bending force. 
A simple case of this kind 
is shown in Fig. 237. A 
circular shaft is built in at 
one end and loaded at the 
other by a vertical force P 
at a distance R from the 
axis. This case reduces to 
one of loading by a torque 
M: = PR and by a transverse force P at the free end? The 
torque is constant along the axis and the bending moment 
due to P, at any cross section, is 


M = — P(/— x). (a) 


In discussing the maximum stress produced in the shaft it 
is necessary to consider (1) shearing stresses due to the torque 





Fic. 237. 





3 The weight of the shaft and of the pulley is neglected in this problem. 
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~ Mn (2) normal stresses due to the bending moment (a), and 


(3) shearing stresses due to the shearing force P. The maxi- 
mum torsional stress occurs at the circumference of the shaft 
and has the value 


6M, 
Tmax = D ° (b) 


The maximum normal stress o, due to bending occurs in the 
fibers most remote from the neutral axis at the built-in end; 
where the bending moment is numerically a maximum, it has 
the value 


(02) max = Z” aa’ (c) 
The stress due to the shearing force is usually of only secondary 
importance. Its maximum value occurs at the neutral axis 
where the normal stress due to bending is zero; hence the 
maximum combined stress usually occurs at the point where 
stresses (1) and (2) are a maximum, in this case at the top and 
bottom surface elements at the built-in end. 
Figure 237 (b) is a top view of the portion of the shaft at 
the built-in end, showing an element and the stresses acting 
on it. The principal stresses on this element are found from 


eqs. (72) and (73) (p. 122): 
dma = Z + Vot + ar, 
or, using eqs. (4) and (c), 
Cmax = 37 (M + VP + MÀ) 
= 15 (M + VIFF MS). (160) 
In the same manner using eq. (73) 


= (M — Vi + Mê) 


Omin = 27 


= 15M — VM? + MA.. (160’) 
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It will be noted that dmax would have the same value for a 
case of simple bending in which the equivalent bending moment 
is 


M equivasent = 3(M + VM? + Mê). 
The maximum shearing stress at the same element (Fig. 237, 
b), from eq. (34) (p. 49), is 


Omax — Omin I 6 


Tmax = = E M? + Mè. (161) 
For ductile metals such as are used in shafting it is now 
common practice to use the maximum shearing stress to 
determine the safe diameter of the shaft. Calling the working 
stress in shear 7», and substituting it into eq. (161) for Tmax, 
the diameter must then be 


d= 72° ep (162) 
TT w 


The above discussion can be used also in the case of a 
hollow shaft of outer diameter d and inner diameter d}. Then 


gza Mat d’) _ rd r- (Ay 
32d 32 d , 


and setting dı/d = n, eqs. (160) and (160’) for a hollow shaft 
become 


16 

Tmax = rd — n’) (M + vM? + Mê), (163) 
16 

Smia = AO — a) (M — VM? + M?). (164) 


The maximum shearing stress is 


16 
Tma = BG — ay vM + M?, (165} 
and d becomes 
d = x| — E NV F IT. (166) 


TTy(I — n’) 
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- If several parallel transverse forces act on the shaft, the total 


bending moment M and the total torque M; at each cross 
section must be taken in calculating the necessary diameter at 
that point, from eq. (162) or (166). If the transverse forces 
acting on the shaft are not parallel, the bending moments due 
to them must be added vectorially to get the resultant bend- 
ing moment M. An example of such a calculation is discussed 


in problem 3 below. 


Problems 


1. A 23-in. circular shaft carries a 30-inch diameter pulley 
weighing 500 lbs. (Fig. 238). Determine the maximum shearing 


3 








1750 
m 
r 
6" 250 P 
~ 500 z—* 
Fic. 238. Fic. 239. 


stress at cross section mm if the horizontal pulls in the upper and 
lower portions of the belt are 1,750 lbs. and 250 Ibs. respectively. 
Solution. At cross section mn, 


M, = (1,750 — 250)1§ = 22,500 Ibs. ins., 


M = 6V 5008 + 2,000? = 12,370 Ibs. ins. 


Then, from eq. (161), 
Tmax = 8,370 lbs. per sq. in. 


2. A vertical tube, shown in Fig. 239, is submitted to the action 
-of a horizontal force P = 260 lbs. acting 3 feet from the axis of the 
tube. Determine dmax and Tmax if the length of the tube is / = 25’ 
and the section modulus Z = to in? 

Answer. 


Omax = 7,530 lbs. per sq. in. Tmax = 3,780 Ibs. per sq. in. 
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3- Determine the necessary diameter for a uniform shaft (Fig. 
240) carrying two equal pulleys, 30 in. in diameter, weighing 500 
lbs. each. The horizontal forces in the 
belt for one pulley and the vertical 
forces for another are shown in the 
figure. Te = 6,000 Ibs. per sq. in. 

Solution. The worst sections are 
mn and myn, which carry the full torque 
and the highest bending moments. 
The torque at both points is M: = 
(1,500 — g00)15 = 15,000 lbs. ins. The 
bending moment at mn is (1,500 + 
500 + 500)6 = 15,000 lbs. ins. The 
bending moment at mını in the hori- 
zontal plane is 





Fic. 240, 


2(1,500 + 500) X 30 = 15,000 lbs. ins. 


The bending moment at the same cross section in the vertical 
plane is 
500 X 30 2,500 X 6 XK 15 


4 — zo = — 3,750 lbs. ins. 


The combined bending moment at cross section mn, is 


M = V15,000? + 3,750% = 15,460 lbs. ins. 


This is larger than the moment at cross section mn and should 
therefore be used together with the above calculated M; in eq. 
(162), from which 

d = 2.63 in. 


4. Determine the diameter of the shaft shown in Fig. 238 if 
the working stress in shear is rW = 6,000 lbs. per sq. in. 

5. Determine the outer diameter of a hollow shaft if 7» = 6,000 
lbs. per sq. in., dı/d = 1/3, and the other dimensions and forces 
are as in Fig. 240. 

6. Solve problem 3 assuming that the same torque is produced 
by a horizontal force tangent to the periphery of the pulley instead 
of by vertical tensions of 1,500 lbs. and 500 lbs. in the belt acting 
on the right-hand pulley. 


© load, and ô, the elongation due to it. 








CHAPTER X 


ENERGY OF STRAIN 


63. Elastic Strain Energy in Tension.—In the discussion 
of a bar in simple tension (see Fig. 1), we saw that, during 
elongation under a gradually increasing load, work was done 
on the bar, and that this work was transformed, either 
partially or completely, into potential energy of strain. If the 
strain remains within the elastic limit, the work done will be 
completely transformed into potential energy and can be 
recovered during a gradual unloading of the strained bar. 

_ If the final magnitude of the load is P and the correspond- 
ing elongation is 4, the tensile test diagram will be as shown in 
Fig. 241, in which the abscissas are 
the elongations and the ordinates are 
the corresponding loads. P, repre- gy 2727-7 
sents an intermediate value of the 


Premin A 





An increase dP; in the load causes an 
increase dé, in the elongation. The 
work done by P, during this elonga- 
tion is Pıdô,, represented in the fig- Fro. 241. 

ure by the shaded area. If allow- 

ance is made for the increase of P, during the elongation, the 
work done will be represented by the area of the trapezoid 
abcd. The total work done in increasing the load from O to P 
is the summation of such elemental areas, and is given by the 
area of the triangle O4B. This represents the total energy U 
stored up in the bar during strain. Then 


_ Pb 
-2. 


SSS 


(167) 


By use of eq. (1), we obtain the following two expressions for 
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the strain energy in a prismatical bar: 





P 
U = 3AE? (168) 
AES 
ry (169) 


The first of these gives the strain energy as a function of the 
load P and the second the same energy as a function of the 
elongation 6. For a bar of given dimensions and a given 
modulus of elasticity the strain energy is completely deter- 
mined by the value of the force P or the value of the elon- 
gation 6. 

In practical applications the strain energy per unit volume 
is often of importance; this is, from eqs. (168) and (169): 


_ U_¢ _ Eè 
w= zp (70) or w=, (171) 


in which o = P/A is the tensile stress and e = 6// is the unit 
elongation. 

The greatest amount of strain energy per unit volume 
which can be stored in a bar without permanent set ! is found 
by substituting the elastic limit of the material in place of ø in 
eq. (170). Steel, with an elastic limit of 30,000 Ibs. per sq. in. 
and E = 30 X 10 lbs. per sq. in., gives w = 15 inch lbs. per 
cubic inch; rubber, with a modulus of elasticity E = 150 lbs. 
per sq. in. and an elastic limit of 300 ibs. per sq. in., gives 
w = 300 inch lbs. per cubic inch. It is sometimes of interest 
to know the greatest amount of strain energy per unit weight 
of a material w, which can be stored without producing 
permanent set. This quantity is calculated from eq. (170) 
by substituting the elastic limit for e and dividing w by the 
weight of one cubic inch of the material. Several numerical 
results calculated in this manner are given in the table on the 
following page. 





1 This quantity sometimes is called the modulus of resilience. 

















pe =: 
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; E Elastic limit w w 
Material f Density! lbs. per sq. | lbs. per sq. per cu. d 
inch inch inch per ponn 
Structural 
steel..... 7.8 30 X 108 28,000 13.1 inch lbs. 46 inch lbs. 
Tool steel...} 7.8 30 X I08 120,000 240 “ “ 850 “ “ 
Copper... ..| 8.5 16 X 108 4,000 5 16 “ “ 
Oak....... 1.0 1.5 X 108 4,000 b3 8 “ 146 “ “ 
Rubber....| 93 150 300 goo “© “S 8,go00 “ “ 





This indicates that the quantity of energy which can be stored 
in a given weight of rubber is about to times larger than for 
tool steel and about 200 larger than for structural steel. 


Problems 


1. A prismatical steel bar 10 inches long and 4 sq. ins. in cross 


‘sectional area is compressed by a force P = 4,000 lbs. Determine 


the amount of strain energy. 
Answer. 


U = 2 inch lb. 


2. Determine the amount of strain energy in the previous 
problem if the cross-sectional area is 2 sq. in. instead of 4 sq. in. 


Answer. 
U = 1} inch lbs. 


3. Determine the amount of strain energy in a vertical uniform 
steel bar strained by its own weight if the length of the bar is 
too feet and its cross-sectional area 1 sq. in., the weight of steel 
being 490 lbs. per cubic foot. 

Answer. 

U = 0.772 inch lb. 


4. Determine the amount of strain energy in the previous 
problem if in addition to its own weight the bar carries an axial 
load P = 1,000 lbs. applied at the end. 

Answer. 

U = 27.58 inch lbs. 


g. Check the solution of the problem shown in Fig. 15 for the 
case in which all bars have the same cross section and the same 
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modulus by equating the strain energy of the system to the work 
done by the load P. 


Solution. If X is the force in the vertical bar, its elongation is 
X1/AE and the work done by P is $P(XI/AE). Equating this to 


the energy of strain, we obtain 


1p Xf _ XY (X cos? æ)?? 
2 dE” 2AE 2AE cosa’ 
from which 


P 


I+ 2cos? qa’ 


which checks the previous solution. 

6. Check problem 2, p. 9, by showing that the work done 
by the load is equal to the strain energy of the two bars. 

7. A steel bar 30 inches long and of 1 sq. in. cross-sectional 
area is stretched 0.02 in. Find the amount of strain energy. 
Answer. From eq. (169), 


_ (0.02)? X 30 X 108 





U = 2001 . 
2 2X 30 oo inch lbs 
8. Compare the amounts of strain 
energy in the two circular bars shown: 
(0) 


in Fig. 242 (a) and (b) assuming a uni- 
Fic. 242. form distribution of stresses over cross 
sections of the bars. 
Solution. The strain energy of the prismatical bar is 
P31 


The strain energy of the grooved bar is 


PHO P3 py 





— — , 


U1 = IZE 84E  162AdE 


Hence 


Ui: U = Z, 
1 16 
For a given maximum stress the quantity of energy stored in a 
grooved bar is less than that in a bar of uniform thickness. It 
takes only a very small amount of work to bring the tensile stress 
to a dangerous limit in a bar such as shown in F ig. 242 (c), having 


-body, a satisfactory approximate solution is 
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a very narrow groove and a large outer diameter, although its 
diameter at the weakest place is equal to that of the cylindrical bar. 


64. Tension Produced by Impact.—A simple arrangement 
for producing tension by impact is shown in Fig. 243. A 
weight W falls from a height 4 onto the flange mn 
and during the impact produces an extension of 
the vertical bar 4B, which is fixed at the upper 
end. If the masses of the bar and flange are 
small in comparison with the mass of the falling 





obtained by neglecting the mass of the bar and 
assuming that there are no losses of energy dur- 
ing impact. After striking the flange mn the 
body W continues to move downward, causing an exten- 
sion of the bar. Due to the resistance of the bar the ve- 
locity of the moving body diminishes until it becomes zero. 
At this moment the elongation of the bar and the corre- 
sponding tensile stresses are a maximum and their magnitudes 
are calculated on the assumption that the total work done by 
the weight W is transformed into strain energy of the bar.? 
If ô denotes the maximum elongation, the work done by W is 
Wh + 6). The strain energy of the bar is given by eq. (169). 
Then the equation for calculating 6 is 


Fic. 243. 


Wh +8) = a 82, (a) 
from which l 
ô = Ost + N ês + gut (172) 
where 
eZ 
8 AE 


is the static elongation of the bar by the load W and v = V2gh 
is the velocity of the falling body at the moment of striking 
the flange mn. If the height 4 is large in comparison with 

2 In actual cases part of the energy will be dissipated and the actual 


elongation will always be less than that calculated on the above as- 
sumption. 
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ôs this reduces to approximately 


è = 4/5, 0%. 
z 


The corresponding tensile stress in the bar is 


bE Ef hE We 
c= THT got = Al ag | (173) 


The expression under the radical is directly proportional to 
the kinetic energy of the falling body, to the modulus of 
elasticity of the material of the bar and inversely proportional 
to the volume 4/ of the bar. Hence the stress can be di- 
minished not only by an increase in the cross-sectional area but 
also by an increase in the length of the bar or by a decrease in 
the modulus Æ. This is quite different from static tension of 
a bar where the stress is independent of the length / and the 
modulus £. ` 

By substituting the working stress for ø in eq. (173) we 
obtain the following equation for proportioning a bar sub- 
mitted to an axial impact: 


ag? (174) 


l.e., for a given material the volume of the bar must be pro- 
portional to the kinetic energy of the falling body in order to 
keep the maximum stress constant. 

Let us consider now another extreme case in which 4 is 
equal to zero, i.e., the body W is suddenly put on the support 
mn (Fig. 243) without an initial velocity. Although in this 
case we have no kinetic energy at the beginning of extension of 
the bar, the problem is quite different from that of a static 
loading of the bar. In the case of a static tension we assume 
a gradual application of the load and consequently there is 
always equilibrium between the acting load and the resisting 
forces of elasticity in the bar. The question of the kinetic 
energy of the load does not enter into the problem at all under 
such conditions. In the case of a sudden application of the 
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load, the elongation of the bar and the stress in the bar are 


q zero at the beginning and the suddenly applied load begins to 


fall under the action of its own weight. During this motion 
the resisting force of the bar gradually increases until it just 
equals W when the vertical displacement of the weight 1S Sse. 
But at this moment the load has a certain kinetic energy, 
acquired during the displacement ôs; hence it continues to 
move downward until its velocity is brought to zero by the 
resisting force in the bar. The maximum elongation for this 
condition is obtained from eq. (172) 
by setting v = o. Then 


3 = 2661, (175) 


i.e., a suddenly applied load, due to 
dynamic conditions, produces a de- 
flection which is twice as great as 
that which is obtained when the load 
is applied gradually. 

This may also be shown graphic- 
ally asin Fig. 244. The inclined line 
OA is the tensile test diagram for the 
bar shown in Fig. 243. Then for Fig. 244. 
any elongation such as OC the area 
AOC gives the corresponding strain energy in the bar. The 
horizontal line DB is at distance W from the 6 axis and the 
area ODBC gives the work done by the load W during the 
displacement OC. When ô is equal to 5,,, the work done by W 
is represented in the figure by the area of the rectangle 
ODAiC;. At the same time the energy stored in the bar is 
given by the area of the triangle O.4:C,, which is only half the 
area of the above rectangle. The other half of the work done 
is transformed into the kinetic energy of the moving body. 
Due to its acquired velocity the body continues to move and 
comes to rest only at the distance ô = 26,, from the origin. 
At this moment the total work done by the load W, repre- 
sented by the rectangle ODBC, equals the amount of energy 
stored in the bar and represented by the triangle OAC. 
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The above discussion of impact is based on the assumption 
that the stress in the bar remains within the elastic limit. 
Beyond this limit the problem becomes more involved, 
because the elongation of the bar is no longer proportional to 
the tensile force. Assuming that the tensile test diagram 
does not depend upon the speed of straining the bar,? elonga- 
tion beyond the elastic limit during 
impact can be determined from an 
ordinary tensile test diagram such 
as shown in Fig. 245. For any 
assumed maximum elongation ô 
the corresponding area OADF 
gives the work necessary to pro- 
duce such an elongation; this must 
equal the work W(A + 8) produced 
by the weight W. When W(h + ô) 
is equal or larger than the total area OABC of the tensile test 
diagram, the falling body will fracture the bar. 

From this it follows that any change in the form of the bar 
which results in diminishing the total area OABC of the 
diagram diminishes also the resisting power of the bar to 
impact. In the grooved specimens shown in Fig. 242 (4) and 
(c), for instance, the plastic flow of metal will be concentrated 
at the groove and the total elongation and the work necessary 
to produce fracture will be much smaller than in the case of the 
cylindrical bar shown in the same figure. Such grooved 
specimens are very weak in impact; a slight shock may 
produce fracture, although the material itself is ductile. 
Members having rivet holes or any sharp variation in cross 
section are similarly weak against impact.‘ 





Fie. 245. 


In the previous discussion we neglected the mass of the bar 





3 Experiments with ductile steel show that with a high velocity of 
straining the yield point is higher and the amount of work necessary 
to produce fracture is greater than in a static test. See N. N. Daviden- 
koff, Bulletin Polyt. Institute, St. Petersburg, 191 3; also Welter, Ztschr. 
f. Metallkunde, 1924. 

*See Hackstroh, Baumaterialienkunde, 1905, p. 321, and H. Zim- 
mermann, Zentralbl. d. Bauverw., 1899, p. 265. 





ig 
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in comparison with the mass of the falling body W. Only then 
may we assume that the total energy of the falling body is trans- 
formed into strain energy of the bar. The actual conditions of 
impact are more complicated and when the bar has an appreciable 
mass a part of the energy will be lost during impact. It is well 
known that when a mass W/g moving with a velocity 9 strikes 
centrally a stationary mass #,/g and the deformation at the point 
of contact is plastic the final common velocity va, of the two bodies, is 


W 
va = yy + Wh (d) 
In the case of the bar shown in Fig. 243 the conditions are more 
complicated. During impact the upper end < is at rest while the 
lower end B acquires the velocity of the moving body W. Hence, 
to calculate the final velocity va from eq. (4) we use a reduced mass 
in place of the actual mass of the bar. Assuming that the velocity 
of the bar varies linearly along its length, it can be shown that 
the reduced mass in such a case is equal to one third of the mass 
of the bar.’ For a bar of weight g per unit length, eq. (4) becomes 


W 
z” 
wL 
t3 





Ua = 


This is the common velocity of the load W and the lower end of 
the bar which is established at the first moment of impact. Assum- 
ing plastic deformation at the surface of contact between the falling 
load and the support mn (Fig. 243) so that there will be no question 
of rebounding, the corresponding kinetic energy is 


Va Wy I 
ag Y + 913) = 


a . 
I+ > 
This quantity must be substituted for 
2 
KE = Wh 
2g 


in eq. (a) in order to take into account the loss of energy at the 


5 This solution was obtained by H. Cox, Cambridge Phil. Soc. Trans., 
1849, p. 73. See also Todhunter and Pearson, History, Vol. 1, p. 895. 
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first moment of impact. Then, instead of eq. (172), we obtain 





ô = ôs + ôs? + Lan? — (176) 

E p 

3w 
The method described gives satisfactory results as long as the mass 
of the bar is small in comparison with the mass of the falling body. 
Otherwise a consideration of longitudinal vibrations of the bar 
becomes necessary. The local deformation at the point of contact 
during impact has been discussed by J. E. Sears? and J. E. P. 

Wagstaff.8 
Problems 


1. A weight of 10 Ibs. attached to a steel wire 3 in. in diameter 

(Fig. 246) falls from 4 with the acceleration g. De- 

A termine the stress produced in the wire when its upper 

l end 4 is suddenly stopped. Neglect the mass of the 
wire. 

Solution. If the acceleration of the weight W is 

Ww equal to g, there is no tensile stress in the wire. The 

Fie. 246. Stress after stopping the wire at Æ is obtained from eq. 


(173), in which ôs is neglected. Substituting 2% = ogh 
and /= A, we obtain 


_ REW _ [2X 30X 108 X 10X8? _ l . 
c= y= 0.785 = 221 X 10% Ibs. per sq. in. 


It may be seen that the stress does not depend upon the height 4 
through which the load falls, because the kinetic energy of the body 
increases in the same proportion as the volume of the wire. 

2. A weight W = 1,000 Ibs. falls from a height 4 = 3 ft. upon 
a vertical wooden pole 20 feet long and 12 in. in diameter, fixed 
at the lower end. Determine the maximum compressive stress in 
the pole, assuming that for wood E = 1.§ X 10° Ibs. per sq. in. 
and neglecting the mass of the pole and the quantity ôs: 








ë The longitudinal vibrations of a prismatical bar during impact 
were considered by Navier. A more comprehensive solution was de- 
veloped by St. Venant; see his translation of Clebsch, “Theorie der 
Elasticitat fester Körper,” note on par. 61. See also I. Boussinesq, 
“Application des Potentiels,” p. 508, and C. Ramsauer, Ann. d. Phys., 
Vol. 30, 1909. 

J. E. Sears, Trans. Cambridge Phil. Soc., Vol. 21 (1908), p. 49. 

8 J. E. P. Wagstaff, London Royal Soc. Proc. (Ser. A), Vol. 10S, 
1924, P. 544. 
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Answer. o = 2,000 Ibs. per sq. in. 
3. A weight W = 10,000 lbs. attached to the end of a steel wire 
rope (Fig. 246) moves downwards with a constant velocity v = 3 


— feet per sec. What stresses are produced in the rope when its 


upper end is suddenly stopped? The free length of the rope at 
the moment of impact is / = 60 feet, its net cross-sectional area 


E is 4 = 2.5 sq. in. and E = 15 X 10 lbs. per sq. in. 


Solution. Neglecting the mass of the rope and assuming that 
the kinetic energy of the moving body is completely transformed 
into the potential energy of strain of the rope, the equation for 
determining the maximum elongation ô of the rope is 


a — a = ita + WOE — òs), @) 








in which ôs: denotes the statical elongation of the rope. Noting 


> that W = AE6,,// we obtain, from eq. (d), 





AE ay, WE 
ay ÈT ben)? = ag? 
from which 
_ Wl 
ô — Ôst + AEg ° 


Hence, upon sudden stopping of the motion, the tensile stress in 
the rope increases in the ratio 


5 KA Wl _ v 2) 
ie PRN Gee t+ en Á 


For the above numerical data 





WI 10,000 X 6o X 12 . 
bs = = z = -192 1n., 
AE 2.5 X 1§X Io 





3X 12 
nee 18 
* + 586 x 192 5 


ô 
Sse ~ 
Hence 


o= 5.18 F 20,700 Ibs. per sq. in. 


A 


4. Solve the previous problem if a spring, which elongates .¢ in. 
per thousand pounds load, is put between the rope and the load. 
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Solution. ô. = 0.192 +0.5 X 10 = §.192in. Substituting into 
eq. (e), 


ô W . 
va + 0.80 = 1.80; ¢ = 1.807 = 7,200 lbs. per sq. in. 
st 


5. For the case shown in Fig. 243 determine the height } for 
which the maximum stress in the bar during impact is 30,000 lbs. 
per sq. in. Assume W = 25 Ibs., Z = 6 feet, 4 = 3 sq. in., E = 30 
X 108 lbs. per sq. in. Neglect the mass of the bar. 

Answer. h = 21.6 in. 


65. Elastic Strain Energy in Shear and Twist.—The 
strain energy stored in an element submitted to pure shearing 
stress (Fig. 247) may be calculated by the method used in the 
case of simple tension. Ifthe bottom side ad of the element is 
taken as fixed, only the work done during 
strain by the force P at the upper side dc 
need be considered. Assuming that the 
material follows Hooke’s law, the shearing 
strain is proportional to the shearing stress 
and the diagram showing this relationship is 
analogous to that shown in Fig. 241. The 
work done by the force P and stored in 
the form of elastic strain energy is then (see eq. 167) 





=>" (167') 
Remembering that 


bot 
17%" G> AG 
we obtain the following two equations from (167’): 


PY AG® 
U=T7@ = 177) U=—y- (178) 
We obtain two expressions for the shearing strain energy per 
unit volume by dividing these equations by the volume // of 
the block: 

2 2G 
w= 5, (179) w=", (180) 
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in which r = P/A is the shearing stress and y = 8// is the 
© shearing st-ain. The amount of shear energy per unit 
< volume, which can be stored in the block without permanent 
` set, is obtained by substituting the elastic limit for r in 


eq. (179): . . . . . 
The energy stored in a twisted circular shaft is easily 


~ calculated by use of eq. (179). If Tmax is the maximum 


shearing stress at the surface of the shaft, then rmax(27/d) is 
the shearing stress at a point a distance r from the axis, where 


~ dis the diameter of the shaft. The energy per unit volume at 
` this point is, from eq. (179), 


272 at? 


w= CR ' (a) 





The energy stored in the material included between two 
cylindrical surfaces of radii r and r + dr is 


972 


T maxi 


Gd? 


where / is the length of the shaft. Then the total energy 
stored in the shaft is 





2rlrdr, 





T EA _I dl tay 
u-f fe amlrdr = 7 Tae, (ag) 
This shows that the total energy is only half 
what it would be if all elements of the shaft A 
were stressed to the maximum shearing w, | 
Stress Tmax: di 


The energy of twist may be calculated 
from a diagram of twist (Fig. 248) in which 
the torque is represented by the ordinates o ? 
and the angle of twist by the abscissas. P 
Within the elastic limit, the angle of twist Fic. 248. 
is proportional to the twisting moment, as 
represented by an inclined line O4. A small area shaded in 
the figure represents the work done by the torque during an 
increase dy in the angle of twist ẹ. The area O4B = Miy/2 
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represents the total energy stored in the shaft during twist 
Recalling that ¢ = M,//GI,, we obtain 





Mèl GL, 
U = 30T, or U = A (182) 


In the first of these two equations the energy is represented as 
a function of the torque, in the second as a function of the 
angle of twist. 

In the general case of any shape of cross section and a 
torque varying along the length of the shaft, the angle of 
twist between the two adjacent cross sections is given by the 
equation (see p. 270) 


de _M, 
Ja” = CG ax. 


The strain energy of one element of the shaft is 


I de C 
gM x =3 Tx dx 


and the total energy of twist is 
(183) 


Problems 


1. Determine the ratio between the elastic limit in shear and 
the elastic limit in tension if the amount of strain energy per cubic 
inch, which can be stored without permanent set, is the same in 
tension and in shear. 

Solution. From eqs. (170) and (179), 


g T 

2E 2G 
from which 

tT |G 

e NE’ 





a 


q For steel 
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T= o 4| = 0.620. 
2.6 


2. Determine the deflection of a helical spring (Fig. 232) by 


q using the expression for the strain energy of twist. 


Solution. Denote by P the force acting in the direction of the 


q axis of the helix (Fig. 232), by R the radius of the coils and by x 
the number of coils. The energy of twist stored in the spring, 


from eq. (182), is 
_ (PR)?27Rn 


U 2GI, 


4 Equating this to the work done, Pé/2, we obtain 


amnPR® 64nPR? 


3- The weight of a steel helical spring is 10 lbs. Determine 
the amount of energy which can be stored in this spring without 
producing permanent set if the elastic limit in shear is 74,300 lbs. 
per sq. in. 

~ Solution. The amount of energy per cubic inch, from eq. 
(179), is 
2 
yp = — (74309) 


= xis X Tgi = 240 lbs. ins. 


The energy per pound of material (see p. 282) is 850 lbs. ins. Then 
the total energy of twist ® which can be stored in the spring is 
l 3 X 10 X 850 = 4,250 lbs. ins. 


4. A solid circular shaft and a thin tube of the same material 
and the same weight are submitted to twist. In what ratio are 
the amounts of energy in shaft and tube if the maximum stresses 


: in both are equal? 


Answer. 4:1. 

5. A circular steel shaft with a flywheel at one end rotates at 
120 r.p.m. It is suddenly stopped at the other end. Determine 
the maximum stress in the shaft during impact if the length of 
the shaft /= 5 feet, the diameter d = 2 inches, the weight of the 
flywheel W = 100 Ibs., its radius of gyration r = io inches. 

Solution. Maximum stress in the shaft is produced when the 


® The stress distribution is assumed to be the same as that in a twisted 
circular bar. 
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total kinetic energy of the flywheel is transformed into strain energy 
of the twisted shaft. The kinetic energy of the flywheel is 


Wr'w 100 X 10? X (4m)? _ . 
az 7 2 X 386 = 2,050 lbs. ins. 


Substituting this for U in eq. (181), 


ys X 11.5 X 108 X 2,050 
Tmax = — 


z X 4X bo = 22,400 lbs. per sq. in. 


6. Two circular bars of the same material, the same length but 
different cross sections 4 and 4, are twisted by the same torque. 
In what ratio are the amounts of energy of strain stored in these 
two bars? 

Answer. Inversely proportional to the squares of the cross 
sectional areas. 


66. Elastic Strain Energy in Bending.—Let us begin with 
pure bending. For a prismatic bar built in at one end and 
bent by a couple M applied at the other 
end (Fig. 249) the angular displacement at 
the free end is 


Mi l 
(2 = ET, (a) 





Fic. 249. 


This displacement is proportional -to the 
bending moment M and by using a diagram similar to that 
in Fig. 248 we may conclude from similar reasoning that the 
work done during deflection by the bending moment M, or 
also the energy stored in the bar, is 


~Me, 


-3 O 


By use of eq. (a) this energy may be expressed in either of 
these forms: 


Mel QEL 


U = ZAT, (84) U= 7 "7 (185) 





It is sometimes useful to have the potential energy expressed 
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1 as a function of the maximum normal stress omar = Minax/Z; 
| thus, for a rectangular bar omez = 6M/bh? or M = bh? max/6, 
| and eq. (184) becomes 


O max? 


2E 





I 
= — dhl 186 
3 (186) 


® In this case the total energy is evidently only one third as 
FE. much as it would be if all fibers carried the stress omax. 


In the discussion of bending by transverse forces, the 


q ‘strain energy of shear will be neglected, at first. The energy 
l. stored in an element of the beam of length dx is, from eqs. (184) 





< and (185), 
fp M?dx _ Eldo} 
dU = 2ĒT, or dU = ake 
Here the bending moment M is variable with respect to x, and 
dx |d’y 
de = 7 ae dx 








(see p. 135). The total energy stored in the beam is conse- 
quently 


t M?dx _ tel dy 
U = , ZEI,’ (187) or v- | dx. (188) 


Take, for instance, the cantilever 4B (Fig. 250). The 
bending moment at any cross section mn is M = — Px. 


| Substitution into eq. (187) gives 


1 P?x?dx PE 


U=] ZEI, 6E, O 


For a rectangular bar, omax = 
6P//bh?, and eq. (c) may be put in 
the form 


U = 





2 k 
5 bhl a . (c^) Fic. 250. 


This shows that the quantity of energy which can be stored 
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in a rectangular cantilever beam, loaded at the end, without 
producing permanent set, is one third of that for pure bending 
of the same bar and one ninth of that for the same bar in 
simple tension. This consideration is of importance in de- 
signing springs, which must absorb a given amount of energy 
without damage and yet have as small a weight as possible. 
The capacity of a cantilever to absorb energy may be in- 
creased by giving it a variable cross section. For example, a 
cantilever of uniform strength with a rectangular cross section 
of constant depth 4 (Fig. 185), and with the same values for 
P, h, and maz, has a deflection and hence an amount of stored 
energy $0 per cent greater than for the prismatical bar. At 
the same time the bar of uniform strength has half the weight 
of the prismatical bar, so it can store three times as much 
energy per pound of material. 

Returning to eq. (c) and equating the strain energy to the 
work done by the load P during deflection, we obtain 


Pè PP 
3 SEEL (2) 
from which the deflection at the end is 
_ PË 
~ 3EI,? 


which coincides with eq. (gs). 


The additional deflection due to shear may also be determined 
from the potential energy of strain. For the cantilever shown in 
Fig. 250, with a rectangular cross section, the shearing stress at a 
distance y from the neutral axis is (see eq. 6s) 


The energy of shear in an elemental volume ddxdy is, therefore, 


from eq. (179), 
Pe i? 2 
—~——— fF — ~— 2 
8G 7 3 y ) baxdy, 
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al thle P k 2 Plh 
v= Í Sin snl- ») bdxdy = OGT, (0) 


This must be added to the right side of eq. (d) above ® to obtain 
the equation for determining the total deflection: 





Pò PB Ppp 
q 2 6EI, wG Y) 
| consequentl 
o” i ” _ PP SE) (£) 
ô= JEL T io BG g 


E The second term in the parentheses represents the effect of the 
a shearing stresses on the deflection of the beam. By use of the 
# method developed in article 39 under the assumption that the 
| element of the cross section at the centroid of the built-in end 
remains vertical (Fig. 250, 4), the additional slope due to shear is 


hence 








; PE 3 PI re ( 


_ 35a) 
~ 3EI, 


7 
2 G ELN T3 EG (8) 
It will be seen that eqs. (g) and (g’) do not coincide. The dis- 
crepancy is explained as follows: The derivation of article 39 was 
+ based on the assumption that the cross sections of the beam can 
warp freely under the action of shearing stresses. In such a case 
Æ the built-in cross section will be distorted to a curved surface mon 
(Fig. 250, 4) and in calculating the total work done on the cantilever 
we must consider not only the work done by the force P, Fig. 250 (a), 
but also the work done by the stresses acting on the built-in cross 
section, Fig. 250 (4). If this later work is taken into account, the 








10 Such an addition of the energy of shear to the energy due to normal 
stresses is justified, because the shearing stresses acting on an element 
(Fig. 247) do not change the lengths of the sides of the element and. if 
normal forces act on these sides, they do no work during shearing strain. 
Hence shearing stresses do not change the amount of energy due to 
tension or compression and the two kinds of energy may be simply 
added together. 
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deflection calculated from the consideration of the strain energy 
coincides with that obtained in article 39 and given in equation 
(g’) above. 

In the case of a simply supported beam loaded at the middle, 
the middle cross section does not warp, as can be concluded from 
considerations of symmetry. In such a case equation (g), if applied 
to each half of the beam, will give a better approximation for the 
deflection than will equation (g’). This can be seen by comparing 
the approximate equations (g) and (g’) with the more rigorous 
solution given in article 39. 


Problems 


1. A wooden cantilever beam, 6 feet long, of rectangular cross 
section 8” X 5” carries a uniform load g = 200 lbs. per foot. De- 
termine the amount of strain energy stored if E = 1.5 X 10° Ibs. 
per sq. in. l 

Answer. 

gP 1200? X 723 X 12 
~ 40El, 40 X 1.5 X 10° X 5 X 8 


2. In what ratio does the amount of strain energy calculated 
in the previous problem increase if the depth of the beam is 5” 
and the width 8”? 

Answer. The strain energy increases in the ratio 82/32. 

3-, Two identical bars, one simply supported, the other with 
built-in ends, are bent by equal loads applied at the middle. In 
what ratio are the amounts of strain energy stored? 

Answer. 4:1. 

4. Solve the above problem for a uniformly distributed load of 
the same intensity ¢ for both bars. 

5. Find the ratio of the amounts of strain energy stored in 
beams of rectangular section equally loaded, having the same length 
and the same width of cross sections but whose depths are in the 
ratio 2/1. 

Solution. For a given load the strain energy is proportional 





= 42 lbs. ins. 


to the deflection and this is inversely proportional to the moment” 


of inertia of the cross section. By halving the depth the deflection 
is therefore increased 8 times and the amount of strain energy 
increases in the same proportion. 


67. Bending Produced by Impact.—The dynamic deflec- 
tion of a beam which is struck by a falling body W may be 





" See “Theory of Elasticity,” p. 150, 1934. 
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P determined by the method used in the case of impact causing 
l tension (art. 64). Take, as an example, a simply supported 
l beam struck at the middle (Fig. 251), and assume that the 
mass of the beam may be neglected in comparison with the 
mass of the falling body, and that the beam is not stressed be- 
yond the yield point. Then there will be no loss of energy dur- 
ing impact and the work done by the weight W during its fall 
is completely transformed into strain energy of bending of the 
beam.” Let ô denote the maximum deflection of the beam 
during impact. If we assume that the deflection curve during 
( impact has the same shape as that during 
static deflection, the force which would 
` cause such a deflection is, from eq. (90), 


SEI, 
a. (a) 























P=ò 





The total energy stored in the beam is equal to the work done 
by the force P: 





U= Saat 


If A denotes, as before, the distance fallen, the equation for 
determining ô is 


Wh + 8) = pacts z, C) 
4 from which 
B= bu + Bl +o bah, (189) 


where 
_ WP 


Equation (189) is exactly the same as that for impact causing 

tension (eq. 172). 
It should be noted that the form of the equation remains 

the same for any other case of impact, provided the deflection 


Set and v = V2gh. 











12 Local deformation at the surface of contact of the load and the 
beam is neglected in this calculation. 
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at the point of impact is proportional to the force P, exerted 
at this point. If we represent by «æ the factor of proportion. 
ality which depends upon the structure, we have 


aP =ô and U = — = . 
2 2a 


Then 
6? 


and since ôs = Wa, this reduces to eq. (189) above. 

It should be noted also that the deflection 6 calculated 
from (189) represents the upper limit, which the maximum 
dynamic deflection approaches when there are no losses of 
energy during impact. Any such loss will reduce the dynamic 
deflection. When the dynamic deflection is found from eq. 
(189), the corresponding stresses can be found by multiplying 
by 6/6, the stresses obtained for a statical application of the 
load W. 


When A is large in comparison with ôs: eq. (189) may take 


the simpler form 
fi 
ô = zo (c) 


For the case of a beam supported at the ends and struck at 
the middle this equation gives 


s- JE 
= Nop ET, (2) 
The maximum bending moment in this case is 
M max = Pi = -48 ELl 
4 P 4 


and 


For a rectangular cross section, using eq. (d), 


_ a ok 
Tmax 2g TA (e) 








ENERGY OF STRAIN 303 


l This indicates that the maximum stress depends upon the 


kinetic energy of the falling body and the volume /4 of the 
beam. 


In determining the effect of the mass of the beam on the maxi- 
mum deflection we will assume that the deflection curve during 


| impact has the same shape as during static deflection. Then it 


can be shown that the reduced mass of the beam ™® supported at the 
ends is 17/35 (gi/g) and the common velocity which will be estab- 
lished at the first moment of impact is 


_ W 
“WE 07/35) g” 


Va 


_ The total kinetic energy after the establishment of common velocity 





Va IS 
Uae Vv I 
E W + (17/35) q) = E ——— y; 
ag ‘ (17/35) 7!) T 
36 y 
using this instead of 
We 
——= Wh 
2g 
in eq. (4), we obtain 
ôs 0” I 
ò= b+ [ie +—~ ap (190) 
I+ $b ye 


which takes account of the effect of the mass of the beam on the 
deflection 5.4 


13 See paper by Homersham Cox mentioned before (see p. 289). 

4 Several examples of the application of this equation will be found 
in the paper by Prof. Tschetsche, Zeitschr. d. Ver. d. Ing., 1894, P. 134. 
A more accurate theory of transverse impact on the beam is based on 
the investigation of its lateral vibration together with the local deforma- 
tions at the point of impact. See St. Venant, loc. cit., p. 537. Note 
finale du par. 61; C. R., Vol: 45, 1857, p. 204. See also writer’s paper in 
Ztschr. f. Math. u. Phys., Vol. 62, 1913, p. 198. Experiments with beams 
subjected to impact have been made in Switzerland and are in satis- 
factory agreement with the above approximate theory; see “Tech. 
Komm. d. Verband Schweiz. Brückenbau- u. Eisenhochbaufabriken,”’ 
Bericht von M. Roš, March, 1922. See also the recent articles by Tuzi, 
Z., and Nisida, M., Phil. Mag. (7), Vol. 21, p. 448; and R. N. Arnold, 
Proc. of the Institution of Mechanical Engineers, Yol. 137, 1937, P- 217- 
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l In the case of a cantilever, if the weight W strikes the beam 
at the end, the magnitude of the reduced mass of the beam is 
33/140 (g//g). When a beam simply supported at ends is struck 
at a point whose distances from the supports are respectively a 
and 4, the reduced mass is 


ae PY |e, 
ros, t? 1+ Z 


Problems 


1. A simply supported rectangular wooden beam g feet long is 
struck at the middle by a 40 lb. weight falling from a height 4 = 12 
in. Determine the necessary cross-sectional area if the working 
stress is oy = 1,000 Ibs. per sq. in., Æ = 1.5 X 10° lbs. per sq. in. 

Solution. Using eq. (e), p. 302,'% 


_ We BE 


We BE 18 X 1.5 X 108 
ag lo? 


= 40X 129 & 12 X 1,0008 120 sq. in. 

2. In what proportion does the area in the previous problem 
change (1) if the span of the beam increases from g to 12 feet; 
(2) if the weight W increases by 50 per cent? 

Answer. (1) The area diminishes in the ratio 3:4. (2) The 
area increases by 50 per cent. 

3. A weight W = tco lbs. drops 12 inches upon the middle of 
a simply supported I beam, 10 ft. long. Find safe dimensions if 
Fw = 30 X Iœ lbs. per sq. in. 

Solution. Neglecting ôs: in comparison with 4 (see eq. c), the 
ratio between the dynamic and the static deflections is 


è a 
Bae Ngõse N ôs 
If the deflection curve during impact is of the same shape as for 


static deflection, the maximum bending stresses will be in the same 
ratio as the deflections; hence 


Jami _ f hich 2 = 6EWh 
Bur gZ Ow from which z = a y> 


in which Z is the section modulus and ¢ is the distance from the 
neutral axis of the most remote fiber, which is half the depth of 








15 Local deformation at the surface of contact of the load and the 
beam is neglected in this calculation. 
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the beam in our case. Substituting the numerical data, 


Z 6 X 30 X 108 X 100 XK 12 


5 = 2 in? 
c 30,0007 X 120 


The necessary I beam is of 5” depth, wt. per foot 12.25 lbs. 
4. What stress is produced in the beam of the previous problem 


a by a 200 lb. weight falling onto the middle of the beam from a 


height of 6 in.? 

Answer. Cmax = 28,900 lbs. per sq. in. 

5. A wooden cantilever beam 6 feet long and of square cross 
section 12” X 12” is struck at the end by a weight W = 100 lbs. 


|. falling from a height 4 = 12 in. Determine the maximum deflec- 
` tion, taking into account the loss in energy due to the mass of the 
- beam. 


Solution. Neglecting ô. in comparison with 4, the equation 
analogous to eq. (190) becomes 


b= |E 4 33 
1 + zo W 
For g/ = 40 X 6 = 240 lbs., 
24 {AE . 
Ose $ = 4/4 = o. . 
ô = ' 1 + 33240 3x 16 Xox rae 027m 
140 X 100 


6. A beam simply supported at the ends is struck at the middle 
by a weight W falling down from the height 4. Neglecting ôs; in 
comparison with /, find the magnitude of the ratio g//W at which 
the effect of the mass of the beam reduces the dynamical deflection 
by Io per cent. 

Answer. 


r = 0.483. 

68. The General Expression for Strain Energy.—In the 
discussion of problems in tension, compression, twist and 
bending it has been shown that the energy of strain can be 
represented in each case by a function of the second degree in 
the external forces (eqs. 168, 177 and 184) or by a function of 
the second degree in the displacements (eqs. 169, 178 and 


306 STRENGTH OF MATERIALS 


185). This is also true for the most general deformation of an 
elastic body, with the following provisions: the materiaj 
follows Hooke’s law; the conditions are such that the small 
displacements, due to strain, do not affect the action of the 
external forces and are negligible in calculating the stresses." 
With these two provisions, the displacements of an elastic 
system are linear functions of the external loads; if these 
loads increase in a certain proportion, all the displacements 
increase in the same proportion. Consider a body submitted 
to the action of the external forces Pi, Pa, Pa, «+> (Fig. 252) 
and supported in such a manner that movement as a rigid 
body is impossible and displacements are due to elastic 
deformations only. Let ô, 52, ôs +- denote the displace- 
ments of the points of application of the 
forces each measured in the direction of 
the corresponding force.!”_ If the external 
forces increase gradually so that they are 
always in equilibrium with the resisting in- 
ternal elastic forces, the work which they 
do during deformation will be equal to the 
Fie, 252, strain energy stored in the deformed body. 
The amount of this energy does not de- 
pend upon the order in which the forces are applied and is 
completely determined by their final magnitudes. Let us 
assume that all external forces P}, Pa, Ps, --+ increase simul- 
taneously in the same ratio; then the relation between each 
force and its corresponding displacement can be represented 
by a diagram analogous to that shown in Fig. 241, and the 
work done by all the forces Pi, Po, Ps, +++, equal to the strain 
energy stored in the body, is 


v= Sh os OP 








+e, (191) 








t6 Such problems as the bending of bars by lateral forces with simul- 
taneous axial tension or compression do not satisfy the above condition 
and are excluded from this discussion. Regarding these exceptional 
cases see article 72. 

7 The displacements of the same points in the directions perpendicular 
to the corresponding forces are not considered in the following discussion. 


ead as loss oan ec Gc ce ee eee 
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i.e., the total energy of strain is equal to half the sum of the 
products of each external force and its corresponding displace- 
ment.48 On the assumptions made above, the displacements 
51, 52, ôs, >+- are linear functions of the forces Pi, Pe, Ps, tee, 
The substitution of these functions into eq. (191) gives a 
general expression for the strain energy in the form of a 
homogeneous function of the second degree in the external 
forces. If the forces be represented as linear functions of 
displacements and these functions be substituted into eq. 
(191), an expression for the strain energy in the form of a 
homogeneous function of the second degree in displacements 
is obtained. 

In the above discussion the reactions at the supports were 
not taken into consideration. The work done by these 
reactions during the deformation is equal to zero since the 
displacement of an immovable support, such as 4 (Fig. 252), 
is zero and the displacement of a movable support, such as B, 
is perpendicular to the reaction, friction at the supports 
being neglected. Consequently, the reactions add nothing to 
the expression for the potential energy (191). 


As an example of the application of eq. (191) let us consider 
the energy stored in a cubic element submitted to uniform tension 
in three perpendicular directions (Fig. 50). If the edge of the cube 
is of unit length, the tensile forces on its faces are numerically sz, 
oy, 7, and the corresponding elongations, €z, €n €z- Then the strain 
energy stored in one cubic inch, from eq. (191), is 


Ozz | Tyly 


2 tg tg 


O2€z 





w = 
Substituting, for the elongations, the values given by (43), 


w = =- (o2 + oe + o2) — £ (roy + oyo: t+ oz). (192) 
2E E 

18 This conclusion was obtained first by Clapeyron; see Lamé, 
Leçons sur la théorie mathématique de Pélasticité, 2 ed., 1866, p- 79- 

19 Here the changes in temperature due to strain are considered of 
no practical importance. For further discussion see the book by T. 
Weyrauch, “Theorie elastischer Körper,” Leipzig, 1884, p. 163. See 
also Z. f. Architektur- und Ingenieurwesen, Vol. 54, 1908, p. 91 and 


p- 277. 
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This expression can also be used when some of the normal stresses 
are compressive, in which case they must be given a negative 
sign. 

If in addition to normal stresses there are shearing stresses 
acting on the faces of the element, the energy of shear can be added 
to the energy of tension or compression (see p. 299), and using 
eq. (179) the total energy stored in one cubic inch is 


I 
w = 2E (a +o + e) — i (G2ty + oyoe + 7202) 


I 
+ 3G (toy? + Tyè + Ta). (193) 


As a second example let us consider a beam supported at the 
ends, loaded at the middle by a force P and bent by a couple M 
applied at the end 4. The deflection at the middle is, from eqs. 
(g0) and (105), 





PR MP 
è= ger + i6ET ) 
The slope at the end < is, from eqs. (88) and (104), 
p- Ph, Ml 
= T6EL* ZEI (2) 


Then the strain energy of the beam, equal to the work done by the 
force P and by the couple M, is 


Ps Me i (= Mei a) 


U= ota Ege te te 


2'2 EFI (o 
This expression is a homogeneous function of the second degree in 
the external force and the external couple. Solving eqs. (4) and 
(4) for M and P and substituting in eq. (c), an expression for the 
strain energy in the form of a homogeneous function of the second 
degree in displacements may be obtained. It must be noted that 
when external couples are acting on the body the corresponding 
displacements are the angular displacements of surface elements on 
which these couples are acting. 


69. The Theorem of Castigliano.—From the expressions 
for the energy of strain in various cases a very simple method 
for calculating the displacements of points of an elastic body 
during deformation may be established. For example, in 
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the case of simple tension (Fig. 1), the strain energy as given 


by eq. (168) is 
PY 


U = SAE’ 


By taking the derivative of this expression with respect to P 
we obtain 
dU Pl _ 
dP AE 
i.e., the derivative of the strain energy with respect to the 
load gives the displacement corresponding to the load, i.e., at 
the point of application of the load in the direction of the 


ô, 


= load.. In the case of a cantilever loaded at the end, the strain 


energy is (eq. ¢, p. 297) 
Pp 
= 6EI° 


The derivative of this expression with respect to the load P 


, gives the known deflection at the free end P//3EI. 


In the twist of a circular shaft the strain energy is (eq. 182) 


Mel | 
2GI> 


The derivative of this expression with respect to the torque 
gives 

dU Md _ 

dM, = Gi, = Py 


which is the angle of twist of the shaft, and represents the 
displacement corresponding to the torque. 

When several loads act on an elastic body, the same 
method of calculation of displacements may be used. For 
example, expression (c) of the previous article gives the strain 
energy of a beam bent by a load P at the middle and by a 
couple Mattheend. The partial derivative of this expression 
with respect to P gives the deflection under the load and the 
partial derivative with respect to M gives the angle of rotation 
of the end of the beam on which the couple M acts. © 
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The theorem of Castigliano is a general statement of these 
results.2° If the material of the system follows Hooke’s law 
and the conditions are such that the small displacements due 
to deformation can be neglected in discussing the action of 
forces, the strain energy of such a system may be given by a 
homogeneous function of the second degree in the acting 
forces (see art. 68). Then the partial derivative of strain 
energy with respect to any such force gives the displacement 
corresponding to this force (exceptional cases see art. 72). 
The terms “force” and “displacement” here may have their 
generalized meanings, that is, they include “couple” and 
“angular displacement” respectively. 

Let us consider a general case such as shown in Fig. 252. 
Assume that the strain energy is represented as a function of 
the forces P1, Pa, Ps, ---, so that 


U = f(Pi, Pa, Ps, +++). (a) 


If a small increase dP, is given to any external load P,, the 
strain energy will increase also and its new amount will be 


au 
U + 5p. Py. (6) 


But the magnitude of the strain energy does not depend upon 
the order in which the loads are applied to the body—it 
depends only upon their final values. It can be assumed, for 
instance, that the infinitesimal load dP, was applied first, and 
afterwards the loads Py, Pa, P3, +++. The final amount of 
strain energy remains the same, as given by eq. (4). The load 
4P,, applied first, produces only an infinitesimal displacement, 
so that the corresponding work done is a small quantity of the 
second order and can be neglected. Applying now the loads 
Pi, P2, Ps, -+ +, it must be noticed that their effect will not be 


2 See the paper by Castigliano, “Nuova Teoria Intorno dell’ Equi- 
librio dei Sistemi Elastici,” Atti della Academia delle scienze, Torino, 
1875. See also his “ Théorie de équilibre des systémes élastiques,” Turin, 
1879. For an English translation of Castigliano’s work see E. S. An- 
drews, London, 1919. 
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modified by the load dP, previously applied #! and the work 
done by these loads will be equal to U (eq. a), as before. But 
during the application of these forces, however, dP, is given 
some displacement 6, in the direction of Pa, and does the 
work (dP,)6,. The two expressions for the work must be 


equal; therefore 


U + 35 (dP,) = U + (aP.)8 


aU 


= oP ° (194) 


bn 





As an application of the theorem let us consider a canii- 
lever beam carrying a load P and a couple Ma at the end, 
Fig. 253. The bending moment at a cross section mn is 
M = — Px — M, and the strain energy, from equation 


(184), is 
» MP dx 
U = f ZET ` 


To obtain the deflection ô at the end of the cantilever we have 
only to take the partial derivative of U with respect to P, 


which gives 
ðU I t „oM 
s= 3p Er) MSPA 
Substituting for M its equivalent expression, in terms of F 
and Ma, we obtain 


1 ¢? PP | M. 
ô = ay (Px + Mi)xdx = ZEIT JEI 


The same expression would have been obtained by applying 
one of the previously described methods, such as the area 


moment method. , 
To obtain the slope at the end we calculate the partial 





2 This follows from the provisions made on page 306 on the basis of 
which the strain energy was obtained as a homogeneous function of the 
second degree. 
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derivative of the strain energy with respect to the couple 
Ma. Then 


0 = a -af Mot 


PP Ma 
nut (Px + M,)dx = = 221 © FT EI ` 


2 The positive signs obtained for 6 and 6 
indicate that the deflection and rotation 
Fic, 253. of the end have the same directions re- 
spectively as the force and the couple in 






Fig. 253. 

It should be noted that the partial derivative 0M/dP is 
the rate of increase of the moment M with respect to the 
increase of the load P and can be visualized by the bending 
moment diagram for a load equal to unity, as shown in Fig. 
254 (a). The partial derivative 0M/0M, can be visualized 





Fic. 254. 


in the same manner by the bending moment diagram in 
Fig. 254 (4). Using the notations 





ap = My and 
we can represent our previous results in the following form: 


1 f“ , 1 f 
ô = al MM,/dx; 6 = ad MM,,,'dx. (195) 
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These equations, derived for the particular case shown in 
Fig. 253, also hold for the general case of a beam with any 
kind of loading and any kind of support. They can also be 
used in the case of distributed loads. 

Let us consider, for example, the case of a uniformly loaded 
and simply supported beam, Fig. 255, and calculate the de- 


q _ flection at the middle of this beam by using the Castigliano 


theorem. In the preceding cases concentrated forces and 
couples acted, and partial derivatives with respect to these 
forces and couples gave the corresponding displacements and 





Vas 





Fic. 255. 


rotations. In the case of a uniform load there is no vertical 
force acting at the middle of the beam which would correspond 
to the deflection at the middle. Thus we cannot proceed as 
in the previous problem. This difficulty can, however, be 
readily removed by assuming that there is a fictitious load P 
of infinitely small magnitude at the middle. Such a force 
evidently will not affect the deflection and the bending mo- 
ment diagram shown in Fig. 255 (4). At the same time, the 
rate of increase of the bending moment due to the increase of P, 
represented by the partial derivative 0M/0P, is as represented 
by Fig. 255 (c) and 255 (d). With these values of Mand dM/aP 
the value of the deflection is 


au 
ô = 9p = -ar fl MSF 


Observing that M and dM/@P are both symmetrical with 
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respect to the middle of the span, we obtain 


2 l2 ðM 


2 (Ħfql 2 lki 
L2 fE (gle NE g sgt 
=ar, ( EAE: 

7 If it is required to calculate 

“.) the slope at the end B of the 

Z beam in Fig. 255 (a) by using 

2 — the Castigliano theorem, we 
@) a | , have only to assume an infi- 
nitely small couple M, applied 
(6) at B. Such a couple does not 

Fic. 256. change the bending moment 

diagram in Fig. 255 (4). The 

partial derivative 8M/ð3 M, is then as represented in Fig. 256 


(a) and 256 (4). The required rotation of the end B of the 
beam is then 


l 
o= OU - I f m? ax 
0 








oM, El., ð Me 


_ oi ‘(glx gx®\x 
= ET, (S-S)ie 











We see that the results ob- 
tained by the use of Castig- 
liano’s theorem coincide with 
those previously obtained (p. 
138). 

The Castigliano theorem is 
especially useful in the calcula- 
tion of deflections in trusses. 
As an example let us consider 
the case shown in Fig. 257. All 
members of the system are numbered and their lengths and 
cross-sectional areas given in the table below. The force S, 
produced in any bari of the system by the loads Pi, Pa, Ps 





Fie. 257. 
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may be calculated from simple equations of statics. These 
forces are given in column 4 of the table. The strain energy 


TABLE oF Data FoR THE Truss IN FIGURE 257 



































1 2 3 4 5 6 7 
i A a si s; SiS hi s” 
in. in tn. A; 
I 250 6 — 13.75 —o.625 358 o 
2 150 -3 8.25 0.375 155 I 
3 200 2 8.00 o o o 
4 150 3 8.25 9.375 155 I 
5 250 2 3-75 0.625 293 o 
6 300 4 — 10.50 —o.750 59 o 
7 250 2 6.25 0.625 488 o 
8 Iso 3 6.75 0.375 127 o 
9 200 2 4.00 o o o 
10 250 6 — 11.25 ~~ 0.625 293 o 
11 150 3 ! 6.75 0.375 127 o 
i 
i=m , 
> Seth _ 2,055 tns. per inch. 





int Ai 


of any bar i, from eq. (168), is S,7/;/24,E. The amount of 
strain energy in the whole system is 
= S 


U= EIP (196) 





in which the summation is extended over all the members of 
the system, which in our case is m = 11. The forces S; are 
functions of the loads P, and the deflection 6, under any load 
P,, is, therefore, from eq. (194), 


_ aU Sh a8; 
= 9p, 7 2 ZE BP." (197) 


The derivative 0S;/dP, is the rate of increase of the force S; 
with increase of the load P,. Numerically it is equal to the 
force produced in the bar 7 by a unit load applied in the 
position of P,, and we will use this fact in finding the above 
derivative. These derivatives will hereafter be denoted by 


bn 
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S. The equation for calculating the deflections then 


becomes ' 1 
=m SiS hi 
è= E AE (198) 


t=1 

Consider for instance the deflection 62 corresponding to P: at 4 
in Fig. 257 (a). The magnitudes S,’ tabulated in column 5 
above are obtained by the simple principles of statics from the 
loading conditions shown in Fig. 257 (4), in which all actual 
loads are removed and a vertical load of one ton is applied at 
the hinge 4. The values tabulated in column 6 are calculated 
from those entered in columns 2 through 5. Summation and 
division by the modulus E = (30/2,000) X 108 tns. per sq. in. 
gives the deflection at 4, eq. (198), 


2,055 X 2,000 


ba = 30 X 108 


= 0.137 in. 

The above discussion was concerned with the computation 
of displacements 41, 52, -- - corresponding to the given external 
forces Pa, Po, +++. In investigating the deformation of an 
elastic system, it may be necessary to calculate the displace- 
ment of a point at which there is no load at all, or the dis- 
placement of a loaded point in a direction different from that 
of the load. The method of Castigliano may also be used 
here. We merely apply at that point an additional infinitely 
small imaginary load Q in the direction in which the displace- 
ment is wanted, and calculate the derivative 9U/dQ. In this 
derivative the added load Q is put equal to zero, and the 
desired displacement obtained. For example, in the truss 
shown in Fig. 257 (a), let us calculate the horizontal displace- 
ment of the point 4. A horizontal force Q is applied at this 
point, and the corresponding horizontal displacement is 

ðU tam Sili ðs; 
a= (50 Jea SEAE aQ’ (4) 
in which the summation is extended over all the members of 
the system. The forces S; in eq. (d) have the same meaning 
as before, because the added load Q is zero, and the derivatives 
ðS:/3Q = S;' are obtained as the forces in the bars of the 
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truss produced by the loading shown in Fig. 257 (c). These 
are tabulated in column 7. Substituting these forces into 
eq. (d), we find that the horizontal displacement of 4 is equal 
to the sum of the elongations of the bars 2 and 4, namely, 

I (3 2) 150 X 2,000 


=p A.) * 3X30X io (8.25 +8.25) = 0.055 in. 


A," A 
In investigating the deformation of trusses p 
it is sometimes necessary to know the change j 8 
in distance between two points of the system. @ 
This can also be done by the Castigliano 
method. Let us determine, for instance, what 
decrease 6, in the distance between the joints a 
A and B (Fig. 258, a), is produced by the loads 8 
Pı, Pa, P3 At these joints, two equal and ‘ 
opposite imaginary forces Q are applied as in- A 
dicated in the figure by the dotted lines. It 
follows from the Castigliano theorem that the 
partial derivative (@U/8Q)e-0 gives the sum 
of the displacements of 4 and B, in the direction 4B, produced 
by the loads P;, P2, Ps. Using eq. (194), this displacement is 2? 
ðU t=m Sl; Os; tem Sil; , 
s= (3g) AZET ETE S 099) 
in which S; are the forces produced in the bars of the system by 
the actual loads Pı, P, Ps; S; are the quantities to be 
determined from the loading shown in Fig. 258 (4), in which all 
actual loads are removed and two opposite unit forces are 
applied at 4 and B; and m is the number of members. 


ros 


Fic. 258. 





Problems 


1. Determine by the use 
of Castigliano’s theorem the 
deflection and the slope at 
the end of a uniformly loaded 

Fic. 259. cantilever beam. 
2. Determine the deflec- 
tion at the end B of the overhang of the beam shown in Fig. 259. 


2 This problem was first solved by J. C. Maxwell, “On the Calcu- 
lation of the Equilibrium and Stiffness of Frames,” Phil. Mag. (4), 
Vol. 27, 1864, p. 294. Scientific Papers, Vol. 1, Cambridge, 1890, p. 598. 
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3- A system consisting of two prismatical bars of equal length 
and equal cross section (Fig. 260) carries a vertical load P. Deter- 
mine the vertical displacement of the hinge 4. 

Solution. The tensile force in the bar 
AB and compressive force in the bar 4C are 
equal to P. Hence the strain energy of the 
system is 

P?] 
U= 277E 





Fie. 260. The vertical displacement of Z is 
„2U _ 2PI 
— dP AE 


4. Determine the horizontal displacement of. the hinge 4 in 
the previous problem. 

Solution. Apply a horizontal imaginary load Q as shown in 
Fig. 260 by the dotted line. The potential energy of the system is 


_ (P +1/V3Q)7 (P — 1/43071 
U == E tE 


The derivative of this expression with respect to Q for Q = o gives 
the horizontal displacement 


(Sooo (saz). =° 


5. Determine the angular displacement of the bar 4B produced 
by the load P in Fig. 261. 

Solution. An imaginary couple M is ap- 
plied to the system as shown in the figure by 
dotted lines. The displacement correspond- 
ing to this couple is the angular displacement 
ge of the bar 4B due to the load P. The 
forces S; in this case are: P + 1/¥3(M//) 
in the bar 4B and — P — 2/¥3(M/J) in the 
bar 4C. The strain energy is 





v= | (r+ Fic. 261. 
(-r-25¥t)] 
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from which 


- (28) = (28+ 4), = 28. 
? ~ ðM M=0 ~ AE 3lAE M=0 ~ 


6. What horizontal displacement 
of the support B of the frame shown 
in Fig. 262 is produced by horizontal 
force H? 











Answer. 
2 Hè Hel 
ô= SER EI 
7. Determine the vertical dis- Fic. 262. 


placement of the point 4 and hori- 

zontal displacement of the point C of the steel truss shown in Fig. 263 
if P = 2,000 lbs., the cross-sectional areas of the compressed bars 
are § sq. in., and of the other bars 2 sq. in. 


r> 





Fic. 263. Fic. 264. 


8. Determine the increase in the distance 4B produced by 
forces H (Fig. 264) if the bars 4C and BC are of the same dimen- 
sions and only the bending of the bars need be taken into account. 
It is assumed that «is not small, so that the effect of deflections on 
the magnitude of bending moment can be neglected. 

Answer. 

2 H sin’a & 
3 EI 
9. Determine the deflection at 
a distance a from the left end of 
the uniformly loaded beam shown 
in Fig. 255 (a). 
Solution. Applying an infi- 
nitely small load P at a distance 
a from the left end, the partial 
derivative ðM/ðP is as visual- 
ized in Fig. 265 (a) and 265 (8). 
Using for M the parabolic diagram in Fig. 255 (4), the desired 


ô = 








Fie. 265. 
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deflection is 





ðU ırı © aM 1 (* (gle qN xb 
i= paar), “ope - al (FE) Te 
I "gl: gx’ \ all — x) gab 
taf ( 2 2 ) 7 = aE] Z +B + 300). 


Substituting x for a and / — x for 4 this result can be brought 
into agreement with the equation for the deflection curve previously 
obtained (p. 138). 


70. Application of Castigliano Theorem in Solution of 
Statically Indeterminate Problems.—The Castigliano theorem 
is very useful also in the solution of statically indeterminate 
problems. Let us begin with problems in which the reactions 
at the supports are considered as the statically indeterminate 
quantities. Denoting by X, Y, Z, --- the statically inde- 
terminate reactive forces, the strain energy of the system is a 
function of these forces. For the immovable supports and 
for the supports whose motion is perpendicular to the direction 
of the reactions the partial derivatives of the strain energy 
with respect to the unknown reactive forces must be equal to 
zero by the Castigliano theorem. Hence 


ðU , ðU ðU 
ax T ay ~ % 3z 7 o9; sey (200) 


In this manner we obtain as many equations as there are 
statically indeterminate reactions. 

It can be shown that eqs. (200) represent the conditions 
for a minimum of function U, from which it follows that 
the magnitudes of statically indeterminate reactive forces are 
such as to make the strain energy of the system a minimum. 
This is the principle of least work as applied to the determi- 
nation of redundant reactions.” 





2 The principle of least work was stated first by F. Menabrea in 
his article, “ Nouveau principe sur la distribution des tensions dans les 
systémes élastiques,” Paris, C. R., Vol. 46 (1858), p. 1056. See also 
C.R., Vol. 98 (1884), p. 714. The complete proof of the principle was 
given by Castigliano, who made of this principle the fundamental method 
of solution of statically indeterminate systems. The application of 
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As. an example of application of the above principle let 
us consider a uniformly loaded beam , 
built in at one end and supported z 
at the other (Fig. 266). This is the PG B 
problem with one statically indeter- 4 
minate reaction. Taking the verti- 
cal reaction X at the right support as 
the statically indeterminate quantity, this unknown force is 
found from the equation: . 


Fic. 266. 


dU 
x =? (a) 
The strain energy of the beam, from eq. (187), is 
’ Mdx 
U= f op () 
in which 
M = Xx - qe 
2 


Substituting in (a), we obtain 
dU 1 f',,dM, rif qx? 
xa MIX” =arf (x ~ 2) ede 


I i i 
-g (%35-13) = 


from which 


X = łąl. 


Instead of the reactive force X the reactive couple M, at 
the left end of the beam could have been taken as the statically 
indeterminate quantity. The strain energy will now be a 
function of M.. Equation (4) still holds, where now the 


eS 
strain energy methods in engineering was developed by O. Mohr (see 
his “Abhandlungen aus dem Gebiete d. technischen Mechanik”), by 
H. Müller-Breslau in his book, “ Die neueren Methoden der Festigkeits- 
lehre,” and F. Engesser, “ Über die Berechnung statisch unbestimmter 
Systeme,” Zentralbl. d. Bauverwalt. 1907, p. 606. A very complete 
bibliography of this subject is given in the art. by M. Grüning, Encyklo- 
pädie d. Math. Wiss., Vol. IV, 2, II, p. 419. 
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bending moment at any cross section is 


From the condition that the left end of the actual beam does 
not rotate when the beam is bent the derivative of the strain 
energy with respect to M, must be equal to zero. From this 
we obtain 


o_a fJ(2_M 
M, -aS Manz. = -af [(E-4 


gx’ | x 1 (4 Md 
aa a (E 3 Jo 


from which the absolute value of the moment is 








Problems in which we consider the forces acting in 
redundant members of the system as the statically indeter- 
minate quantities can also be solved by using the Casti- 

gliano theorem. Take, as an ex- 
¢ ample, the system represented in Fig. 

15 which was already discussed (see 

p- 19). Considering the force X in 
o the vertical bar OC as the statically 
y indetermined quantity, the forces 
in the inclined bars OB and OD are 
(P — X)/2 cos a. Denoting by U1 
the strain energy of the inclined bars 
(Fig. 267, a) and by U; the strain energy of the vertical bar 
(Fig. 267, 4), the total strain energy of the system is,” 


24y l XY lo) 
2cosa) AE cosa 2AE c 





@) & 
Fic. 267. 


U=U.+Ui=( 





2 Īt is assumed that all bars have the same cross-sectional area 4 
and the same modulus of elasticity £. 
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If ô is the actual displacement downwards of the joint O in 
Fig. 15 the derivative with respect to X of the energy U, of 
the system in Fig. 267 (a) should be equal to — ô, since the 
force X of the system has the direction opposite to that of 
the displacement ô In the same time the derivative 0U2/aX 
will be equal to 6. Hence 


aU aU, ðU: l 
T artor a aa (d) 


It is seen that the true value of the force X in the redundant 
member is such as to make the total strain energy of the 
system a minimum. Substituting for U its expression (c) in 
equation (d) we obtain 


_@-X_ 1 XI 


2 cos? a AE cosa + AE ° 
from which 
P 
X= _1+2cos' a 


A similar reasoning can be applied to any statically indeter- 
mined system with one redundant member, and we can state 
that the force in that member is such as to make the strain 
energy of the systema minimum. To illustrate the procedure 
of calculating stresses in such systems let us consider the frame 





\ Fic. 268. 


shown in Fig. 268 (a). The reactions here are statically deter- 
minate, but when we try to compute the forces in the bars, 
we find that there is one redundant member. Let us consider 
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the bar CD as this redundant member. Cut this bar at any 
point and apply to each end F and F; a force X, equal to that 
inthe bar. We thus arrive at a statically determinate system 
acted upon by the known force P, and, in addition, unknown 
forces X. The forces in the bars of this system are found in 
two groups: first, those produced by the external loading P 
assuming X = o, Fig. 268, 4, and denoted by S;°, where # in- 
dicates the number of the bar; second, those produced when 
the external force P is removed and unit forces replace the 
X forces (Fig. 268, c). The latter forces are denoted by $x. 
Then the total force in any bar, when the force P and the 
forces X are all acting, is 


S; = So + S X. (e) 
The total strain energy of the system, from eq. (196), is 

_ Se Seh AS + SLX); 

SEAE E AE > 2 
in which the summation is extended over all the bars of the 
system including the bar CD, which is cut. The Castigliano 
theorem is now applied and the derivative of U with respect 
to X gives the displacement of the ends F and F; towards each 
other. In the actual case the bar is continuous and this 
displacement is equal to zero. Hence 

dU 
qx =o (g) 





i.e., the force X in the redundant bar is such as to make the 
strain energy of the system a minimum. From eqs. (f) and (g) 


d SES + SUKI, _ St (SP + SEX! 








ax £ 2AE Z AE 9, 
from which 
tem SPS 
ULE | 
X = — ELZ, (201) 
tm ST, 
i=l AE 





25 For this bar S;° = o and $; = 1. 
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This process may be extended to a system in which there are 
several redundant bars. l 

The principle of least work can be applied also when the 
statically unknown quantities are couples. Take, as an 
example, a uniformly loaded beam on three supports (Fig. 
269). If the bending moment at the middle support be 
considered the statically indeterminate quantity, the beam is 
cut at B and we obtain two simply supported beams (Fig. 


A TTT TTT e 
Z B fa) 
bf 22 
A 5 / fa t 
4 Me M; l: () 


Fic. 269. 


. 


269, 4) carrying the unknown couples M, in addition to the 
known uniform load g. There is no rotation of the end B’ 
with respect to the end B” because in the actual case (Fig. 
269, a) there is a continuous deflection curve. Hence 


dU 
aM, = ° (202) 


Again the magnitude of the statically indeterminate quantity 
is such as to make the strain energy of the system a minimum. 


Problems 


1. The vertical load P is supported by a vertical bar DB of 
length / and cross-sectional area 4 and by two 
equal inclined bars of length / and cross sec- 
tional area 4; (Fig. 270). Determine the forces 
in the bars and also the ratio 41/4 which will 
make the forces in all bars numerically equal. 

Solution. The system is statically indeter- 
minate. Let X be the tensile force in the ver- 
tical bar. The compressive forces in the inclined 
bars are 1/V2(P — X) and the strain energy of Fig, 270. 
the system is 





XY (P— xX) 
24E 24E ` 





U = 
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The principle of least work gives 
dU Xi (P- X) 





dX AE AE ? 
from which 
P . 
X = A . 
I+ a 


I 
X= aP, 


we obtain 


A = y24. 





2. Determine the horizontal reaction X in the 
Fic. 271. system shown in Fig. 271. 

Solution. The unknown force X will enter only 

into the expression for the potential energy of bending of the por- 

tion 4B of the bar. For this portion, M = Pa — Xx, and the equa- 


tion of least work gives 


dU d [('Mdx 1 dM 1 f“ 
KAS oer ~ ard, M = — ay J, Pe- Xd 


-L (xP _ Pal) _ 
“EI 3 2 JO 


from which 


3- Determine the horizontal 
reactions X of the system shown 
in Fig. 272. All dimensions are 
given in the table below. 

Solution. From the principle 
of least work we have 
dU d Sek 
dX dX ~2AE 






A 





~ 2 AE dx ~ À to) 
Let S;° be the force in bar 7 pro- 
duced by the known load P assum. 
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ing X = o, Sj the force produced in the same bar by unit forces 
which replace the X forces (Fig. 272, 6). The values of So and S/ 
are determined from statics. They are given in columns 4 and 5 of 
the table below. Then the total force in any bar is 























S: = A + SX, 
f . 00.77, 427, 
j k a so Sf SPS h Sh 
in. in. Ai Ai 
I 180.3 5 —1.803P 1.202 — 78.1P 52.0 
2 158.1 3 1.581P —2.108 —175.9P 234 
3 50.0 2 1.000? — 1.333 — 33.3P 44-5 
4 180.3 5 —1.803P 1.202 — 78.1P 52.0 
5 158.1 3 1.581P —2.108 —175.7P 234 











E = —~540.9P; E = 616.5. 


Substituting into the equation of least work (200), 


5 (S? + SLX) 








Z= gE 5o 
from which 
T SOS]; 
L 
t=1 A; 
x == t=5 SP ' (f) 
i=i A; 


The necessary figures for calculating X are given in columns 6 and 
7. Substituting this data into eq. 
(f), we obtain \ 


X = 0.8977P. 


4. Determine the force in the 
redundant horizontal bar of the 
system shown in Fig. 273, assum- 
ing that the length of this bar is 
l = 300” and the cross-sectional 





area is o» The other bars have @) 
the same dimensions as in prob- Fic. 273. 
lem 3. 


Solution. The force in the horizontal bar is calculated from 
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eq. (201). This equation is of the same kind as eq. (f) in problem 3 
but in the system of Fig. 273 there is the additional horizontal 
bar. The force produced in this bar by the force P alone (X = 0) 
is zero, i.e., So? =o. The force produced by two forces equal to 
unity (Fig. 273, 4) is So’ = 1. The additional term in the numer- 
ator of eq. (f) is 

S Solo 

Ao 


The additional term in the denominator is 


= 0. 


Sls I “Ly 300 


Ay Ao A 
Then, by using the data of problem 3, 
x= eee ; 
Ay + 616.5 


Taking, for instance, 4) = I0 sq. in., 


_ 540.9P _ 
zo + 6105 + 616.5 0.836P. 


That is only 4.7 per cent less than the value obtained in problem 3 
for immovable supports.” 
Taking the cross-sectional area Æo = 1 sq. in., 


= 549:9 
joo + 616.5 0.590P. 

It can be seen that in statically indeterminate sys- 

tems the forces in the bars depend also on their 

cross-sectional areas. 

5. Determine the forces in the bars of the sys- 
tems shown in Fig. 20 by using the principle of 
least work. 

6. Determine the forces in the bars of the sys- 
tem shown in Fig. 274, assuming that all bars are 
of the same dimensions and material. 

Solution. If one bar be removed, the forces in the remaining bars 
can be determined from statics; hence the system has one redundant 
bar. Let 1 be this bar and X the force acting in it. Then all the 





Fic. 274. 





2 Taking o = ©, we obtain the same condition as for immovable 
g ? 
supports. 
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bars on the sides of the hexagon will have tensile forces X, bars 8, 9, 
11 and 12 have compressive forces X, and bars 7 and 10 have the 
force P — X. The strain energy of the system is 


27 — 2 
gaol EX, 


2AE 2AE 
From the equation dU/dX = o we obtain 
P 
X=: 


7. Determine the forces in the system shown in Fig. 268, 
assuming the cross-sectional areas of all bars equal and taking the 
force X in the diagonal 4D as the statically indeterminate quantity. 

Solution. Substituting the data, given in the table below, in 
eq. (201), 


























3 +2v2 
X = ——— P. 
; 4+ 272 
i k S? Sy SSK Sih 
I a P —1/y¥2 —aP/V2 a/2 
2 a P —1/¥2 —aP/V2 a/2 
3 a o —1/y¥2 o a/2 
4 a P —1/y2 —aP/V2 alz 
5 ay2 —Py2} +i —24P ay2 
6 ay2 o +1 o ay2 
~ fy 
z= TOTP y al + VD. 





V2 


8. A rectangular frame of uniform cross section (Fig. 275) is 
submitted to a uniformly distributed load of intensity g as shown. 
Determine the bending moment M at the corner. 

Answer. 





Fic. 275. 
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g. A load P is supported by two beams of equal cross section, 
crossing each other as shown in Fig. 276. Determine the pressure 
X between the beams. 

Answer. 

PPR 
X= Reh 

to. Find the statically indeterminate quantity in the frame 
shown in Fig. 167 by using the principle of least work. 

Solution. The strain energy of bending of the frame is 


O ("Hds f (My — Hh?dx 
u= f 2El, +f 25I 9 (g) 





in which Mo denotes the bending moment for the horizontal bar 
calculated as for a beam simply supported at the ends. Substi- 
tuting in equation: 





dU 
aH = O, (h) 
we find 
2H Hel A l 
E3 EI -af Modx. (k) 


The integral on the right side is the area of the triangular moment 
diagram for a beam carrying the load P. Hence 


[4 
[Mate =% Pett ~ 0). 
0 2 


Substituting in (k), we obtain for H the same expression as in (114). 
(See p. 192.) 

i1. Find the statically indeterminate quantities in the frames 
shown in Figs. 166, 169 and 171 by using the principle of least 
work. 

12. Find the bending moment in Fig. 269 assuming that /⁄ = 2/2. 


71. The Reciprocal Theorem.—Let us begin with a prob- 
lem of a simply supported beam shown in Fig. 277 (a) and 
calculate the deflection at a point D when the load P is acting 
at C. This deflection is obtained by substituting x = d into 
equation (86) which gives 


(ea = Ae p- Aa). (a) 





Cıin coincidence with point p| @ 
D and point D, with point 4 = 5 z 5 


P 
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It is seen that the deflection (a) does not change if we put d 
for 6 and 4 for d, which indicates that for the case shown in 
Fig. 277 (4) the deflection 
at D; is the same as the de- 
flection at Din Fig. 277 (a). 
From Fig. 277 (4) we obtain 
Fig. 277 (c) by simply rotat- a jp 

ing the beam through 180 P 


degrees which brings point k- s- 








C. Hence the deflection at 
C in Fig. 277 (c) is equal @ 
to the deflection at D in 
Fig. 277 (a). This means that if the load P is moved from 
point C to point D, the deflection which in the first case 
of loading was measured at D will be obtained in the 
second case at point C. This is a particular case of the 
reciprocal theorem. 

To establish the theorem in general form ?’ we consider an 
elastic body, shown in Fig. 278, loaded in two different 
manners and supported in such a way that displacement as 
a rigid body is impossible. In the first state of stress the 
applied forces are Pı and P2, and in the second state P; and P4. 
The displacements of the points of application in the directions 
of the forces are 53, 52, 53, 64 in the first state and 41’, 59’, 53’, 54’ 
in the second state. The reciprocal theorem states: The work 
done by the forces of the first state on the corresponding 
displacements of the second state is equal to the work done 
by the forces of the second state on the corresponding dis- 





27 A particular case of this theorem was obtained by J. C. Maxwell, 
loc. cit., p. 317. The theorem is due to E. Betti, I] nuovo Cimento 
(Ser. 2), V. 7 and 8 (1872). In a more general form, the theorem was 
given by Lord Rayleigh, London Math. Soc. Proc., Vol. 4 (1873), or 
Scientific Papers, Vol. 1, p. 179. Various applications of this theorem 
to the solution of engineering probiems were made by O. Mohr, loc. cit., 
p. 327, and H. Miiller-Breslau, loc. cit., p. 327. 
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placements of the first. In symbols this means 


Pii’ + Pode’ = Pô + Pady. (203). 


To prove this theorem let us consider the strain energy of the 
body when all forces P, --- Ps are acting together and let us 


5 


d 


(e) 





Fic. 278. 


use the fact that the amount of the strain energy does not 
depend upon the order in which the forces are applied but 
only upon the final values of the forces. In the first manner 
of loading assume that forces P, and P, are applied first and 
later forces P; and Py. The strain energy stored during the 
application of P, and Ps is 


P18, | Pb. 
a tO (a) 


Applying now. P, and P,, the work done by these forces is 
Pò; P45)! 
“2 ta g 


It must be noted, however, that during the application of P, 
and P, the points of application of the previously applied 
forces P, and P; will be displaced by ô,’ and ôx’. Then P, and 
Pz do the work 


Pô + Pag. (c) 


Hence the total strain energy stored in the body, by summing 





28 These expressions are not divided by 2 because forces P, and Pa 
remain constant during the time in which their points of application 
undergo the displacements ô;' and 6,’. 
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(a), (4) and (e), is 


P18; | Pods Ps | Pads’ 
= ta to tog + Padi’ + Pae. (d) 





U 


In the second manner of loading, let us apply the forces P; and 
P, first and afterwards Pı and Pa. Then, repeating the same 
reasoning as above, we obtain 

P3653" Pas Piôi P25. 


U == + z t ta E Pas + Pada (e) 


Putting (d) and (e) equal, eq. (203) is obtained. This 
theorem can be proven for any number of forces, and also for 
couples, or for forces and couples. In the case of a couple 
the corresponding angle of rotation is considered as the dis- 
placement. 

For the particular case in which a single force P, acts in 
the first state of stress, and a single force P} in the second 
state, eq. (203) becomes ” 


P46,’ = Pb, (204) 


If Pi = Pa it follows that ô’ = ô», i.e., the displacement of 
the point of application of the force P in the direction of 
this force, produced by the force P,, is equal to the displace- 
ment of the point of application of the force P; in the direction 
of Pı, produced by the force P} A verification of this 
conclusion for a particular case was given in considering the 
beam shown in Fig. 277. 

As another example let us again consider the bending 
of a simply supported beam. In the first state let it be 
bent by a load P at the middle, and in the second state by 
a bending couple M at the end. The load P produces the 
slope 0 = Pi?/16EI at the end. The couple M, applied at the 
end, produces the deflection M/?/16EI at the middle. Equa- 
tion (204) becomés 
MP PP 
16ET ~™ {GET ` 

29 This was proved first by J. C. Maxwell, and is frequently called 
Maxwell’s theorem. 


P 
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The reciprocal theorem is very useful in the problem of 
finding the most unfavorable position of moving loads on a 


statically indeterminate system. An > 


e example is shown in Fig. 279, which 


A = a 3, represents a beam built in at one 
y * endand simply supported at the othet 
k———7 and carrying a concentrated load P. 

att y The problem is to find the variation in 
TO FG * the magnitude of the reaction X at 


Fic. 279. the left support as the distance x of 

f the load from this support changes. 

Let us consider the actual condition of the beam (Fig. 279, a) 

as the first state of stress. The second, or fictitious, state is 

shown in Fig. 279 (4). The external load and the redundant 

support are there removed and a unit force upward replaces 

the unknown reaction X. This second state of stress is stat- 

ically determinate and the corresponding deflection curve is 

known (see eq. 97, p. 148). If the coordinate axes are taken 
as shown in Fig. 279 (4), 


y = zgr — A + a). A 


Let ô denote the deflection at the end and y the deflection at 
distance x from the left support. Then, applying the re- 
ciprocal theorem, the work done by the forces of the first 
state on the corresponding displacements of the second state is 


Xê — Py. 


In calculating now the work done by the forces of the second 
state, there is only the unit force on the end,” and the corre- 
sponding displacement of the point < in the first state is equal 
to zero. Consequently this work is zero and the reciprocal 
theorem gives 


Xô — Py = 0, 
from which 


X= Pt E 





30 The reactions at the built-in end are not considered in either case 
because the corresponding displacement is zero. 
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It is seen that, as the load P changes position, the reaction X 
is proportional to the corresponding values of y in Fig. 279 (4). 
Hence the deflection curve of the second state (eq. f) gives a 
complete picture of the manner in which X varies with x. 
Such a curve is called the influence line for the reaction X.” 

If several loads act simultaneously, the use of eq. (g) 
together with the method of superposition gives 


X =F E Pan 


where y, is the deflection corresponding to the load P, and the 
summation is extended over all the loads. 


Problems 


1. Construct the influence lines for the reactions at the sup- 
ports of the beam on three supports (Fig. 280). 

Solution. To get the influence line for the middle support the 
actual state shown in Fig. 280 (a) is taken as the first state of stress. 
The second state is indicated in Fig. 

280 (4), in which the load P is re- r—wP 4X 

moved and the reaction X is replaced 4 c B fa) 
by a unit force upward. This second z, ~— ee 

state of stress is statically determin- 

ate and the deflection curve is known 47 —y--*p- —- W 
(eqs. 86 and 87, p. 142); hence the t 
deflections ô and y can be calculated. [” 4 J" jA 
Then the work done by the forces of y 

the first state on the corresponding Fic. 280. 
displacements of the second state is 


X5 — Py. 
The work of the forces of the second state (force-unity) on the 


corresponding displacements of the first state (zero deflection at 
C) is zero; hence 


Xè- Py=0; X=PŽŻ. 
Hence the deflection curve of the second state is the influence line 
for the reaction X. In order to get the influence line for the reac- 


31 The use of models in determining the influence lines was developed 
by G. E. Beggs, Journal of Franklin Institute 1927. 
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tion at B, the second state of stress should be taken as shown in 
Fig. 280 (c). 


2. By using the influence line of the previous problem, deter- . 


mine the reaction at B if the load P is at the middle of the first 
span (x = /,/2) (Fig. 280, a). 
Answer. Reaction is downward and equal to 


sP_it 
16 l + lali 


3. Find the infiuence line for the bending moment at the middle 
support C of the beam on three supports (Fig. 281). By using 
this line calculate the bending moment M, when the load P is at 
the middle of the second span. 

Solution. The first state of stress is the actual state (Fig. 281, 
a) with a bending moment M, acting at the cross section C. For 
the second state of stress the load P is removed, the beam is cut 
at C and two equal and opposite unit couples replace M, (Fig. 281, 


p b). This case is statically deter- 


A Me s minate. The angles @, and 62 are 
4 Ce given by eq. (104) and the de- 

g y flection y by eq. (105). The sum 

A 5 ofthe angles 6; + 0z represents the 
(o) 171 E bx displacement in the second state 

Fic. 281. corresponding to the bending mo- 


ment M, acting in the first state. 
The work done by the forces of the first state on the corresponding 
displacement in the second state is ?? 


M.(6, + 62) — Py. 


The work done by the forces of the second state on the displace- 
ments of the first state is zero because there is no cut at the support 
C in the actual case and the displacement corresponding to the 
two unit couples of the second state is zero. Hence 


M.(@, + 62) — Py =0 
and 





= 2. 
M= PFa w 
It will be seen that as the load P changes its position, the bending 
moment M, changes in the same ratio as the deflection y. Hence 


32 It is assumed that the bending moment M, produces a deflection 
curve concave downward. 
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the deflection curves of the second state represent the influence line 
for Me Noting that 
A+&2 

3EI 





6, + h = 


and that the deflection at the middle of the second span is 


I -h 
(y)z=12 = TEER” 


the bending moment when the load P is at the middle of the second 
span is, from eq. (4), 


- 3, f/f!) 
M: 16 l + la 

The positive sign obtained for M. indicates that the moment has 
the direction indicated in Fig. 281 (4). Following our general rule 
for the sign of moments (Fig. 58) we then consider Me as a negative 
bending moment. 

4. Find the influence line for the bending moment at the built- 
in end B of the beam 4B shown in Fig. 279, and calculate this 
moment when the load is at the distance x = //3 from the left 
support. 

Answer. 

Mi = (4/27)/P. 


5. Construct the influence line 
for the horizontal reactions H of the 
frame shown in Fig. 167 (a) as the 
load P moves along the bar 4B. 

Answer. The influence line has 
the same shape as the deflection 
curve of the bar 4B for the loading 
condition shown in Fig. 166 (c). 

6. Construct the influence line 
for the force X in the horizontal 





bar CD (Fig. 282, a) as the load =A 

P moves along the beam AB. 

Calculate X when the load is at cl 
the middle. The displacements c t 
due to elongation and contraction €) 4, 
of the bars are to be neglected Fic. 282. 


and only the displacement due to 
the bending of the beam 4B is to be taken into account. 
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Solution. The actual condition (Fig. 282, a) is taken as the 
first state of stress. In the second state the load P is removed 
and the forces X are replaced by unit forces (Fig. 282, 4). Due to 
these forces, upward vertical pressures equal to (1-4)/c are trans- 
mitted to the beam 4B at the points F and H and the beam de- 
flects as indicated by the dotted line. If y is the deflection of the 
beam at the point corresponding to the load P, and 6 is the dis- 
placement of the points C and D towards one another in the second 
state of stress, the reciprocal theorem gives 


Xò- Py=o and X= Pe (i) 


Hence the deflection curve of the beam 4B in the second state is 
the required influence line. The bending of the beam by the two 
symmetrically situated loads is discussed in problem 1, p. 159. 
Substituting (1-4)/c for P in the formulas obtained there, the de- 
flection of the beam at F and that at the middle are 


ch . h 
(Y)z= = GE (3! — 4c) and rate = 2g Er O” — 40), 
respectively, 
Considering the rotation of the triangle 4FC (Fig. 282, ¢) as 


a rigid body, the horizontal displacement of the point C is equal 
to the vertical displacement of the point F multiplied by 4/c; hence 


A PP 
è = 27 ee = say! — 40). 


Substituting this and the deflection at the middle into eq. (4) gives 





P 
A i 
E 
ria 
Fic. 283. Fic. 284. 


7. Find the influence line for the force in the bar CD of the 
system shown in Fig. 283, neglecting displacements due to con- 
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tractions and elongations and considering only the bending of the 
beam 4B. \ 

Answer. The line will be the same as that for the middle 
reaction of the beam on three supports (see problem 1, p. 335). 

8. Construct the influence line for the bar BC which supports 
the beam 4B. Find the force in BC when P is at the middle 
(Fig. 284). 

Answer. Neglecting displacements due to elongation of the bar 
BC and contraction of the beam 4B, the force in BC is #; (P/sin a). 

72. Exceptional Cases.—In the derivation of both the Cas- 
tigliano theorem and the reciprocal theorem it was assumed that 
the displacements due to strain are proportional to the loads acting 
on the elastic system. There are cases in which the displacements 
are not proportional to the loads, although the material of the 
body may follow Hooke’s law. This always occurs when the dis- 
placements due to deformations must be considered in discussing 
the action of external loads. In such cases, the strain energy is no 
longer a second degree function and the theorem of Castigliano 
does not hold. In order to explain this limitation let us consider 
a simple case in which only one force P acts on the elastic system. 
Assume first that the displacement ô is proportional to the corre- 
sponding force P as represented by the straight line OZ in Fig. 285 





(a). Then the area of the triangle O4B represents the strain 
energy stored in the system during the application of the load P. 
For an infinitesimal increase dé in the displacement the strain energy 
increases by an amount shown in the figure by the shaded area 
and we obtain 
dU = Pdi. (a) 
With a linear relationship the infinitesimal triangle 4DC is 
similar to the triangle O/B; therefore 


d ô a=. (2) 


d P 
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Substituting this into eq. (a), 


dP3 
aU = P=, 


from which the Castigliano statement is obtained: 


dU 
7p ô. (e) 


An example to which the Castigliano theorem cannot be applied is 
shown in Fig. 286. Two equal horizontal bars 4C and BC hinged at 
A, B and C are subjected to the ac- 
tion of the vertical force Pat C. Let 
Cı be the position of C after deforma- 
tion and a the angle of inclination of 
either bar in its deformed condition. 
The unit elongation of the bars, 
from Fig. 286 (a), is 


l 
e= (r) (d) 


If only small displacements are con- 
sidered, œ is small and 1/cos a = 1 + (a?/2) approximately. Then, 


from (d), 








a 


2 


€e = 


The corresponding forces in the bars are 





E 2 
T= AE = 2. (e) 
From the condition of equilibrium of the point C, (Fig. 286, 4), 
P= 2aT, (f) 
and for T, as given in eq. (e), 
l P = AEè, 
from which , 
[P 
= NE W 
and 
3; P 
ô = la = IN] zz: (205) 
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In this case the displacement is not proportional to the load P, 
although the material of the bars follows Hooke’s law. The rela- 
tion between 6 and P is represented in Fig. 285 (4) by the curve 
OA. The shaded area O/B in this figure represents the strain 
energy stored in the system. The amount of strain energy is 


5 
U = f Pds. (A) 
0 
Substituting, from (205), 
8 . 
P= AER () 
we obtain 
AE f° AES Ps PIIP 
= — 3 =o = — = eA Ts 
U= j di = a = NVA o 


This shows that the strain energy is no longer a function of the 
second degree in the force P. Also it is not one half but only one 
quarter of the product Pô (see art. 68). The Castigliano theorem 
of course does not hold here: 


A(R SE) 1) JP ot, 
dP” dP\ 4 NAE] 3° NAE 30° 


- Analogous results are obtained in all cases in which the displace- 


ments are not proportional to the loads. 





APPENDIX 
MOMENTS OF INERTIA OF PLANE FIGURES 


I. The Moment of Inertia of a Plane Area with Respect to an 
Axis in Its Plane 


In discussing the bending of beams, we encounter integrals 
of this type: 


L= f yd, (1) 
A 


in which each element of area d4 is multiplied by the square 
of its distance from the z-axis and integration is extended over 
the cross sectional area 4 of the beam (Fig. 1). Such an 
integral is called the moment of inertia of the area 4 with 





Fic. 1. Fic. 2. 


respect to the z-axis. In simple cases, moments of inertia can 
readily be calculated analytically. Take, for instance, a 
rectangle (Fig. 2). In calculating the moment of inertia of 
this rectangle with respect to the horizontal axis of symmetry 
z we can divide the rectangle into infinitesimal elements such 
as shown in the figure by the shaded area. Then 


[2 
I = a f ybdy = bh3/12. (2) 
0 


In the same manner, the moment of inertia of the rectangle 
343 
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with respect to the y-axis is 
bf 
l, = f zhdz = hb/12. 
a 


Equation (2) can also be used for calculating J., for the 
parallelogram shown in Fig. 3, because this parallelogram 
can be obtained from the rectangle shown by dotted lines by a 
displacement parallel to the axis z of elements such as the one 
shown. The areas of the elements and their distances from 
the z-axis remain unchanged during such displacement so that 
I, is the same as for the rectangle. 





Fic. 4. 





In calculating the moment of inertia of a triangle with 
respect to the base (Fig. 4), the area of an element such as 
shown in the figure is 

h— 
dA = b= dy 
and eq. (1) gives 


h — 
I,= f ph = ydy = kfin. 
o h 


The method of calculation illustrated by the above examples 
can be used in the most general case. The moment of inertia 
is obtained by dividing the figure into infinitesimal strips 
parallel to the axis and then integrating as in eq. (1). 

The calculation can often be simplified if the figure can be 
divided into portions whose moments of inertia about the axis 
are known. In such case, the total moment of inertia is the 
sum of the moments of inertia of all the parts. 
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From its definition, eq. (1), it follows that the moment of 
inertia of an area with respect to an axis has the dimensions 
of a length raised to the fourth power; hence, by dividing the 
moment of inertia with respect to a certain axis by the cross 
sectional area of the figure, the square of a certain length 
is obtained. This length is called the radius of gyration with 
respect to that axis. For the y and z axes, the radii of gy- 


ration are 
ky = VI, 4; k: = VLA. (3) 
Problems 


1. Find the moment of inertia of the rectangle in Fig. 2 with 
respect to the base. (Ans. J, = 4/°/3.) 

2. Find the moment of inertia of the triangle ABC with respect 
to the axis x’ (Fig. 4). 

Solution. This moment is the difference between the moment of 
inertia of the varallelogram 4BDC and the triangle BDC. Hence, 


Is = bB/3 — bh/12 = Bh] 4. 





y y 
h 
2 
é 
z a Coz 
h, 
a 
2 
A 
a b 
(a) (o) 
Fie. 5. 


3. Find J, for the cross sections shown in Fig. 5. 
— — 3 

(Ans. J, = a4/12 — (a — 2h)*/12;7, = ba®/12 — C= hie A, 

4. Find the moment of inertia of a square with sides æ with 
respect to a diagonal. (Ans. J = 44/12.) 

5. Find ky and k, for the rectangle shown in Fig. 2. (Ans. 

y = b2N33 k: = A243) 
6. Find k, for Figs. 5a and 54. 


II. Polar Moment of Inertia of a Plane Area 


The moment of inertia of a plane area with respect to an 
axis perpendicular to the plane of the figure is called the polar 
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moment of inertia with respect to the point, where the axis 
intersects the plane (point O in Fig. 1)/ It is defined as the 
integral 


I = fraa, (4) 


in which each element of area d4 is multiplied by the square of 
its distance to the axis and integration is extended over the 
entire area of the figure. 

Referring back to Fig. 1, 7? = y? + 2%, and from eq. (4) 


Lp = fo +2)d4 = I + In (5) 


That is, the polar moment of inertia with respect to any point O 
is equal to the sum of the moments of in- 
ertia with respect to two perpendicular 
axes y and z through the same point. 

Let us consider a circular cross section. 
We encounter the polar moment of inertia 
of a circle with respect to its center in dis- 
cussing the twist of a circular shaft (see 
article 58). If we divide the area of the 
circle into thin elemental rings, as shown 
in Fig. 6, we have dA = 2rrdr, and from eq. (4), 





åj2 
I, = on f rdr = rd’|32. (6) 
0 ` 


We know from symmetry that in this case J, = z; hence, 


from eqs. (5) and (6), 
f I, =I, = Ip = rd*/64. (7) 


The moment of inertia of an ellipse with respect to a 
principal axis z (Fig. 7) can be obtained by comparing the 
ellipse with the circle shown in the figure by dotted line. 

The height y of any element of the ellipse such as the one 
shown shaded can be obtained by reducing the height yı of the 
corresponding element of the circle in the ratio ġ/a. From 
eq. (2), the moments of inertia of these two elements 
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with respect to the z-axis are in the ratio 4°/a*. The moments 
of inertia of the ellipse and of the circle are evidently in the 
same ratio; hence, the moment of inertia of the ellipse is 


I, = 1(2a)*/64-83/a = rab*/4. (8) 





In the same manner, for the vertical axis 
I, = rha*/4; 


the polar moment of inertia of an ellipse is then, from eq, 


(5), 
I, = I, + I, = rab + rba]. (9) 


Problems 
t. Find the polar moment of a rectangle with respect to the 
centroid (Fig. 2). (Ans. Ip = 043/12 + Ab/12.) 
2 Find the polar moments of inertia with respect to their 
centroids of the areas shown in Fig. 5. 


III. Transfer of Axis 
If the moment of inertia of an area with respect to an axis z 
through the centroid (Fig. 8) is known, 
the moment of inertia with respect to 
any parallel axis z’ can be calculated 
from the equation: d 
Is = IL 4 Aad’, (10) — 


Fic. 8. 


y dA 


N 
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in which 4 is the area of the figure and d is the distance 
between the axes. This can be proved as follows: from 
eq. (1) 


Iy -fo + ddd = f yaa + 2 f yaaa + f eaa. 
A A A A 


The first integral on the right side is equal to J,, the third 
integral is equal to 4d? and the second 
integral vanishes due to the. fact that z 
passes through the centroid; hence, this 
equation reduces to (10). Equation (10) 
is especially useful in calculating moments 
of inertia of cross sections of built-up 
beams (Fig. 9). The positions of the cen- 
troids of standard angles and the moments 
of inertia of their cross sections with re- 
spect to an axis through their centroid 
are given in hand books. By transfer of 
axis, the moment of inertia of such a built-up section with 
respect to the z-axis can readily be calculated. 





Fic. 9. 


Problems 


1. By transfer of axis, find the moment of inertia of a triangle 
(Fig. 4) with respect to the axis through the centroid and parallel to 
the base. (Ans. J = 4/3/36.) 

2. Find the moment of inertia J, of the section shown in Fig. 9 
if h = 20”, b = 3”, and the angles have the dimensions 4” X 4” 
x w, 

Solution. I, = 20°/(2 X 12) + 4[9.56 + 375(10 — 1.18)?] 
= 1,522 int. 

3. Find the moment of inertia with respect to the neutral axis 
of the cross section of the channel shown in Fig. 85. 


IV. Product of Inertia, Principal Axes 
The integral 


Iy = f yzda, (11) 
A 


in which each element of area d4 is multiplied by the product 
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of its coordinates and integration is extended over the entire 
area 4 of a plane figure, is called the product of inertia of the 
figure. If a figure has an axis of symmetry which is taken for 
the y or z axis (Fig. 10), the product of inertia is equal to zero. 
This follows from the fact that in this case for any element 
such as d4 with a positive z there exists an equal and sym- 
metrically. situated element d4’ with a negative z. The 
corresponding elementary products yzdA cancel each other; 
hence integral (11) vanishes. 


y 





Fic. to. Fie. 11. 


In the general case, for any point of any plane figure, we 
can always find two perpendicular axes such that the product 
of inertia for these axes vanishes. Take, for instance, the axes 
y and z, Fig. 11. If the axes are rotated about O go° in the 
clock-wise direction, the new positions of the axes are y’ and 
z' as shown in the figure. There is then the following relation 
between the old coordinates of an element d4 and its new 
coordinates: 

y = 8; z =y. 


Hence, the product of inertia for the new coordinates is 


Iye = f yxad = — f yada = = Ly23 
A A 


thus, during this rotation, the product of inertia changes its 
sign. As the product of inertia changes continuously with 
the angle of rotation, there must be certain directions for which 
this quantity becomes zero. The axes in these directions are 
called the principal axes. Usually the centroid is taken as the 
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origin of coordinates and the corresponding principal axes are 
then called the centroidal principal axes. If a figure has an 
y axis of symmetry, this axis and an 
a axis perpendicular to it are prin- 
A cipal axes of the figure, because 
the product of inertia with respect 
z to these axes is equal to zero, as 
explained above. 

If the product of inertia of a 
figure is known for axes y and z 
(Fig. 12) through the centroid, the product of inertia for 
parallel axes y’ and z! can be found from the equation: 


l Lye = Iu + Aab. (12) 
The coordinates of an element dA for the new axes are 
yay td; gi =z+a. 


b 
z’ 


Fig. 12. 


Hence, 


Iye = f y'zdA = f (y + Hg + dA 
A A 


= f yd + ff asad + ff yada + ff odd. 
A A A A 


The last two integrals vanish because C is the centroid so that 
the equation reduces to (12). 


Problems 


1. Find Zy for the rectangle in Fig.2. (Ans. Lye = (B7h?/4).) 

2. Find the product of inertia of the 
angle section with respect to the y and z 
axes. Do the same for the yı and % axes 
(Fig. 13)- . 

Solution. Dividing the figure into two K. 
rectangles and using €q. (12) for each of 
these rectangles, we find 


Ip = Pla + PE — PYA 


From the symmetry condition Jya = ©- , 
3. Determine the products of inertia Ty, of the sections shown 1n 


Fig. 5 if C is the centroid. 





Fic. 13- 
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Solution. For Figs. 54 and 56, Iy. = o because of symmetry. 
In the case of Fig. sc, dividing the section into three rectangles, 
and using eq. (12), we find 


a—hb 


2 





Ij = — a(b — h)h 


V. Change of Direction of Axis. Determination of the 
Principal Axes 


Suppose that the moments of inertia 


I = f saa; I= f aa (a) 
A A 
and the product of inertia 
In = f yad A () 
A 


are known, and it is required to find the same quantities for 





Fic. 14. 


the new axes yi and zı (Fig. 14). Considering an elementary 
area dA, the new coordinates from the figure are 


z = z cos ọ + y sin g; yı = y cos ¢ — z sin g, (c) 


in which ¢ is the angle between z and 2. Then, 


I, = f yeaa = fo cos gy — z sin ọ}d4A = f > cos? gd A 
A A 


+ fe sin? edd — faz sin ¢ cos d4, 
A 
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or by using (a) and (4) 
I, =I, co? ¢ + I, sin? — Tye sin 2¢. (13) 


In the same manner 


I,, = I, sin? ¢ + I, cos? o + Ip sin 2g. (13’) . 


By taking the sum and the difference of eqs. (13) and (13’) 
we find 
Ia + di = 12 + Ly, (14) 


Ia — Ty, = Uz — I) cos 29 — 21, sin 29. (15) 


These equations are very useful for calculating J,, and J,,. 
For calculating J,,.,. we find 


lig, = J veda = fo cos gy — z sin ¢)(z cos 
+ y sin g)dd = fx sin y cos gd 
A 


— fz sin @ cos gdd + f zzo g — sin? o)dA, 
A A 

‘or by using (a) and (4) 

Lye, = Uz — I); sin 2¢ + Ip cos 2¢. (16) 


The principal axes of inertia are those two perpendicular 
axes for which the product of inertia vanishes. The axes yı 
and z in Fig. 14 are principal axes if the right side of eq. (16) 
vanishes. 


(I: — I,)} sin 2¢ + I: cos 29 = 0o; 
this gives 


tan 29 = 2/,,/(I, — L). (17) 


Let us determine, as an example, the directions of the principal 
axes of a rectangle through a corner of the rectangle (Fig. 2). 
In this case, 


Ie = bkl3; Iy = hël3; Lye = Ph/4; 
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hence, 
Bh? 


tan 2% = 2(Ab*]3 — bk3) = 3bh[2(P — h3). (d) 


In the derivation of eq. (17), the angle was taken as posi- 
tive in the counter-clockwise direction (Fig. 14), so ¢ must 
be taken in this direction if it comes out positive. Equation 
(d) gives two different values for ¢ differing by 90°. These 
are the two perpendicular directions of the principal axes. 
Knowing the directions of the principal axes, the corresponding 
moments of inertia can be found from eqs. (14) and (15). 

The radii of gyration corresponding to the principal axes 
are called principal radii of gyration. 

If yı and zı are the principal axes of inertia (Fig. 15) and &,, 
and ką the principal radii of gyration, the ellipse with k, and 





Fie. 15. 


ka, as semi-axes, as shown in the figure, is called the e//ipse of 
inertia. Having this ellipse, the radius of gyration k, for any 
axis z can be obtained graphically by drawing a tangent to the 
ellipse parallel to z. The distance of the origin O from this 
tangent is the length of k+ The ellipse of inertia gives a 
picture of how the moment of inertia changes as the axis z 
rotates in the plane of the figure about the point O, and shows 
that the maximum and minimum of the moment of inertia 
are the principal moments of inertia. 
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Problems 


1. Determine the directions of the centroidal principal axes of 
the Z section (Fig. §c) if A = Ay = 1”; b = 5”; a = 10”. . 

2. Find the directions of the centroidal principal axes and the 
corresponding principal moments of inertia for an angle sectiqn 
5X24" X4”. (Ans. tan 29 = 0.5473 Imax = 9-36 in.4; Imin = 0-99 
in.4,) 

3. Determine the semi-axes of the ellipse of inertia for an 
elliptical cross section (Fig. 7). (Ans. ke = 4/2; ky = a/2.) 

4. Under what conditions does the ellipse of inertia become a 
circle? (Ans. When the moments of inertia with respect to the 
principal axes are equal.) 
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Equal strength in tension, 17 
in bending, 209 
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Frames, 188 
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Hooke’s law, 2 


A 
~ I 
Imaginary loading in the theory of bend- 
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tension, 285 
torsion, 295 
Indeterminate systems, 19, 175 
Inertia, moment of, Appendix 
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Lateral contraction, 50 
Least work, principle of, 320 
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M 
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of volume, 63 
Modulus of resilience, 282 
Modulus of section, 92, 238 
Mohr circle, 38 
Moment, bending, 68 
of inertia, Appendix 


N 
Neutral axis, 89 
surface, 89 
Normal stress, 36 
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Permanent set, 2 
Poisson’s ratio, 50 
Polar moment of inertia, Appendix 
Potential energy of strain, Chap. X, 281 
Principal axes of inertia, Appendix 
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stresses, 47 
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Reciprocal theorem, 330 
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Reinforced concrete beams, 220 
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Rigidity modulus, 56 
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Safety factor, 8 
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Shafts, of circular cross section, 261 
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under bending and twist, 276 
Shapes of cross sections of beams, 97 
Shear, pure, 54 
Shear in beams, 109 
deflection due to, 170 
in rivets, 60, 130 
Shearing force in bending, 68 
diagram, 74 
effect on deflection, 170 
Shearing stress in beams, 109 
of circular section, 116 
of I Section, 118 
of rectangular cross section, 113 
of reinforced concrete, 224 
in tension, 36 
Springs, helical close coiled, 271 
conical, 275 
leaf-type, 211 
Strain, tensile, compressive, 4 
energy in bending, 296° 
energy in shear, 292 
energy in tension, 281 
general expression, 305 
shearing, 55 
Strength, ultimate, 7 
bar of equal, 17 
Stress, 3 
combined, 41 





compressive, tensile, 4 
principal, 46 
principal in bending, 121 
shearing in bending, 109 
shearing in tension, 36 
working, 7 

Struts, 239 
short, eccentrically loaded, 230 LS 





T 
Tensile test, 1 
Tensile test diagram, 6 
Tension and compression, Chap. I 
impact in, 285 
strain energy of, 281 
Thermal stresses in bending, 96, 187 
in tension, compression, 25 
Three moment equation, 203 
Thrust on columns, 230, 239 
Torque, 264 
Torsion circular shafts, 261 
combined with bending, 276 
hollow shafts, 268 
rectangular shafts, 269 
strain energy of, 293 
Torsional rigidity, 270 
Trajectories of stresses, 123 


U 


Ultimate strength, 7 

Uniform strength in tension, 17 
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Variable cross section of tensile bars, 17 
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Volume change, 63 

Volume modulus of elasticity, 63 


W 
Working stress, 7 
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PREFACE TO THE SECOND EDITION 


- In the preparation of the new edition of this volume, the 
general character of the book has remained unchanged; the 
only effort being to make it more complete and up-to-date by 
including new theoretical and experimental material repre- 
senting recent developments in the fields of stress analysis and 
experimental investigation of mechanical properties of struc- 


tural materials. 


The most important additions to the first edition include: 

1. A more complete discussion of problems dealing with 
bending, compression, and torsion of slender and thin-walled 
structures. This kind of structure finds at present a wide 
application in airplane constructions, and it was considered 
desirable to include in the new edition more problems from 
that field. 

2. A chapter on plastic defor mations dealing with bending 
and torsion of beams and shafts beyond the elastic limit and 
also with plastic flow of material in thick-walled cylinders 
subjected to high internal pressures. 

3- A considerable amount of new material of an experi- 
mental character pertaining to the behavior of structural 
materials at high temperatures and to the fatigue of metals 
under reversal of stresses, especially in those cases where 
fatigue is combined with high stress concentration. 

4. Important additions to be found in the portion of the 
book dealing with beams on elastic foundations; in the chap- 
ters on the theory of curved bars and theory of plates and 
shells; and in the chapter on stress concentration, in which 
some recent results of photoelastic tests have been included. 

Since the appearance of the first edition of this book, the 
author’s three volumes of a more advanced character, “Theory 
of Elasticity,” “Theory of Elastic Stability,” and “Theory of 
Plates and Shells” have been published. Reference to these 
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books are made in various places in this volume, especially 
in those cases where only final results are given without a 
complete mathematical derivation. 

It is hoped that with the additions mentioned above the 
book will give an up-to-date presentation of the subject of 
strength of materials which may be useful both to graduate 
students interested in engineering mechanics and to design 
engineers dealing with complicated problems of stress analysis. 


STEPHEN P. TIMOSHENKO 


Pato Auto, CALIFORNIA 
June 12, 1941 





PREFACE TO THE FIRST EDITION 


The second volume of THE STRENGTH oF MATERIALS is 
written principally for advanced students, research engineers, 
and designers. The writer has endeavored to prepare a book 
which contains the new developments that are of practical 
importance in the fields of strength of materials and theory of 
elasticity. Complete derivations of problems of practical 
interest are given in most cases. In only a comparatively few 
cases of the more complicated problems, for which solutions 
cannot be derived without going beyond the limit of the usual 
standard in engineering mathematics, the final results only are 
given. In such cases, the practical applications of the results 
are discussed, and, at the same time, references are given to 
the literature in which the complete derivation of the solution 
can be found. 

In the first chapter, more complicated problems of bending 
of prismatical bars are considered. The important problems 
of bending of bars on an elastic foundation are discussed in 
detail and applications of the theory in investigating stresses 
in rails and stresses in tubes are given. The application of 
trigonometric series in investigating problems of bending is 
also discussed, and important approximate formulas for 
combined direct and transverse loading are derived. 

In the second chapter, the theory of curved bars is de- 
veloped in detail. The application of this theory to machine 
design is illustrated by an analysis of the stresses, for instance, 
in hooks, fly wheels, links of chains, piston rings, and curved 
pipes. 

The third chapter contains the theory of bending of 
plates. The cases of deflection of plates to a cylindrical shape 
and the symmetrical bending of circular plates are discussed 
in detail and practical applications are given. Some data 
regarding the bending of rectangular plates under uniform 
load are also given. 

v 
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In the fourth chapter are discussed problems of stress 
distribution in parts having the form of a generated body 
and symmetrically loaded. These problems are especially 
important for designers of vessels submitted to internal 
pressure and of rotating machinery. Tensile and bending 
stresses in thin-walled vessels, stresses in thick-walled cylinders, 
shrink-fit stresses, and also dynamic stresses produced in 
rotors and rotating discs by inertia forces and the stresses 
due to non-uniform heating are given attention. 

The fifth chapter contains the theory of sidewise buckling 
of compressed members and thin plates due to elastic in- 
stability. These problems are of utmost importance in many 
modern structures where the cross sectional dimensions are 
being reduced to a minimum due to the use of stronger ma- 
terials and the desire to decrease weight. In many cases, 
failure of an engineering structure is to be attributed to elastic 
instability and not to lack of strength on the part of the 
material, 

In the sixth chapter, the irregularities in stress distribution 
produced by sharp variations in cross sections of bars caused 
by holes and grooves are considered, and the practical sig- 
nificance of stress concentration is discussed. The photo- 
elastic method, which has proved very useful in investigating 
stress concentration, is also described. The membrane anal- 
ogy in torsional problems and its application in investigating 
stress concentration at reentrant corners, as in rolled sections 
and in tubular sections, is explained. Circular shafts of” 
variable diameter are also discussed, and an electrical analogy 
is used in explaining local stresses at the fillets in such shafts. 

In the last chapter, the mechanical properties of materials 
are discussed. Attention is directed to the general principles 
rather than to a description of established, standardized 
methods of testing materials and manipulating apparatus. 
The results of modern investigations of the mechanical 
properties of single crystals and the practical significance of 
this information are described. Such subjects as the fatigue 
of metals and the strength of metals at high temperature are 
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of decided practical interest in modern machine design. 


These problems are treated more particularly with reference 


to new developments in these fields. 


In concluding, various strength theories are considered. 
The important subject of the relation of the theories to the 
method of establishing working stresses under various stress 
conditions is developed. 

It was mentioned that the book was written partially for 
teaching purposes, and that it is intended also to be used for ad- 
vanced courses. The writer has, in his experience, usually 


divided the content of the book into three courses as follows: 


(1) A course embodying chapters 1, 3, and 5 principally for ad- 
vanced students interested in structural engineering. (2) 
A course covering chapters 2, 3, 4, and6 for students whose 
chief interest is in machine design. (3) A course using chapter 
7 as a basis and accompanied by demonstrations in the 
material testing laboratory. The author feels that such a 
course, which treats the fundamentals of mechanical proper- 
ties of materials and which establishes the relation between 
these properties and the working stresses used under various 
conditions in design, is of practical importance, and more 
attention should be given this sort of study in our engineering 
curricula. 

The author takes this opportunity of thanking his friends 
who have assisted him by suggestions, reading of manuscript 
and proofs, particularly Messrs. W. M. Coates and L. H. 
Donnell, teachers of mathematics and mechanics in the 
Engineering College of the University of Michigan, and Mr. 
F. L. Everett of the Department of Engineering Research of 
the University of Michigan. He is indebted also to Mr. F. C. 
Wilharm for the preparation of drawings, to Mrs. E. D. 
Webster for the typing of the manuscript, and to the D. Van 
Nostrand Company for their care in the publication of the 
book. 

S. TIMOSHENKO 


ANN Arzor, MICHIGAN 
May 1, 1930 
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Oz) Ty) Tz-... Normal stresses on planes perpendicular to x, y 


and z axes. 

One ooe Normal stress on plane perpendicular to direction 
n. 

OY. P.: ooo Normal stress at yield point. 

Ow.. Normal working stress 

Poanoeesnene Shearing stress 


Tays Tyzy Tex. . Shearing stresses parallel to x, y and z axes on the 
planes perpendicular to y, z and x axes. 


Tw cecceee Working stress in shear 

rr Total elongation, total deflection 

EL ese eee ee Unit elongation 

Ey Ey) Eze ++ Unit elongations in x, y and z directions 

re Unit shear, weight per unit volume 

| Modulus of elasticity in tension and compression 

O Modulus of elasticity in shear 

Meveececeee Poisson’s ratio 

Za Volume expansion 

K... Modulus of elasticity of volume 

M,........ Torque 

M......... Bending moment in a beam 

Pill... Shearing force in a beam 

7 Cross sectional area 

Ip Ia... Moments of inertia of a plane figure with respect 
to y and z axes 

ky kasaan. Radii of gyration corresponding to J,, J, 

| Polar moment of inertia 

a Section modulus 

Caa. Torsional rigidity 

Lee, Length of a bar, span of a beam 

P,Q... Concentrated forces 
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E Temperature, thickness 
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CHAPTER I 
SPECIAL PROBLEMS IN BENDING OF BEAMS 


1. Beams on Elastic Foundation.—Let us consider a pris- 
matical beam supported along its entire length by a continuous 
elastic foundation, such that when the beam is deflected, the 
intensity of the continuously distributed reaction at every 
_ section is proportional to the deflection at that section.* 
Under such conditions the reaction per unit length of the bar 
can be represented by the expression ky, in which y is the 
deflection and & is a constant usually called the modulus of the 
foundation. This constant denotes the reaction per unit 
length, when the deflection is equal to unity. The simple as- 
sumption that the continuous reaction of the foundation is 
proportional to the deflection is a satisfactory approximation 
in many practical cases. For instance, in the case of railway 
tracks, the solution obtained on this assumption is in good 
agreement with actual measurements.” In studying the de 
flection curve of the beam we use the differential equation: * 


d 
ELA =q, (a) 


in which g denotes the intensity of the load acting on the beam. 


1 The beam is inbedded in a material capable of exerting downward 
as well as upward forces on it. 

2 See S. Timoshenko and B. F. Langer, Trans. A. S. M. E., Vol. 54, 
p- 277, 1932. The theory of bending of a bar on elastic foundation has 
been developed by E. Winkler, Die Lehre v. d. Elastizitat u. Festigkeit, 
Prag, 1867, p. 182. See also A. Zimmermann, Die Berechnung des 
Eisenbahn-Oberbaues, Berlin, 1888. Further development of the theory 
will be found in the following publications: Hayashi, Theorie des Tragers 
auf elastischer Unterlage, Berlin, 19215 Wieghardt, Zeitschrift fiir ange- 
wandte Math. u. Mech., Vol. 2 (1922); K. v. Sanden and Schleicher, 
Beton und Eisen, 1926, Heft 5; Pasternak, Beton u. Eisen, 1926, Heft 9 
and 10; W. Prager, Zeitschrift f. angewandte Math. u. Mech., Vol. 7, 
1927, p. 354; M. A. Biot, Journal Appl. Mech., Vol. 4, p 1A, 1937- 

3 See “Strength of Materials,” Part I, p. 137- 
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For an unloaded portion the only force on the beam is the 
continuously distributed reaction from the side of the founda- 


tion of intensity ky. Hence q = — ky and equation (a) 
becomes 
di 
ELGA = — ky. (1) 


Using the notation 


VAT, = B, (2) 


the general solution of eq. (1) can be represented as follows: 


y = €(4 cos Bx + B sin Bx) 
+ (C cos Bx + D sin Bx). (b) 


This can easily be verified by substituting (4) in eq. (1). 
In particular cases the arbitrary constants 4, B, C, and D of 
the solution must be determined from the known conditions at 
certain points. 

Let us consider, as an example, the case of a single concen- 
trated load acting on an infinitely long beam (Fig. 1), taking 
the origin of coordinates at the point of application of the 

force. From the condition of symmetry, 
„— Only that part of the beam to the right of 

y fa “the load need be considered (Fig. 1, 4). 

ng In applying the general solution (4) to 

° this case, the arbitrary constants must first 

be fopnd. It is reasonable to assume that 

Fie. 1. at points infinitely distant from the force 

P the deflection and the curvature are 

equal to zero. This condition can be fulfilled only if the 

constants 4 and B in eq. (4) are taken equal to zero. Hence 

the deflection curve for the right portion of the beam be- 
comes 


P 


(o) 
F 


y = e®(C cos Bx + D sin Bx). (c) 


The two remaining constants of integration C and D must be 
found from the conditions at the origin, x =o. At this point, 
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he deflection curve must have a horizontal tangent; therefore 
the 


dy _ 
(Z) g o 


`. or substituting expression (c) for y 


e6*(C cos Bx + D sin Bx + C sin Bx — D cos Bx)z-0 = O 


from which can, 
Equation (c) therefore becomes 
y = Ce®(cos Bx + sin Bx). (d) 
The consecutive derivatives of this equation are 
ai = — 28Ce® sin Bx, 
m 
D = 26?Ce**(sin Bx — cos Bx), (e) 
es = 46°Ce~* cos Bx. (f) 
x 


The constant C can now be determined from the fact that 
_atx = o the shearing force for the right part of the beam (Fig. 
1, 4) is equal to — (P/2). The minus sign follows from our 
convention for signs of shearing forces (see p. 72, Part I). 


Then 
dM a) _ 2, 
(VP) cn0 = (T) = — EL( T r=0 2 


or using eq. (f) 


El: 48C =>, 
from which p 
C= SBE. 


Substituting this in eqs. (d) and (e), we obtain the following 
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equations for the deflection and bending moment curves: 


y= grr” (oos Bx + sin Bx) 


= Pe (cos Bx + sin Bx), (3) 
P . | 
A = — qg Cin Bx — cos Bx). (4) 


Both expressions ( 3) and (4) have, when plotted, a wave 
form with gradually diminishing amplitudes. The length a of 
these waves is given by the period of the functions cos Bx and 


sin Bx, i.e., 
2T tla kT 
= — = 4de, 
a B 2r N 7 (5) 


To simplify the determination of the deflection, the bending 
moment, and the shearing force the numerical table below is 
given, in which the following notations are used: 

p = (cos Bx + sin Bx); 

y = — e*(sin Bx — cos Bx); (6) 

0 = e cos Bx; t = e-* sin Bx 


In Fig. 2 the functions ọ and Y are shown graphically. 
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TABLE 1. Functions ¢, Y, Ô AND ¢ 
le ly o | e lel œ y 8 è 
f o 6 | —0.0366 | —0.0124 | —0.0245 | — 0.0121 
nooy o 8100 2003 0.0903 x —0.0341 | — 0.0079 | —0.0210 | —0.0131 
ee 06 8| 0.8024 0.1627 | 3.8 | —0.0314 | —0.0040 | —0.0177 Z90137 
one 04888 0.7077 0.2189 | 3-9 moar Coorg Z00147 yee 
, .2610 į 4.0 | — 0.025 0.00 —o. R 
ee ost s K: 0.2908 H I | —0.0231 0.0040 | — 0.0095 | — 0.01 3 
ote 0.4530 0.3099 | 4.2 | —0.0204 | 0.0057 | —0.0074 | —0.013 
oe croees s —0.01 0.0070 | —0.0054 | — 0.0125 
6997 | 9.0599 | ©3798 | ©3199 | 4.3 79 goose | Toons 
obs —0.0093 | 0.3131 0.3223 | 4.4 | —0.0155] 0.0079 003 meee 
seats — 0.0657 0.2527 0.3185 +5 Z20133 aes 79.0023 Tors 
0.5083 | —o. 1108 0.1988 0.3096 | 4- ose 0.0085 eens | coven 
1510 0.2967 | 4.7 0.0092 9 
oers meee ae oakoy 4.8 | —0.0075 0.0089 0.0007 pean 
ogee ~0.1897 0.0729 0.2626 | 4.9 | —0.00§9 | 0.0087] 0.0014 79.0073 
sate —o.2011 0.0419 0.2430 | 5.0 | —0.0046] 0.0084 | 0.0019 Zooss 
0.2384 —0.2068 | 0.0158 0.2226 | 5.1 -2003 3 coors 9.008 3 7 aed 
— — 0.00 0.2018 | 5.2 | — 0.00 . . 
ors o aona money 0.1812 | 5.3 | — 0.0014 0.0089 9.0028 Taos 
0.1234 —0.1985 | —0.0376 0.1610 | 5.4 | —0.0006 on : nee Zooss 
0.0932 | — 0.1899 | — 0.0484 O.141§ | 5.5 0.0000 . 58 igotea B 
0.0667 | — 0.1794 | — 0.0563 0.1230 | 5.6 0.0005 0.0052 0.0029 79.0023 
0.0439 | —0.1675 | —0.0618 0.1057 | 5.7 0.0010 9:0046 ip eae 
0.0244 | —0.1548 | — 0.0652 0.0895 | 5.8 0.0013 ooon 0.0027 Toots 
0.0080 | —0.1416 | —0.0668 0.0748 | 5.9 0.0015 0.003 0.002 ~ ore 
—0.0056 | —0.1282 | — 0.0669 0.0613 | 6.0 0.0017 0.0031 0:0024 med 
0.0166 | —0.1149 | —0.0658 0.0492 | 6.1 0.0018 2.0028 0.0022 ~ 9.0004 
0.0254 | —0.1019 | — 0.0636 0.0383 | 6.2 0.0019 0.0098 0.0028 oe 
— 9.0320 | —0.0895 | — 0.0608 0.0287 | 6.3 9.0019 0.001 oer ne 
—0.0369 | —0.0777 | — 0.0573 2.0204 | 6.4 0.0018 | o. "5 eee 9:0003 
—0.0403 | —0.0666 | —0.0534 | 0.0132 | 6.5 0.0018 | 0.00 cos cece 
0.0423 | —0.0563 | —0.0493 0.0070 | 6.6 0.0017 0.0009 ooo! 2:0005 
—0,0431 | —0.0469 | — 0.0450 0.0019 | 6.7 0.0016 0.000! 0.0011 0:0006 
—0.0431 | —0.0383 | — 0.0407 | —0.0024 | 6.8 0,001 § 9:0004 oor 0:0006 
—0.0422 | —0.0306 | —0.0364 | —0.0058 | 6.9 0.0014 0.0002 oe | eons 
0.0408 | — 0.0237 | —0.0323 | —0.0085 | 7.0 0.0013 o. 
—o0.0389 | —0.0177 | — 0.0283 | —o.o106 
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Using the notation (6) and equations (d)—-(f) we obtain 


PB d PB 
Y= ap eP) Z =- E 5(8x), 
dy P 
M = — EI. Ta = 3408s); (7) 
d P 
Vou EI. 5 = — 5 6(6%). 


By using these equations together with table I, the deflection, 
the slope, the bending moment, and the shearing force for any 
cross section of the beam can be readily calculated. The 
maximum deflection and maximum bending moment occur 
at the origin and are, respectively, 


8 = (eo =P, (8) 
My = Meo = 5 (9) 


Using the expressicn (3) for a single load and the principle of 
superposition, the deflection produced in an infinitely long 
beam on an elastic foundation by any other type of loading 
can be readily obtained. ° 


As an example let us consider the case of 
a uniform load distributed over a length / of 
an infinitely long beam (Fig. 3). Consider 
any point 4, and let ¢ and 4 represent the dis- 
tances from this point to the ends of the 
loaded part of the beam. The deflection at 4, 
produced by an element gdx of the load, is obtained by substi- 
tuting gdx for P in eq. (3), which gives 





Fic. 3. 


gax 
8GEL, 





e~**(cos Bx + sin Bx). 


The deflection produced at 4 by the loading distributed over the 
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~ length / then becomes 


. > o 
y= f er e "(cos Bx + sin Bx) +f SET e**(cos Bx + sin Bx) 
0 z 0 z 





= i (2 — e™®™ cos Bb — e™ cos Be). (g) 


If ¢ and 4 are large, the values e~® and e~* will be small and the 
deflection (g) will be equal approximately to g/k, i.e., at points remote 
from the ends of the loaded part of the bar the bending of the bar 


_ can be neglected and it can be assumed that the uniform loading g 


is directly transmitted to the elastic foundation. Taking the point 
A at the end of the loaded part of the bar, we have c= 0,4 =/, 
e cos Bc = 1. Assuming that / is large, we have also e~* cos Bd 


=o, Then y = g/2k; i.e., the deflection now has only one half 


of the value obtained above. 

In a similar manner, by using equation (4), the expression for 
bending moment at 4 can be derived. If the point 4 is taken 
outside of the loaded portion of the beam and if the quantities 
b and ¢ represent, respectively, the larger and the smaller distances 
from this point to the ends of the loaded part of the beam, the 
deflection at 4 is 





b 
_ gax ge . 
y= | fare (cos Bx + sin Bx) 


— SE e= (cos Bx + sin Bx) 
0 z 


= 4 (e-® cos Be — e~* cos Bo). (h) 


When c=o and 6=/ is a 
large quantity, we obtain for SNM, 
the deflection the value g/2k, Vy 
which coincides with our prev- 
ious conclusion. As the dis- 
tances 2 and ¢ increase, the 
deflection (A) decreases, ap- 
proaching zero as 4 and ¢ grow 
larger. 5 5 k— x—| 
The case of a couple acting Fic. 4. 
on an infinitely long beam, Fig. 
44, can also be analyzed by using the solution (3) for a single load. 
The action of the couple is equivalent to that of the two forces P 
Shown in Fig. 44, if Pe approaches My while e approaches zero. 
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Using the first of equations (7), we find the deflection at a distance 
x from the origin: 
P 
-E lolx) — ole +6} 

M8 ¢(6x) — elel +e] Mob de 


y= 


Since, from equations (7), 


we obtain for the deflection curve produced by the couple Mo the 
following equation: 





y = eax). (10) 
By differentiating this equation, we obtain 
D MO vax), 
M= — er, = M ABs), (10') 
V = — ELSZ =- mg (6x). 


Using these equations together with Table 1, one can readily calcu- 
late the deflection, the slope, the bending moment, and the shearing 
force for any cross section of the beam. 

We shall now consider the case of several loads acting on a 
beam. Asan example bending of a rail produced by wheel-pressures 
of a locomotive will be discussed. The following method of ana- 
lyzing stresses in rails is based upon *the assumption that there 
is a continuous elastic support under the rail. This assumption is 
a good approximation,‘ since the distance between the ties is small 
in comparison to the wave length a of the deflection curve, given 
by eq. (5). In order to obtain the magnitude & of the modulus 
of foundation, the load required to depress one tie unit distance 
must be divided by the tie spacing. It is assumed that the tie is 
symmetrically loaded by two loads corresponding to the rail pres- 
sures. Suppose, for instance, that the tie is depressed 0.3 inch 
under each of the two loads of 10,000 pounds and that the tie 
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‘spacing is 22 inches; then 


k= 53K 2 = 1,500 lbs. per square inch. 


For the case of a single wheel load P, eqs. (8) and (9) are used 


for the maximum deflection and maximum bending moment. The 
maximum stress due to the bending of the rail will be 


Mm _ P _ P 44k/, () 
Z 462 4Z k? 


Omax 7 





where Z denotes the section modulus of the rail.’ 


In order to compare stresses in rails the cross sections of which 
are geometrically similar, eq. (¢) may be put in the following form: 


P AST i o 
Omar = A 4Z k? J 
in which Z is the area of the cross section of the rail. Since the 
second factor on the right side of eq. (j) remains constant for 
geometrically similar cross sections and since the third factor does 
not depend on the dimensions of the rail, the maximum stress 1s 
inversely proportional to the area of the cross section, i.e., inversely 
proportional to the weight of the rail per unit length. a 
An approximate value of the maximum pressure Rmax On a tle 18 
obtained by multiplying the maximum depression by the tie spacing 
land by the modulus of the foundation. From eq. (8) 


PB Ppl P 4; kë 


Raox = 35 /* =- 773 JEI, (k) 





It may be seen from this that the pressure on the tie depends prin- 
cipally on the tie spacing It should be noted also that & occurs 
in both eqs. (J) and (k) as a fourth root. Hence an error in the 
determination of & will introduce a much smaller error in the 
magnitude of cmar and Rmax- 


4See author’s paper on “Strength of Rails,” Transactions of the 
Institute of Way of Communications, St. Petersburg, Russia (1915), 
and author’s paper in Proc. of the Second International Congress for 
Applied Mechanics, Ziirich, 1926. See also reference 2. 

5 In writing eq. (i) it was assumed that the elementary beam formula 
can be used at the cross section where the load P is applied. More 
detailed investigations show that, due to local stresses, considerable 
deviation from the elementary eq. (é) should be expected. 
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When several loads are acting on the rail, the method of super- 
position must be used. To illustrate the method of calculation we 
shall discuss a numerical example. Consider a too-lb. rail section 
with J, = 44 in.‘ and with a tie spacing such that k = 1,500 lbs. 
per sq. in.; then from eq. (2) 


aj k 4 1,500 I, 
p= = z = ini 
4EI, 4 X 30 X 10° X 44 433 


and from eq. (5) 








We take, as an example, a system of four equal wheel loads, 66 
inches apart. If we fix the origin of coordinates at the point of 
contact of the first wheel, the values of 8x for other wheels will be 
those in the table 2 below. The corresponding values of functions 
and y taken from the numerical table on p. § are also given. 

















TABLE 2 
Loads I 2 3 4 
BR cece ee o 1.52 3.05 4.57 
Wo ccc cc cece ene e eee I —0,207 0.051 0.008 
a I 0.230 — 0.042 —o.012 





Now, after superposing the effects of all the four loads acting on the 
rail, the bending moment under the first wheel is, from eq. (4), 


P 
M, = a" — 0.207 — 0.051 + 0.008) = 0755, 
i.e., the bending moment is 25 per cent less than that produced by 
a single load P. 

Proceeding in the same manner for the point of contact of the 
second wheel we obtain ° 


P P 
Mz =—(1 — 2 X 0.207 — 0.051) = 0.535 —. 
2 48 | 0.207 — 0.051) 9-535 78 
It may be seen that due to the action of adjacent wheels the bending 
moment under the second wheel is much smaller than under the 
first. This fact was proved by numerous experimental measure- 


ments of track stresses. Using eq. (3) and the values in the last ` 
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. fine of the numerical table 2, we find the following deflection under 


the first wheel: 


P 
ô = PE a + 0.230 — 0.042 — 0.012) = 1.18 =. 


The deflections at other points can be obtained in a similar manner. 
It will be seen that the method of superposition is easily applied 
to determine the effect of a combination of loads having any arrange- 
ment and any spacing. 
The analysis is based on the assumption that the rail support 


is capable of developing negative reactions. Since there is play 


between the rail and the spikes, there is little resistance to the 
upward movement of the rail and this tends to increase the bending 
moment in the rail under the first and the last wheels. Other 
elements enter into the problem and these may affect the accuracy 
of the analysis. Nevertheless, in general, the above theory for the 
bending of the rail, caused by static loading, is in satisfactory 
agreement with the experiments which have been made. 


Problems 


1. Using the information given in Table 2, construct the bending 
moment diagram for the rail assuming that the wheel pressures are 
equal to 40,000 Ibs. Such a diagram should show that the moments 
are negative in sections midway between the wheels, which indi- 
cates that during locomotive motion the rail is submitted to the 


„action of reversal of bending stresses which may finally result in 


fatigue cracks. 

2, Find the bending moment at the middle of the loaded portion 
of the beam shown in Fig. 3 and 
the slope of the deflection curve 
at the left end of the same portion. 

3. Find the deflection at any 
point 4 under the triangular load 
acting on an infinitely long beam 
on elastic foundation, Fig. 5. 

Answer. Proceeding as in the 
derivation of equation (g), p. 7, 
we obtain 





y= fy be) — WBD) — 28/6(Bd) + 46c]. 
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2. The Semi-infinite Beam on an Elastic Foundation.—If a 
long beam on an elastic foundation is bent by a force P and a mo- 
ment Mo applied at the end as shown in Fig. 6, we again can use the 

general solution (4) of the preceding article. 
ot. Since the deflection and the bending moment 


R . 
ý 7" approach zero as the distance x from the loaded 
end increases, we must take 4 = B =o in 
y that solution and we obtain 
Fic. 6. 


y = e®(C cos px + D sin 8x). (a) 


For determining the constants of integration C and D we have the 
conditions at the origin, i.e., under the load P: 


dy 
EI, (2 ) = — Mo, 


dy 


Substituting expression (a) in these equations, we obtain two linear 
equations in C and D, from which 


_ i _ Mo 
C= seer, T.M) D= PEL 


Substituting in equation (a), we obtain 


—pr 
y= TIJA cos Bx — BMolcos Bx — sin Bx) | 


= 7 (PaB) — MANBA = ¢(Bx)]}. (1) 


To get the deflection under the load we must substitute in (11) 
«=o. Then 


ò = (y) = eer? — BM). Gr) 


The expression for the slope is obtained by differentiating eq. (11). 
At the end (x = o) this becomes 


dy I 
(2) = — oper, — 28M,). g (12) 


Using these equations in conjunction with the principle of super- 
position, more complicated problems can be solved. 
If a uniformly loaded long beam on an elastic foundation has a 
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imply supported end, Fig. 7a, the reaction R is found from the 
condition that the deflection at the support is zero. Observing that 
at a large distance from. the 
support bending of the beam 
is negligible and that its de- 
pression into the foundation can 
be taken equal to g/k,. we cal- 
culate the value of R by sub- 
stituting My) =o and 6 = g/k 
into equation (11’). This yields 
the result: 





k 2B 

l 

` The deflection curve is now ly 
obtained by subtracting de- Fic. 7. 


flections given by equation (11) 
for P = R, Mo 7 o from the uniform depression g/k of the beam, 
which gives 

eP 


_@ — =f — eg bt . I 
y=% z6 ET,® cos Bx = 4 (I — € cos Bx) (14) 


In the case of a built-in end, Fig. 74, the magnitudes of the 


- reaction R and of the moment Mp are obtained from the conditions 


that at the support the deflection and the slope are zero. Observing 
that at a large distance from the support the deflection is equal to 
g/k and using equations (11’) and (12), we obtain the following 
equations for calculating R and Mo: ° 


I 





C 
-37 apr, È + PMO 
and 
I 
o= PEL E + 28M0), 
from which 
Mi= — 2@ELt, R= 4BEI 4 = 5 (15) 


The minus sign of Mo indicates that the moment has the direction 
shown by the arrow in Fig. 7%. 





®In equations (11’) and (12), P = — R is substituted, since the 
positive direction for the reaction is taken upwards. 
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Problems 


1. Find the deflection curve for a semi-infinite beam on an 
elastic foundation hinged at the end and acted upon by a couple 


Mo, Fig. 8. 
(Nm, Solution. The reaction at the 
—* hinge is obtained from equation 
p (11°) substituting 6 = o, which gives 
Fic. 8. P = bM. 


Substituting this value of P in equation (11) we obtain 


M . M 
y= PEL” sin Bx = ape, §(8*)- (16) 


By subsequent differentiation, we find 





dy _ 26’ Mo 

dx = k -Y(Bx), 
dy 

M = ~ EL = Mo-0(6x), (2) 
By 

V= — EL Ja = — BMo: (bx). 


2. Find the bending moment Mo and the force P acting on the 
end of a semi-infinite beam on an elastic foundation, Fig. 9, if the 
deflection ô and the slope i at the end are given. 





Fic. 9. 


Solution. The values My and P are obtained from equations 
(11’) and (12) by substituting the given quantities for ô and 
(dy/dx)ru9 = i. . 

3. Find the deflection curve for a semi-infinite beam on an 
elastic foundation produced by a load P applied at a distance c 
from the free end 4 of the beam, Fig. ro. 
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Solution. Assume that the beam is extended to the left of the 
end 4 as shown by the dotted line. In such a case equation (3) 
gives the deflection curve for x >o 


and at the cross section £ of the cp 
fictitious infinite beam we have, hn o 
from equations (7), using the =t —x 
condition of symmetry: vi fa) 
| . 
y 


P P 
= 2,18), V =7 06). (0) 


To obtain the required deflection io 9 —x 
curve for the semi-infinite beam, m A 

free at the end 4, we evidently v (b) 
must superpose the deflection of ` y 


the semi-infinite beam produced Fie. 10. 

by forces shown in Fig. 10% on 
the deflection of the fictitious infinite beam. By using equations 
(3), (11) and (c) in this way we obtain for x > o: 


P 
y = E olan) + E (rote + o] 


+ BMO[B(x + ¢)] - BMg[B(e + Ah @ 


= ŽE opo + ÊE GABE + 0) 


ak f 
+ 3¥(Bc)O[B(x + ¢)] — avee + )]}. 


This expression can also be used for — ¢ < x < o; in this case we 
have only to substitute the absolute value of x, instead of x, in g(6x). 


3. Beams of Finite Length on Elastic Foundations.— Bending 
of a beam of finite length on an elastic foundation can also be inves- 
tigated by using solution (3) for an infinitely long beam together 
with the method of superposition.” To illustrate the method let 
us consider the case of a beam of finite length with free ends which 
is loaded by two symmetrically applied forces P, Fig. 114. A simi- 
lar condition exists in the case of a tie under the action of rail 
pressures To each of the three portions of the beam the general 








™This method of analysis was developed by M. Hetényi, Final 
Report of the Second Congress of the International Assoc. f. Bridge and 
Structural Engineering, Berlin, 1938. 
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solution (4) of article 1 can be applied, and the constants of inte- 
gration can be calculated from the conditions at the ends and at 
the points of application of the loads. The required solution can, 
however, be obtained much more easily by superposing the solutions 
for the two kinds of loading of an infinitely long beam shown in 
Figs. 116 and 11c. In Fig. 114 the two forces P are acting on 





51 


Fie. 11. 


the infinitely long beam. In Fig. rre the infinitely long beam is 
loaded by forces Qo and moments Me, both applied outside of the 
portion 4B of the beam and infinitely close to points 4 and B 
corresponding to the free ends of the given beam, Fig. 114. It is 
easy to see that by a proper selection of the forces Qo and the 
moments Mo, the bending moment and the shearing force produced 
by the forces P at the cross sections 4 and B of the infinite beam 
(shown in Fig. 114) can be made to equal zero. Then the middle 
portion of the infinite beam will be evidently in the same condition 
` as the finite beam represented in Fig. 114, and all necessary infor- 
mation regarding bending of the latter beam will be obtained by - 
superposing the cases shown in Figs. 114 and 11c. To establish 
the equations for determining the proper values of Mo and Qo, let 
us consider the cross section < of the infinitely long beam. Taking 
the origin of the coordinates at this point and using equations (7), 
the bending moment M’ and the shearing force V” produced at this 
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point by the two forces P, Fig. 114, are 


M = È (lad — 0] + vibe, 
48 (a) 
v = Ë tote — DI + oec. 


The moment M” and the shearing force V” produced at the same 
point by the forces shown in Fig. Ile are obtained by using equa- 
tions (7) together with equations (10’), which give 


M" = oo + yB] + M [1 + 6(8/) ], 


MoB 
2 


(2) 





yr = -p — o)l- or - eD] 


The proper values of Mo and Qo are now obtained from the equations 


M' + M” =0, to) 
V 4+ V" =o, 


i readily solved in each particular case by using Table 1. 
vaid ean Bp and 0s are known, the deflection and the bending 
moment at any cross section of 
the actual beam, Fig. 114, can be 
obtained by using equations (7), 
(10) and (10’) together with the 
method of superposition. The 
particular case shown in Fig. 12 
is obtained from our previous Fic. 12. 

i ion by taking ¢ =o. , 
Provesding as previously explained we obtain for the deflections 
at the ends and at the middle the following expressions: 


2P8 cosh B/ + cos 8l 








= y = 2 — s» (d) 
Ja = Yo k sinh 8+ sin 8l 
h Br cos 8 
_ 4PB ee . (e) 
Ye = E sinh g? + sin Bl 
The bending moment at the middle is 
. , Bf. Bl 
2P sinh zg 
M: = — >= a (A) 
e B sinh 6/ + sin 8l 
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The case of a single load 
at the middle, Fig. 13, can 
x also be obtained from our 
previous case, shown in Fig. 
11a. It is only necessary to 
take c = //2 and to substitute 
Fic. 13. P for 2P. In this way we 
obtain for the deflections at 

the middle and at the ends the following expressions: 











5 Bl cog 

= P8 cosh > cos z o 
Ja = Ye =- sinh p? + sin Bl? g 
_ PB cosh gi + cos B/ + 2 H) 

Je= GR sinh B/ + sin Bl * 

For the bending moment under the load we find 

P cosh 87 — cos 6l . 
(2) 





M. = 7 sinh B/ + sin Bl 





Fic. 14. 


The method used for the symmetrical case shown in Fig. 114 can 
be applied also in the anti-symmetrical case shown in Fig. 144. 
Qo and Mo in this case will also represent an anti-symmetrical 
system as shown in Fig. 14c. For the determination of the proper 
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values of Qo and Mo, the system of equations similar to equations 
(a), (6) and (c) can be readily written. As soon as Qo and Mo are 
calculated, all necessary information regarding the bending of the 
beam shown in Fig. 144 can be obtained by superposing the cases 
shown in Figures 14% and 14¢. 

Having the solutions for the symmetrical and for the anti- 
symmetrical loading of a beam, we can readily obtain the solution 
for any kind of loading by using the principle of superposition. 
For example, the solution of the unsymmetrical case shown in 
Fig. 154 is obtained by superposing the solutions of the symmetrical 
and the anti-symmetrical cases shown in Figs. 154 and 15c. The 





y (c) 
Fic. 15. 





problem shown in Fig. 16 can be treated in the same manner. In 
each case the problem is reduced to the determination of the proper 
values of the forces Qo and moments Mo from the two equations (¢). 

In discussing the bending of beams of finite length we note that 
the action of forces applied at one end of the beam on the deflection 
at the other end depends on the magnitude of the quantity g. 


_ This quantity increases with the increase of the length of the beam. 


At the same time, as may be seen from Table 1, the functions ¢, Y 
and 0 are rapidly decreasing, and beyond a certain value of 6/ we 
can assume that the force acting at one end of the beam has only a 
negligible effect at the other end. This justifies our considering the 
beam as an infinitely long one. In such a case the quantities 
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¢(6/), ¥(62) and 6(6/) can be neglected in comparison with unity in 


equations (4); by so doing equations (c) are considerably simplified. 
In general, a discussion of the bending of beams of a finite 
length falls naturally into the three groups: 


I. Short beams, 87 < 0.60. 
II. Beams of medium length, 0.60 < 87 < 5. 
III. Long beams, 8} > 5. 


In discussing beams of the first group we can entirely neglect bend- 
ing and consider these beams as absolutely rigid, since the deflection 
due to bending is usually negligibly small in comparison with the 
deflection of the foundation. Taking, for example, the case of a 
load at the middle, Fig. 13, and assuming 8? = 0.60, we find from 
the formulas given above for ya and ye that the difference between 
the deflection at the middle and the deflection at the end is only 
about one-half of one per cent of the total deflection. This indicates 
that the deflection of the foundation is obtained with a very good 
accuracy by treating the beam as infinitely rigid and by using for 
the deflection the formula 
P 


kl 


The characteristic of beams of the second group is that a force 


acting on one end of the beam produces a considerable effect at the . 


other end. Thus such beams must be treated as beams of finite 
length. 

In the case of beams of the third group we can assume, in 
investigating one end of the beam, that the other end is infinitely 
far away. Hence the beam can be considered as infinitely long. 

In our previous discussion it was always assumed that the beam 
was supported by a continuous elastic foundation but the results 
obtained can also be applied when the beam is supported by a large 
number of equidistant elastic supports. As an example of this 
kind, let us consider a horizontal beam 4B, Fig. 17, supporting a 
system of equidistant vertical beams which are carrying a uniformly 
distributed load g.2 All beams are simply supported at the ends. 
Denoting by EJ; and / the flexural rigidity and the length of 
vertical beams, we find the deflection at their middle to be 

5 ght RI’ 


= 384 El, BER’ (9) 


8 Various problems of this kind are encountered in ship structures. 
A very complete discussion of such problems is given by I. G. Boobnov 
in his “ Theory of Structure of Ships,” vol. 2, 1914, S. Petersburg. 
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where R is the pressure on the horizontal beam 4B of the vertical 
beam under consideration. Solving equation (j) for R we find that 
the horizontal beam 4B is under the action of a concentrated force 
Fig. 17¢, the magnitude of which is 


_5 48EI, 
R= og — "Ts J): (k) 





Assuming that the distance a between the vertical beams is small in 
comparison with the length / of the horizontal beam and replacing 
the concentrated forces by the equivalent uniform load, as shown 
in Fig. 17¢, we also replace the stepwise load distribution, indicated 





in the figure by the dotted lines, by a continuous load distribution 
of the intensity 


— k 
where 1: 7 





594, _ EL 
nga’ k= (2) 


The differential equation of the deflection curve for the beam 4B 
en is 


d'y 
El Ja n — ky. (m) 


-. It is seen that the horizontal beam is in the condition of a uniformly 
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loaded beam on an elastic foundation. The intensity of the load 
and the modulus of foundation are given by the expressions (/). 
In discussing the deflection of the beam we can use the method of 
superposition previously explained or we can directly integrate 
equation (m). Using the latter method, we may write the general 
integral of the equation (m) in the following form: 


y= a + Cı sin Bx sinh Bx + Cz sin Bx cosh Bx | (n) 


+ C; cos Bx sinh Bx + C4 cos Bx cosh Bx. 


Taking the origin of the coordinates at the middle, Fig. 17¢, we 
conclude from the condition of symmetry that 


Cz = C; = O. 


Substituting this in the solution (7) and using the conditions at the 
simply supported ends: 


dy 
O)z=2 = 9, (33)... =o 








we find 
. Bl. Bl 
2 sin — sinh -- 
C _ qı 2 2 
1 k cos Bl + cosh pl? 

Bl pl 
2 cos — cosh — 
2 2 

Ci = 


— k cos Bl + cosh Bl" 
The deflection curve then is 


| . Bl. BI 

2 sin — sinh — 
_ qı 2 2 
75k I= Cos Bl + cosh 8l 





sin Bx sinh Bx 


Bl 


Bl 
2 cos — cosh ~ 
2 
— cos Bl + cosh Bl cos Bx cosh Bx . (0) 


The deflection at the middle is obtained by taking x = o which 


gives i 
if - pesien ) 
1 
(eo = ENT cos B/ + cosh 6? / ` (p) 
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Substituting this value in equation (k), we find the reaction at the 
middle support of the vertical beam, which intersects the beam 4B 
at its mid-point. It is interesting to note that this reaction may 
become negative, which indicates that the horizontal beam actually 
supports the vertical beams only if it is sufficiently rigid; otherwise 
it may actually increase the bending of some of the vertical beams. 


Problems 


1. Find a general expression for the deflection curve for the 
case illustrated in Fig. 12. 
Answer. 





_ 2P8 cosh Bx cos B(/ — x) + cosh B(/ — x) cos Bx 
yk sinh B/ + sin p/ 


2. Find the deflections at the ends and the bending moment at 
the middle of the beam bent by two equal and opposite couples 
Mo, Fig. 18. 





M, 
BB’, A 
7 N 
N 
Fig. 18. Fic. 19. 


Answer. 
_ _ 2M? sinh 87 — sin B/ 
Ja = Je = k sinh 8? + sin 67’ 
gl pl. Bl 


. , Bl . 
sinh — cos — + cosh — sin — 
2 2 2 2 








M. = 2Mo sinh 6/ + sin 87 


3. Find the deflection and the bending moment at the middle of 
the beam with hinged ends and on an elastic foundation, the load 
being applied at the middle of the beam, Fig. 19. 

Answer. 

_ PB sinh 87 — sin B/ 
Je = Ok cosh B/ + cos 8l? 


P sinh 6/ + sin 8 
48 cosh @/ + cos 8? ' 





M: = 
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4. Find the deflection and the bending moment at the middle of 


the uniformly loaded beam with hinged ends on an elastic founda- 


tion, Fig. 20. 
Answer. 
| 2 cosh Bl os | 
=I]; -— 2 2 
I=} cosh 87 + cos 8% J? 
Bl 


sinh Bi sin— 
2 2 





-1 . 
M, = 26? cosh 6/ + cos 8l 


5. Find the bending moments at the ends of the beam with | 


built-in ends and on an elastic foundation. The beam is carrying 
a uniform load and a load at the middle, Fig. 21. 





Answer. 
. Bl. Bl 
p sinh’y sin g sinh 6! — sin Bl 
~ Bsinh b? + sing? 28 sinh B/ + sin 87 ' 


6. Find the deflection curve for the beam on an elastic founda- 
tion with the load applied at one end, Fig. 22. 





Mo = 





Fig, 22. 





Answer. 


_ 2PB 
I = R(sinh? 87 — sin? B/) 





[sinh @/ cos Bx cosh B(/ — x) 
— sin £l cosh Bx cos BU/ — x) ]. 
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7. A beam on an elastic foundation and with hinged ends is 
bent by a couple Mo applied at the end, Fig. 23. Find the deflection 
curve of the beam. 

Answer. 


_ 2M e* 
Y = k(cosh? 8/ — co 





RTT) [cosh 87 sin Bx sinh BV — x) 
— cos $? sinh Bx sin BV — x)]. 


4. Combined Direct Compression and Lateral Load.— 
Let us begin with the simple problem of a strut with hinged 
ends, loaded by a single force P, and centrally compressed by 
two equal and opposite forces $, Fig. 24. Assuming that the 
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force P acts in one of the principal planes of the strut, we 
see that the bending proceeds in the same plane. The differ- 
ential equations of the deflection curve for the two portions 
of the strut are: 


d? Pe 
EIS = — Sy -F> (a) 
d PU — 
EIZ = — sy -u (2) 
Using the notation 
S 2 
EI = p’, (17) 


we represent the solutions of the equations (a) and (4) in the 
following form: 


y 


C, cos px + C2 sin px -Ren (c) 


PU =O) gy x). (d) 


C3 cos px + C4 sin px — i 


< 
Il 
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Since the deflections vanish at the ends of the strut, we con- 
clude that 

Cy = 0, 

C; = — C; tan pl. 


The remaining two constants of integration we find from the 
conditions of continuity at the point of application of the load 
P, which require that equations (c) and (d) give the same 
deflection and the same slope for x = / — c; we obtain: 


Cz sin p(/ — c) = Ci[sin pC — c) — tan pl cos p(/ — ¢)], 
Cap cos p(l — ¢) 
= Cup[cos p(/ — c) + tan p/sin p(/ — c)] +% 
from which 


_ Psin pe 


_ Psin pV? -o 
? Sp sin pl’ l 


C Sp tan pl 


Ca = 
Substituting in equation (c) we obtain for the left portion of 
the strut: 

= p Asin px -Ee y, (18) 
From this, by differentiation, we find: 


dy _ Psin pe _ Pe 
dx ~ S sin pl 8 P* — SP? 
d’y  —-~Ppsinpe . 

d ss S sin pl sin px. 





(19) 





The corresponding expressions for the right portion of the 
strut are obtained by substituting (/ — x) instead of x, and 


(J — c) instead of c, and by changing the sign of dy/dx itr 


equations (18) dnd (19). These substitutions give: 


_ PsinpZ~—c) | iy PU DG 
y= Sp sin pl sin p(/ — x) -y (Z — x), (20) 
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dy _ _ Psnpl -o L P(l— ¢) 

de ~~ Ssinpl cos p(/ — x) + -y > (21) 
dy _ _ Ppsinpl 0) 5, yy 

T7 Tsin pl sin p(/ — x). (22) 


In a particular case, when the load P is applied at the 
middle, we have ¢ = //2, and, by introducing the notation 


—_—_— 2 -_ CC 2 
JEI u’, (23) 


we obtain from equation (18) 





2 2 


(Y) max = (y)z=u2 = (tn pl — z) 


The first factor in expression (24) represents the deflection 
produced by the lateral load P acting alone. The second 
factor indicates in what proportion the deflection produced 
by P is magnified by the axial compressive force S. When $ 
is small in comparison with Euler load (S, = EJ?//*), the 
quantity w is small and the second factor in equation (24) 
approaches unity, which indicates that under this condition 
the effect on the deflection of the axial compressive force is 
negligible. When S approaches the Euler value, the quantity 
u approaches the value 7/2 (see eq. 23) and the second factor 
in expression (24) increases indefinitely, as should be expected 
from our previous discussion of critical load (see p. 244, 
Part I). 

The maximum value of the bending moment is under the 
load and its value is obtained from the second of equations 


(19), and 


d P 1 Pl tan 
Mma = — ay = FIER tan’ = ff. tanu, 
z1(53) Er tant = EH (as) 


Again we see that the first factor in expression (25) represents 
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the bending moment produced by the load P acting alone, 


while the second factor is the magnification factor representing 
the action of the axial force S on the maximum bending 
moment. 

Having solved the problem for one lateral load P, Fig. 24, 
we can readily obtain the solution for the case of a strut bend 
by a couple applied at the end, Fig. 25. It is only necessary 
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to assume that in our previous discussion the distance c is 
indefinitely diminishing approaching zero, while Pc remains a 
constant equal to Mo. Substituting Pe = Mo and sin ke = ke 
in equation (18), we obtain the deflection curve: 


_Mof(sinpx x 
y= st (Sees 7), (26) 





from which 





oy. Me Poe 7) 
de S\ snpl I) 


The slopes of the beam at the ends are 
(2) _ Mo Er _ i) 
dx Jo S \sinpl 7 
Mol I I 
~ 6EI 6 ( Qu sin 2u ai) > (27) 
dy\N (abo z) 
ae = S \ tanpi l 
Mil I I 5 
= 3E 3 (z tan 2u 7 ca) . (28) 


Again the first factors in expressions (27) and (28) taken 
with proper signs represent the slopes produced by the couple 
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M, acting alone (see p. 158, Part I), and the second factors 
represent the effect of the axial force S. 

Considering equations (18) and (26), we see that the lateral 
force P and the couple Mp occur in these expressions linearly, 
while the axial force § occurs in the same expressions in a 
more complicated manner, since p also contains S' (see eq. 17). 
From this we conclude that if at point C, Fig. 24, two forces 
P and Q are applied, the deflection at any point may be 
obtained by superposing the deflections produced by the load 
Q and the axial forces S on the deflection produced by the 
load P and the same axial forces. A similar conclusion can 
be reached regarding couples applied to one end of the beam. 

The conclusion regarding superposition can be readily 
generalized and extended to cover the case of seve’ al loads, 
Fig. 26. For each portion of the strut an equation similar to 
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equations (a) and (4) can be written, and a solution similar 
to those in (c) and (d) can be obtained. The constants of 
integration can be found from the conditions of continuity 
at the points of load application and from the conditions at 
the ends of the strut. In this way it can be shown that the 
deflection at any point of the strut is a linear function of the 
loads P, Pa, +--+ and that the deflection at any point can be 
obtained by superposing the deflections produced at that 
point by each of the lateral loads acting together with the 
axial force $. Let us consider a general case when x forces 
are acting and m of these forces are applied to the right of 
the cross section for which we are calculating the deflection. 
The expression for this deflection is obtained by using equation 
(18) for the forces Pi, Po, +++ Pm and equation (20) for the 
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forces Pmti, Pmt2)*** Pn. In this way we obtain the required 
deflection: 
_ sin px Fp gin pe — Z E Pas 
Y= Sp sin pl 2 Pisin pe: — 3} 2 Paci 
sin p(/ — x) =“ . 
+ “Spsin pl paa RC e9 
_f-* > Pl — cù. (29) 
St i=m+1 ‘ “ 9 


If, instead of concentrated forces, there is a uniform load 
of intensity g acting on the strut, each element gde of this 


load, taken at a distance ¢ from the right end, can be con- 


sidered as a concentrated force. Substituting it, instead of 
P,, in equation (29) and replacing summation signs by integra- 
tion, we obtain the following expression for the deflection 
curve: 


_ sin px l—r . _ af 
Y= pána h 1902“ ~ SVJ, gede 


sinp- A o. l-x f! 
+ Aaa Jasina /- c)de — rf a — e)de. 


Integrating the above gives 








q q 
y= -1|- %0- Go) 
Sp cos 2 28 
2 
and 
q I u? 
Ymax = (Y) = Sula uo 5) 
. u? 
q? cosu TET 





(31) 
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By differentiating equation (30), we readily obtain the ex- 
pressions for the slope and for the bending moment. The 
slope at the left end of the strut is 








[tant 

(2) _@ 2 _ gf tanu—u 

dx ) ino 25] pg I| Saa Ge (3) 
2 


The maximum bending moment is at the middle where 





d2 
M max = = rr (53) 
dx? z=l/2 
z) 
I — E 
tl ©08 "5 _ gf 20 = cos u) 
S cos pl 8 u? cosu `’ (33) 
2 


By using solution (26) for the case of a couple together 
with solution (29) for lateral loads, and applying the method of 
superposition, various statically 


indeterminate cases of bending 

‘of struts can be readily solved. —% S 

Taking as an example the case Me 
7, 


of a uniformly loaded strut 
built in at one end, Fig. 27, 
we find the bending moment Mo at the built-in end from the 
condition that this end does not rotate during bending. By 
using equations (28) and (32) this condition is found to be 


_ tanu — wv, Md ( 3 3 
24E 4% 3EI 2u tan 2u is) ~ 


Fic. 27. 





‘from which 


a tan 2u(tan u — u) 
M,=—£.4 aa 
° 8 u(tan 2u — 2u) (34) 





An the case of a uniformly loaded strut with both ends 
built-in the moments Mo at the ends are obtained from the 
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equation: 
_ qË tanu-u l 3 3 
24E 4 ZEI | 2u tanzu (2u)? 


_ 7H soa _ rs) _ 
GEI \ 2u sinau (au) © 


2 — 
M = -L.u u, (35) 


12 4? tanu 


from which 


It is seen from expressions (34) and (35) that the values of the 
statically indeterminate moments in the case of struts are 
obtained by multiplying the corresponding moments calcu- 
lated from the beam formulas by certain magnification factors. 
All necessary calculations can be greatly simplified by using 
the prepared numerical tables for determining magnification 
factors.’ 

When the maximum bending moment for a strut is found, 
the numerical stress maximum is obtained by combining the 
direct stress with the maximum bending stress, which gives 


S| Mrnax 
|a | max = A + Z (e) 





where 4 and Z are, respectively, the cross-sectional area and 
the section modulus for the strut. Taking, as an example, 
the case of a uniformly loaded strut with hinged ends, we 
obtain from equation (33): 


2(1 — cos u) 
u? cos u 





S qP 

la| max = Gt QF ° (A) 
In selecting the proper cross-sectional dimensions of the 
strut it is necessary to consider that the right side of the 
equation (f) is not linear in S since the quantity u also de- 


pends on S, as may be seen from expression (23). Owing to 


this fact the maximum stress increases at a greater rate than 











? Various particular cases of laterally lodded struts have been dis- 
cussed by A. P. Van der Fleet, Bull. Soc. of Engineers of Ways of Com- 
munication, 1900-1903, St. Petersburg. Numerous tables of magnifi- 
cation factors are given in that work. l 
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the force S. Thus the usual method for determining the 
proper dimensions by taking ™ 


[ona] = 2, (g) 
where z is the factor of safety, fails in this case. 

If the strut must be designed so that it will begin to yield 
when the forces § and g increase n times, the cross section 
must be selected so that |o|max will be somewhat smaller 
than o,,/v in order to satisfy the equation: 


Ty 8 qË 2(1 — cos u) 
n =Zt}Z U1? COS ui ” (4) 


in which “1, = nu. 

It is apparent that if we proceed in this manner we satisfy 
the requirement regarding the beginning of yielding; by 
multiplying both sides of the equation (4) by ” we find 





_ nS, ng 21 — cos u) (i) 
ow = A ' 82 uy cos uy ” ; 


which indicates that the maximum stress reaches the yield 
point stress when S and g have been increased 7 times. 
Similar procedure in the design of struts can be applied in 
other cases of loading. We can conclude from the above 
discussion that to ascertain a factor of safety in the design 
of struts, we must use instead of equation (g) a modified 
equation similar to equation (4), in which the parameter u 
is replaced by xı = nu. 


Problems 


1. Find the slope at the left end of a strut with hinged ends 
which is loaded at the middle by the load P. 





|} It is assumed that material of the strut has a pro tounced yield 
point. 
1 This method of design of struts was developed by K. S. Zavriev, 
see Memoirs of the Institute of Engineers of Ways of Communication, 
1913, S. Petersburg. 
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Answer. 





2) _ P 1—cosu_ PP 1 — cosu 
dx Joo 2S cosu 16ET łu? cosu 


2. Find the slopes at the ends of a strut carrying a triangular 
load, Fig. 28. 





Fig. 28. 


Solution. Substituting in equation (29) gocde//, instead of Pi, 
and replacing summation by integration we find: 


sin px © ae 


= 0 x gee? 
Y=BpsinplJ, T in Ped aJ 7% 


sinp(/— x) [(' qc . Ef _ 
+ Spsinpl Jal sin p(/ ~ ¢)de — vw Je 2 (l — cde. 











Differentiating this with respect to x, we find that 


dy 2qol 
(2) = Gyr 8 — 2) 


dy\ 2 -w 
(2) = = Sper — 0s 


where a and 8 are functions given by expressions (36) (see p. 36). 
3. Find the slopes a the ends of a strut symmetrically loaded 
by two loads P, as show 1 in Fig. 29. . 
Answer. 


2) — 2) _Pfcosph_ N. 
dx Jao dsj S pl 
cos 5 


4. A strut with built-in ends is loaded as shown in Fig. 29. 
Find the bending moments, Mo, at the ends. 
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Solution. The moments M are found from the conditions that 
the ends of the strut do not rotate. By using the answer of the 





Fie. 29. 


preceding problem and also equations (27) and (28), the following 
equation for calculating Mo is obtained: 


Mol Md P f cos pb 
sere + aee + 5) a") 
co 


M, = _2PEI u (ee _ 1), 


Sl tanu\ cosu 





from which 





If% = o, we obtain the case of a load 2P concentrated at the middle. 
. Phar Mhr Maes 
S, &, § Snes 
nm ln pom Laer au 
k z . 
I nye 
A 
©) 


Fic. 30. 


5. Continuous Struts.—In the case of a continuous strut we 
Proceed as in the case of continuous beams (see p. 201, Part I) 
and consider two adjacent spans, Fig. 30.2 Using equations (23), 
(27), and (28) and introducing notations for the mth span: 


Sab? 
~ 4ET,,’ 


12 The theory is due to H. Zimmermann, Sitzungsb., Akad. Wiss., 
Berlin, 1907 and 1909. 





Un 
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I I 
ay, = 6 TTT OT NGS 
K È Sin Un car | > 


I I 
Bn = 3 | (2tUn)? ~ 2u, tan z] > 


tan Un — Uun 


(36) 


Yn = (37) 


iy 3 
gun 
We conclude that the slope at the right end of the mth span, Fig. 304, 
produced by the end moments M,.. and Mm, is 

Maln Mn-iln . 
~ Bn oer, 6ETn 


The slope produced at the left end of the # + 1 span by the mo- 
ments M, and May is 





(a) 


Mrym B Mialn41 . 
Om EBT BEI nga 


If there is no lateral load acting on the two spans under considera- 
tion, the expressions (4) and (4) must be equal, and we obtain: 

ln Ln ln 1 
Sh Mpa + 2 (a7 + Ban ft) Ma + ami 7, Man = 0. (38) 
This is the three moment equation for a continuous strut if there 
is no lateral load on the two spans under consideration. 

If there is lateral load acting, the corresponding slopes produced 
by this load must be added to expressions (a) and (4). Taking, 
for example, the case of uniform load gn and gn+1 acting on the spans 
n and n + 1 in a downward direction, we obtain the corresponding 
slopes from equation (32) and, instead of expressions (a) and (b), 
we obtain: 





(2) 





Maln Mn—iln _ Ialn? 




















~ Bu EI, °* 6EI,  M 24ET,? (©) 
Maylrys Malas Gntilngs® . 
Anl 6Elny + Bayt 3 Eln F Yny 24 Eln (d) 
Equating these two, expressions we obtain: 
aa In pg ait hay. 
Tn Man- +2 (ez + Bata Zt) My + Anti Tut Mny 
nln? n Le 3 
—~ vw f Gatling lL (39) 


Yn 4ln 7 Yn+l 4l nai 
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This is the three moment equation for a strut with a uniform load 
in each span. It is similar to the three moment equation for a 
continuous beam and coincides with it when § = o and all functions 
a, 8, y become equal to unity. 

For any other kind of lateral load we have to change only the 
right side of the equation (39), which depends on the rotation of 
the adjacent ends of the two spans produced by lateral loading. 
Taking, for example, the case of a 
trapezoidal load shown in Fig. 31 
and dividing the load into two parts, 
uniform loads and triangular loads, 
we use for the uniform loads the 
terms which we already have on 
the right side of equation (39). 
To these terms we must add the 
terms corresponding to the triangular loads. Using the expressions 
for the slopes in problem 2 of the preceding article, we find that 
the two terms which we have to add to the right side of equation 
(39) in the case of the load shown in Fig. 31 are: 





Fic, 31. 


_ (Gn—1 = Ga)ln (a _ 1) _ (gn = Gn41) layi 
pla ” play 


in which a, and bn are defined by expressions (36). If concen- 
trated forces are acting on the spans under consideration the re- 


(Bayi = 1), (e) 


‘quired expressions for the rotations are readily obtainable from the 


general expression for the deflection curve (29). 

The calculation of moments from the three moment equations 
(39) can be considerably simplified by using numerical tables of 
functions a, 6 and y.! 

In the derivation of equation (39) it was assumed that the 
moment M, at the nth support had the same value for both adjacent 
spans. There are cases, however, in which an external moment M,’ 
is applied at the support as shown in Fig. 30c; in such cases we must 
distinguish between the value of the bending moment to the left and 
to the right of the support. The relation between these two mo- 
ments is given by the equation of statics: 1 


Mr — Mè — Mr = 0, 








* Such tables can be found in the book by A. S. Niles and J. S. 
Newell, “Airplane Structures,” Vol. 2, 1938, see also writer’s book, 
“Theory of Elastic Stability,” 1936. 

_ The direction of M,° indicated in the Fig. 30c is taken as positive 
direction for an external moment. 
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from which 
M,! = Ma — M. (f) 


Equation (39) in such a case is replaced by the following equation: 


ln la ly 
Mai + Bag Mn + Bait Me + amg Men 


Onln 


In 





— abn Ibt 
— Yn 41, Yn41 41 nia (40) 


If the supports of a continuous strut are not on a straight line, 
the additional terms, depending on the differences in the levels of 
the three consecutive supports, must be put on the right side of 
equation (39) or (40). These terms are not affected by the presence 
of the axial forces, and are the same as in the case of a beam (see 
p. 204, Part I). 


Problems 


1. Write the right side of the three moment equation if there 
is a concentrated force P in the span 7 + 1 at a distance cnp from 
the support 7 + 1. 


Answer. 


_ 6PE ( SIN Patin cast) _ 6P (2 Prsni ces) , 
2 


sin Prt Ltt layı sin Pati layı layi 








AY n+l al atl 


2. Write the right side of the three moment equation if the nth 
span is loaded as shown in Fig. 29, p. 35, and if there is no load 


on span n + I. 
Answer. Using the solution of problem 3, p. 34, we obtain the 


following expression: 


6PE f cos pabn À= 6P f cos Pnbn i 
Sn T eee nie) 
$ cos Prr P cos Pai 
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3. Find the right side of the three moment equation if the load 
is as shown in Fig. 32. 


Answer. 
Ogn COS Pnôn z 
nln ln OCT 
P Ppa cos! a ) 


6. Tie-Rod with Lateral Loading.—If a tie-rod is sub- 
mitted to the action of tensile forces $ and a lateral load P, 
Fig. 33, we can write the differential equation of the deflection 








5 P S 


_— 


Fic. 33. 


curve for each portion of the rod in exactly the same manner 
as we did for a strut, Art. 4. It is only necessary to change 
the sign of S$. In such a case instead of quantities p? and ⁄? 
defined by expressions (17) and (23), respectively, we shall 
have — p? and — #?, and instead of p and u we shall have 


pY—1 = pi and uV—1 = ui. Substituting — S, pi, and wi 


in the place of S, p and u in the formulas obtained for the 
strut in Fig. 24, we obtain necessary formulas for the tie-rod 
in Fig. 33. In making this substitution we use the known 


relations: 
sin ui = i sinh u, cosui = coshu, tan ui = i tanh u. 
In this way we obtain for the left portion of the tie-rod in 
Fig. 33, from equations (18) and (19): 
_  Psinhpe . Pe 
y= — Sp sinh pi inh px tF” (41) 
dy — Psinhpc Pe 
dx ~ — Ssinh p/ Sh P* + 57> 
dy Pp sinh pe 


(42) 
dx Ss § sinh pl sinh px. 
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Similar formulas can also be obtained for the right-hand 
portion of the tie-rod by using equations (20)—(22). Having 


the deflection curve for the case of one load P acting on the * 


tie-rod, we can readily obtain the deflection curve for any 
other kind of loading by using the method of superposition. 

Considering, for example, a uniformly loaded tie-rod and 
using equations (30) and (31) for a strut, we obtain: 


cosh (2- p=) 


cosh z 





y= yp — I + 4x»), 


and the maximum deflection is 


Vmax = (ye=12 





I -Iit u? 
_ 5 g” coshu 2 5 git 
~ 384 EI Glu ~ 384 EI gilu), (43) 
where . 
I u? 
PETS 
ey (5 /aq)ie 


The slope of the deflection curve at the left-hand end, from 
equation (32), is 


dy _ q u—tanha- 
(Z) = EI ið (44) 





The maximum bending moment, which in this case is at the 
middle of the span, is obtained from expression (33): 





_ qË 2(coshu — 1) _ gË 
M max = 8 ° u2 cosh u a 8 y(u) (45) 
where 
palu) = 2(cosh u — 1) | 
1 =L T 


u? cosh u 


The deflection and the maximum `bending moment are ob- 
tained by multiplying the corresponding expressions for a 
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simple beam by factors gı(u) and y(u), depending on the 
magnitude of the axial tensile force S. The numerical values 
of these factors are given in Table 3.” 

In the case of bending of a tie-rod by a couple applied at 
the right-hand end, the deflection curve is obtained from 
equation (26), from which 


_ Miofx _ sinh px 
J -3(7- wk (46) 
If there are two equal and opposite couples applied at 


the ends of a tie-rod, the deflection curve is obtained by the 
method of superposition: 


a me) tej -x _ sinhp(/-— 2] 














Y= "S Z sinh p/ SL 7 sinh p/ 
M| cosh p (5 - x) Gn) 
= —— — . 4 
S cosh Z” 


From this equation we find the deflection at the middle and 


the slope at the left-hand end of the tie-rod: 


Mo coshu—1 Ml? coshu —1 





Ouz = S coshu 8E «Eu? coshu ’ 3 
dy) _ My n Mol tanh 48) 
dx Jenn 6 PANNE = TET ay 
The bending moment at the middle is 
_ d*y _ I 
Mei = — EI (F2) _ = Mo aa as) 


Having the deflection curves for a tie-rod with hinged ends 
bent by transerve loading and by couples at the ends, we 
can readily obtain various statically indeterminate cases of 





18 Various cases of bending of tie-rods are investigated in the papers 
by A. P. Van der Fleet previously mentioned (see p. 32) and also in the 
book by I. G. Boobnov, “Theory of Structure of Ships,” vol. 2, 1914, 
S. Petersburg. From the later book the Table 3 is taken. 
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bending of tie-rods by the method of superposition. Taking, 
for example, the case of a uniformly loaded tie-rod with built-in 
ends and using expressions (44) and (48), we obtain the 
bending moments Mas at the ends from the equation: 


gl u — tanh u Mol , tanhu _ 
4E I 2E u T> 








from which 


2 u — tanh [2 
My = — L ` Zæ tanhhu T ya(u), (50) 





where 
u — tanh u 
y(u) = Iu? tanhu ` 


The numerical values of the function y(u) are given in Table 
3. By using expressions (45) and (49) the bending moment 
at the middle, M, is obtained: 


q? 2(coshu — 1) q? u —tanhu 





Mı = 





8 xcoshu 12 l sinh zu 
2 6(sinh u — u) 2 
= 5 sinha T ¥a(u). (51) 


The deflection at the middle is obtained by using equations 
(43) and (48) which give 








I u? 
L5 gt oshu ta 
Ymax = (y)z=u2 = 384 El : Gp 
gi (u — tanh #)(coshu — 1) gt 
~ I6EI u‘ sinh u 3845 ga(u) (52) 


where 





_ 24 fue ucoshu—u\ 
eu) = TaN sinh u 
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TABLE 3. Deriections anp Maximum Benpinc Moment Constants IN 
LarteraLLY Loapep T1z-Rops 











u pı pz yı po vs u pı p2 yı yz ys 





© | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 6.5 | 0.054 | 0.197 | 0.047 | 0.391 | 0.139 
0.5 | 0.908 | 0.976 | 0.905 | 0.984 | 0.972 | 7.0 | 0.047 | 0.175 | 0.041 | 0.367 | 0.121 
1.0 | 0.711 | 0.909 | 0.704 | 0.939 | 0.894 | 7.5 | 0.041 | 0.156 | 0.036 | 0.347 | 0.106 
1.5 | 0.523 | 0.817 | 0.511 | 0.876 | 0.788] 8.0 | 0.036 | 0.141 | 0.031 | 0.328 | 0.093 
2.0 | 0.380 | 0.715 | 0.367 | 0.806 | 0.673 | 8.5 | 0.032 | 0.127 | 0.028 | 0.311 | 0.083 
2.5 | 0.281 | 0.617 | 0.268 | 0.736 | 0.563 | 9.0 | 0.029 | 0.115 | 0.025 | 0.296 | 0.074 
3.0 | 0.213 | 0.529 | 0.200 | 0.672 | 0.467 | 9.5 | 0.026 | 0.105 | 0.022 | 0.283 | 0.066 
3.5 | 0.166 | 0.453 | 0.153 | 0.614 | 0.386 | 10.0 | 0,024 | 0.096 | 0.020 | 0.270 | 0.060 
4.0 | 0.132 | 0.388 | 0.120 | 0.563 | 0.320 | 10.5 | 0.021 | 0.088 | 0.018 | 0.259 | 0.054 
4.5 | 0.107 | 0.335 | 0.097 | 0.519 | 0.267 | 11.0 | 0,020 | 0.081 | 0.017 | 0.248 | 0.050 
§.0 | 0.088 | 0.2g1 | 0.079 | 0.480 | 0.224 | 11.5 | 0.018 | 0.075 | 0.015 | 0.238 | 0.045 
5.5 | 0.074 | 0.254 | 0.066 | 0.446 | 0.189 | 12.0 | 0.016 | 0.069 | 0.014 | 0.229 | 0.042 
6.0 | 0.063 | 0.223 | 0.055 | 0.417 | 0.162 
































All these functions are equal to unity at u = o, i.e., when only 
a transverse load is acting. As the longitudinal! tensile force in- 
creases, each function decreases, i.e., the longitudinal tensile forces 
diminish the deflections and the bending moments in laterally 
loaded tie-rods. Some applications of the above table will be given 
later in discussing the bending of thin plates (see p. 122). 


Problems 


1. Find the maximum deflection and the maximum bending 
moment for a tie-rod loaded at the middle. 
Answer. 
PB u — tanh u 
(y) max = 48EL 143 > 


3 
Pi tanh u 
4 u 

2. Find the bending moments Mo at the ends of a tie-rod with 
built-in ends symmetrically loaded by two forces P as shown in 
Fig. 29. 

Solution. The bending moments at the ends are obtained from 
the equation: 





Mmax = 








P i cosh pd Md! tanh u 
S — . = Q. 
cosh zi 2EI u 





_3. Find the bending moments at the ends of a tie-rod with 
built-in ends loaded by a triangular load as shown in Fig. 28. 
_ Hint. Use solution of problem 2 on p. 34 together with equa- 
tion (46). 
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7. Representation of the Deflection Curve by a Trigonomet- 
rical Series.—In discussing the deflection of beams, it is sometimes 
very useful to represent the deflection curve in the form of a trigo- 
nometrical series.1° This has the advantage that a single mathe- 
matical expression for the curve holds for the entire length of the 
span. Taking the case of the beam with supported ends 1” shown 

in Fig. 34, the deflection at any point 


c P may be represented by the following 
7 (a) series: 


=z iii lb) yay sin T +a sin 


POPNE Pai eT [G] 3T 


+ assin5y + see. (a) 


a TN (4) Geometrically, this means that the 


Fic. 34. deflection curve may be obtained by 
superposing simple sinusoidal curves 
such as shown in Fig. 34 (4), (c), (d), etc. The first term in series 
(a) represents the first curve, the second term, the second curve, etc. 
The coefficients a, a2, a3 of the series give the maximum ordinates 
of these sine curves and the numbers 1, 2, 3, +++ the number of 
waves. By properly determining the coefficients a, az, +++, the 
series (a) can be made to represent any deflection curve ¥ with a 
degree of accuracy which depends upon the number of terms taken. 
We will make this determination of the coefficients by a considera- 
tion of the strain energy of the beam (eq. 188, p. 297, Part I) as 
given by the equation 


EI l dy 2 
U=— f (2) a. (2) 


The second derivative of y, from (a), is 


dy T? . TX aT e 27X aT Bmx 
SU = — asin — 422? -sin — a3? sin 5E. 
dx pein] SP 


E l l 


Equation (4) involves the square of this derivative, which contains 





16 See the author’s paper, “Application of General Coordinates in 
Solution of Problems on Bending of Bars and Plates,” Bulletin of the 
Polytechnical Institute in Kiev, 1909 (Russian); see also H. M. Wester- 
gaard, Proc. Amer. Soc. Civ. Eng., Vol. 47, pp. 455-533. 

17 For other cases analysis becomes too complicated for most prac- 
tical purposes. ` . 

18 See Byerly, “Fourier Series and Spherical Harmonics,” §§ 19-24. 
See also Osgood, “Advanced Calculus,” 1928, p. 391. ` 
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terms of two kinds: 


a tit . AWK Wm , nex . MTX 
Gn? —— sin? —— and 2anam sin —— sin ——. 


i l lái l l 


By direct integration it may be shown that 
l 1 
. ATX l . ATX . MTX 
f sin? mdy =- and f sin —— sin —— dx = 0, 
0 l 2 0 


where 
n Æ m. 


Hence, in integral (4), all terms containing products of coefficients 
such as 4n4m disappear and only the terms with squares of those 
coefficients remain. Then 





EIrt Elnr n=@ 
U = qe ae + 2ta? + 3ta t et) = 4” 2 nan. (53) 


In a previous discussion (see eq. 4, p. 339, Part I) it was shown 
that if an elastic system undergoes a small displacement from its 
position of equilibrium, the corresponding increase in the potential 
energy of the system is equal to the work done by the external forces 
during such a displacement. When the deflection curve is given 
by series (4), small displacements can be obtained by small varia- 


‘tions of the coefficients a1, 42, as, +++. If any coefficient a, is given 


an increase dan, we have the term (4, + dan) sin (mmx/I) in series 
(a) instead of the term a, sin (n7x//), the other members remaining 
unchanged. This increase da, in the coefficient 4, represents an 
additional small deflection given by the sine curve da, sin (zrx//), 
superposed upon the original deflection curve. During this addi- 
tional deflection the external loads do work. In the case of .a 
single load P, applied at a distance ¢ from the left support, the 
point of application of the load undergoes a vertical displacement 
da, sin (ne/l) and the load does the work: 


dan ( sin a ) P. (c) 


Let us consider now the increase in the strain energy, given by 
eq. (53), due to the increase dan in an 


aU ETIx* 
dU = Ja, day, = D Nandan. (d) 
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Equating this to the work done (c), 


EI . 
a Wan = P sin, 


l 





from which 





From this we can determine each of the coefficients in the series 
(a) and the deflection curve becomes 








_ 2PP _ TC, TX I , 2TC , 2TX 
) = Eja sin sin y +g sin ~ sin py Fs 
2PB 2 1 . AWC . ARK 
= Ere 2 inp sin GA 


From this the deflection may be calculated for any value of x. 
For example, the deflection at the middle when the load is at the 
middle, ¢ = x = //2, will be 


2PRB I I 
ô = (yea = Fp that tee. 





5 
By taking only the first term of this series, we obtain 
2P PP 
Elm 48.7EI 


Comparison with eq. (go), p. 143, Part I, shows that we obtained 
48.7 where the exact value was 48, so that the error made in using 
only the first term instead of the whole series is about 14 per cent. 
Such accuracy is sufficient in many practical cases and we shall 
have other examples where a satisfactory accuracy is obtained by 
using only one term in the series (a). 

From the solution for a single load (eq. 54), more complicated 
problems can be studied by using the method of superposition. 
For example, take a beam carrying a uniformly distributed load, 
of intensity g. Each elemental load gde at distance c from the left 


support produces a deflection obtained from eq. (54), with P = gae, 


>. ANC . ANN 
n—, sin~j— 


_ agde SINT ST 
~ ETIr* n=l ` nf 





dy 


Integrating this with respect to ¢ between the limits ¢ = o and 
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c = 7 gives the deflection produced by the entire load 


agi æ Il. ATX 


sin T` (55) 


7 EIT’ gut, 305,.++ ne 


Taking the first term only, the deflection at the middle of a uni- 
formly loaded beam is 





-4 en 
EIn® 76.5 HI 
Comparing this with the exact solution 
5 gt ght 





we find that the error in taking only the first term was less than 
3 per cent in this case. 

The trigonometric series (a) is especially useful when the beam 
is submitted to the action of a longitudinal compressive or tensile 
force in addition to lateral loading. In the problem shown in 


Fig. 35, the hinge B approaches the fixed hinge Z during deflection 





Fic. 35. 


by an amount equal to the difference between the length of the 
deflection curve and the length of the cord 4B. For a flat curve 
this difference is (see p. 177, Part I) 


aʻa fy 
naa (2) ae (56) 


With y as given by series (a), the square of its derivative contains 
terms of the two forms: 


2 neg? g ATX nmr? nNTX Max 
An? ~p COS F and 2andm cos —~ cos —— + 


PB l l 





By integration it can be shown that 


| „ATX l ! NUN mrX 
cos “yp ae = 53 cos —— cos —— dx = o, n Æ m. 
0 2 0 Z l 


1 Longidutinal contraction due to the axial force can be considered 
as constant for small deflections, 
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The equation for \ then becomes 
= “i E Ware. (57) 


To calculate the coefficients a, a2, 43, °-+ in the series (a) we con- 

sider the work done by the external forces during a small displace- 

ment da, sin (nmx/l) from the position of equilibrium. In the case 

represented in Fig. 35 both the force P and the longitudinal force 

S do work during such a displacement. The displacement `, due 

to the increase da, in the coefficient an, increases by an amount 
On T? 


= -— = — g?ada,. 
dN = 90, 44" z7” andan 


Then the work done by the force S is 
2 
S T N andan. 
2l 


This is added to the work (c) done by the lateral force and the sum 
is equated to the increase in the potential energy (eq. 4). This 
gives us the following equation for determining any coefficient an: 


2 4 
P sin da, +S gandan = am nandan, 
from which 
2P I NTC 
“Ele , SEN 
1 (» - as) 


If the ratio of the longitudinal force to the critical value of this 
load (see p. 27) be denoted by a = SP/EIn’, we obtain 
_ 2PB I LL 
n ET n(n? — a) sn] 


Substituting in the series (a), the deflection curve is 


2PR I we, TX I . 2T , ATK 
sin sin + Meo sin t+. we 








I 5 Elt \ 12a 1 7 T 92? =a) 7 
2PP L I NTC . NTX ~ 
=< L i . 8 
Elm 4 mae a O 7 (58) 


Comparing this with eq. (54) for the case of a lateral force P only, 
we see that the deflection of the bar increases due to the action of 
the longitudinal compressive force $. We have seen that the first 


at the middle becomes 
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term in series (4) represents a good approximation for the deflection; 
hence the increase of the deflection produced by the longitudinal 
force will be approximately in the ratio 1 : (1 — a). 

This conclusion holds also if there are several transverse loads 
of the same direction or if there is a continuous load acting on the 
beam. Denoting by & the maximum deflection produced by lateral 
load acting alone we can assume with satisfactory accuracy that 
under the combined action of compressive forces § and lateral load 
the maximum deflection is 

öv 

ô= La (59) 
This expression for the maximum deflection can be used also for an 
approximate calculation of bending moments in a strut. For ex- 
ample, in the case of a uniformly loaded strut with hinged ends the 
maximum bending moment can be calculated from the following 
approximate formula: 
gË S ôo 
8 + I— g 


Mmax = (60) 

If the longitudinal force is tensile instead of compressive, the 
method discussed above still holds, with —a@ instead of a in the 
expressions for the deflection curve (58). Taking only the first 
term in this expression, the approximate formula for the deflection 


ôo 
ET 61) 





ô = 


“where 6 denotes the deflection produced by lateral loads only. 


It must be noted that in the case of longitudinal tensile forces 
« can be larger than unity, and the accuracy of the approximate 
equation (61) decreases with increase of a. Taking, for instance, a 
uniformly distributed lateral load, the error in eq. (61) ata =1 
is about 0.3 per cent. At æ = 2 the error is 0.7 per cent and at 
a = Io the error is 1.7 per cent. ; 

In the case of a bar with built-in ends an approximate equation, 
analogous to eq. (61), may be derived for calculating the deflec- 
tion at the middle, which gives 

b=, (62) 
I+ z 
4 


in which ô is the deflection at the middle produced by lateral loads 
acting alone and a has the same meaning as before. 
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The applications of these approximate equations will be shown 
later in considering the deflection of thin rectangular plates. The 
method of trigonometric series can be extended also in analyzing 
beams of variable cross section.” 


8. Bending of Beams in a Principal Plane which is not a 
Plane of Symnietry. Center of Twist.—In the discussion of 
pure bending (see p. 93, Part I) it was shown that the plane 
of the deflection curve coincides with the plane of the bending 
couples provided these couples act in one of the two principal 
planes of bending. This does not hold however in the case 


of bending of a beam by a coplanar system of transverse ` 


forces. If the plane in which the forces are acting is not a 
plane of symmetry of the beam, such bending is usually 
accompanied by torsion of 
the beam. The following 
discussion will show how this 
torsion can be eliminated and 
a simple bending established 
by a proper displacement of 
the plane of the acting forces 
parallel to itself. 

We begin with simple examples in which the cross section 
of the beam has one axis of symmetry (z axis), and the forces 
are acting in a plane perpendicular to this axis, Fig. 36. Let 
us consider the case shown in Fig. 36a and determine the 
position of the vertical plane in which the transverse loads 
should act to produce simple bending of the beam in a vertical 
plane. From our previous discussion of distribution of ver- 
tical shearing stresses Tys, see p. 109, Part I, we may conclude 
that practically the whole of the shearing force V will be 
taken by the flanges alone. If we consider the flanges as two 
separate beams whose cross sections have moments of inertia 
I’! and I,’ respectively, then their curvatures and their 
deflections in bending will be equal if the loads are distributed 








20 See paper by M. Hetényi, Journal of Applied Mechanics, 1937, 
vol. 42 A-49. 
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between them in the ratio J,’:J,'"1 The shearing forces 
in these flanges also will be in the same ratio. This condition 
will be satisfied if the transverse loads act in the vertical plane 


through the point O (Fig. 36, a), such that 





where 4; and A: are the distances of O from the centroids of 
the cross sections of the flanges. In this manner we find that 
for the case of flanges of small thickness the point O is dis- 
placed from the centroid C of the cross section towards the 
flange whose cross section has the larger moment of inertia. 
In the limiting case, shown in Fig. 36, 4, in which one of the 
flanges disappears, it can be assumed with sufficient accuracy 
that the point O coincides with the centroid of the flange and 
that the transverse loads should act in the vertical plane 
through this point in order to have simple bending. The 
point O, through which the plane of loading must pass to 
eliminate torsion, is called center of twist. 

Let us now consider the channel section (Fig. 36, c) and 
determine the position of the plane in which vertical loads 
must act to produce simple bending with the z axis as the 
neutral axis. For this purpose it is necessary to consider the 
distribution of the shearing stresses over the cross section in 
simple bending. To calculate the vertical shearing stresses 
Tye for the cross section of the web, the same method is used as 
in the case of an I beam (page 109, Part I) and it can be as- 
sumed with sufficient accuracy that the vertical shearing force 
V is taken by the web only. In the flanges there will be hori- 
zontal shearing stresses which we shall denote by ra. To find 
the magnitude of these stresses let us consider an element cut 
from the flange by two adjacent cross sections dx apart and 
by a vertical plane mnmyny parallel to the web (Fig. 37). If 
the beam is bent convex downward, the upper flange will be — 





_ The effect of shearing force on deflection of flanges is neglected in 
this consideration. 
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in compression and the compressive forces N and N + dN 
acting on the above element will be numerically equal to 


(m + a) 
7 fya, 


where the integration must be extended over the shaded 
portion of the cross section of the flange. The integral repre- 
sents the moment of the shaded 
area with respect to the z axis. 
The difference of the compres- 
sive forces N and N +dN must 
be equal to the sum of the 
shearing stresses T+: acting over 
the side mum n, of the element. 
Assuming that these stresses 
are uniformly distributed over 
this side and denoting by ¢ the 


and N+dN= — 








Fic. 37. 


thickness of the flange, we obtain the following equation for — 


calculating Tsz: 


tetdx = dN = — M, E] yd A, 
from which 
V 
te = OF f ya A. —@) 


The moment of the shaded area is proportional to the distance 
u from the edge of the flange; hence rz. is proportional to w. 
As we have shown before (see p. 111, Part I), shearing 
stresses Tzs» equal to Tsz, must act horizontally at points along 
the line 271 in the cross section of the flange. Hence the 
stresses Tz are distributed non-uniformly over the cross section 
of the flange but are proportional to the distance u. At the 
junction of flange and web the distribution of shearing stresses 
is complicated. In our approximate calculation we shall as- 
sume that eq. (4) holds from u = o tou = 4, Then denoting 
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by 4 the distance between the centroids of the flanges and 
observing that the moment of the cross section 4 of the flange 
with respect to the axis z numerically is 4¢(A/2), we obtain, 
from eq. (2), 


Vbh 
(Tez) max = (Tzs) max = “ol, . (b) 


The resultant R of the shearing stresses 7.2 distributed over 
the cross sectional area dt of the flange is 


Voh bt _ Veh 


R = 2l: ` 2 4l, ) 





The sum of the shearing stresses 72, over the cross section of 
the lower flange will evidently be an equal and opposite force. 
Thus the shearing stresses over a channel section reduce to 
the forces shown in Fig. 38. This system of forces is statically 
equivalent to a force V applied at a point O at a distance 
from the center of the web: 
h Pht 
e =Z V = WA . 

From this it is seen that, in order to obtain simple bending 
with z the neutral axis, the vertical plane in which the trans- 
verse loads act should pass through 
the point O, which is called the cen- 
ter of twist. At any other position of 
this plane, bending of the beam will 
be accompanied by twist, and the 
stresses will no longer follow the simple 
law in which e, is proportional to y 
and hence does not depend entirely 
upon the coordinate z. 

_ In the case of an angle section (Fig. 39) the shearing stress 
T at points along mz will be in the direction shown, and will be 
equal to # 








Fic. 38. 





2 The same method of calculating these stresses as in the case of 
channel sections is used. 
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y 
r= = 7, f yd, 


in which the integral represents the moment of the shaded 
area with respect to the z axis. These shearing stresses yield 
a resultant force in the direction shown in Fig. 39, 2 equal to 


A force of the same magnitude will also be obtained for the 
lower flange. The resultant of these two forces is equal to V 
and passes through the point of intersection of the middle 
lines of the flanges O, which is therefore the center of twist in 
this case. 








Fic. 39. Fic. 40. 


In the case of a 7L section, Fig. 40, assuming simple 
bending in a vertical plane and proceeding as in the case of 
an |_| section, we find that the shearing forces R in both 
flanges have the same direction. Their resultant goes through 
the centroid C: By geometrically adding this resultant to the 
vertical shearing force X, we obtained the direction of the 
inclined plane in which the transverse forces must be applied 
to produce simple bending of the beam in the vertical plane. 
Point C is the center of twist in this case. ` 

Assuming that the cross sections which were discussed 
above belong to cantilever beams fixed’at one end and loaded 
by a concentrated force P at the other end, we may conclude 
that if the load P is applied at the center of twist, it produces 
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only bending of the cantilever without any twist. By using 
the reciprocal theorem (see p. 330, Part I) it can at once be 
concluded that a torque applied at the same end in the plane 
perpendicular to the axis of the cantilever and producing 
torsion of the cantilever will not produce any deflection of the 
center of twist. Hence during such torsion each cross section 
of the cantilever is rotating with respect to the axis passing 
through the center of twist and parallel to the axis of the beam. 

The method of determining the position of the center of 
twist shown above on several simple examples can be gener- 
alized and extended to embrace cases of non-symmetrical 
cross sections of thin-walled members, provided the thickness 
of the material is so small that the distribution of shearing 
stresses over the thickness can be taken with sufficient 
accuracy to be uniform.” A further discussion of this 
problem is given in Art. 53 (p. 292). 

When all the dimensions of a cross section are of the same 
order, the problem of determining the center of twist becomes 
more complicated; exact solutions of this problem exist in 
only a few cases.” 


9. Effective Width of Thin Flanges.—The simple bend- 


ing formula (see Eq. 55, p. 90, Part I) shows that bending 
` stresses in a beam are proportional to the distance from the 


neutral axis. This conclusion is correct so long as we are 
dealing with beams, the cross-sectional dimensions of which 





2 The problem of determining the center of twist has been discussed 
by several authors. See, for example, A. A. Griffith and G. I. Taylor, 
Technical Reports of the Advisory Committee for Aeronautics, England, 
Volume 3, p. 950, 1917, R. Maillart, Schweiz. Bauz., vol. 77, p- 1973 
vol, 79, p. 254 and vol. 83, p. 111 and p. 176. C. Weber, Zeitschr. f. 
angew. Math. u. Mech., vol. 4, 1924, p. 334. A. Eggenschwyler, Proc. 
of the Second Internat. Congress for Appl. Mech. Zürich, 1926, p. 434. 
In recent time the problem became of importance in airplane design. 
The review of the corresponding literature is given in a paper by P. Kuhn, 
Techn. Notes, Nat. Adv. Comm., no. 691. 

* See paper by M. Seegar and K. Pearson, London, Roy. Soc. Proc. 
(ser. A), vol. 96, 1920, p. 211, and the writer’s paper, London Math. 
Soc. Proc. (ser. 2), vol. 20, 1922, p. 398. See also “Theory of Elas- 
ticity,” 1934, p. 301. 
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are small in comparison with their length and so long as we 
are considering points at a considerable distance from the 
ends. In practical applications we sometimes use beams with 


6 do b 






wide flanges, to which the ele- 
mentary beam formula cannot 
be applied with sufficient ac- 
curacy. Take, as an example, 
the case of a beam consisting of 
a rib and a wide flange shown 
in Fig. 41. Assuming that the 
beam is simply supported at 
the ends and loaded in the 
middle plane xy, we observe 
that there are shearing stresses acting between the flanges and 
the rib at the surfaces of contingency mn, Fig. 414, and directed 
as shown in Fig. 414. It is seen that these stresses tend to 
reduce the deflection of the rib, to make it stiffer. At the 
same time they produce compression of the flanges. Con- 
sidering a flange at one side of the rib as a rectangular plate 
submitted to the action of shearing forces along one edge, 
Fig. 41c, we see that the compressive stresses will not be 
uniformly distributed along the width of the flange, and a 
rigorous analysis shows # that the distribution will be such as 
is indicated by the shaded area, the maximum stress in the 
flange being the same as in the utmost fibers of the rib. From 








Fic. 41. 





% The discussion of the rigorous solution, obtained by Th. von 
Karman, is given in the “Theory of Elasticity,” p. 156, 1934. See also 
W. Metzer, Luftfahrtforschung, vol. 4, p. 1, 1929. K. Girkmann, der 
Stahlbau, vol. 6, 1933, p- 98; H. Reissner, Z. angew. Math. Mech., 
vol. 14, 1934, p. 312; E. Reissner, Der Stahlbau, vol. 7, 1934, p- 206; 
E. Chwalla, Der Stahlbau, vol. 9, 1936, p. 73- 
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this non-uniformity of stress distribution it can be concluded 
that in applying to the beam in Fig. 414 the simple beam 
formula for maximum bending stress we must use a somewhat 
reduced width 2d, instead of the actual width 24 of the two 
flanges, in order to obtain the correct value of the maximum 
stress. This reduced width, usually called the effective width, 
can be calculated if the compressive stress distribution, shown 
by the shaded area in Fig. 41c, is known. It is only necessary 
to make the area of the rectangle, indicated in the figure by 
the dotted lines, equal to the shaded area. Its magnitude, 
2s, usually varies along the span of the beam, for it depends 
on the proportions of the beam and also on the shape of the 
bending moment diagram. 

In the particular case when the width of the flange is very 
large, say 2b = J, and the bending moment diagram is given 
by the sine curve: 

TX 


M= M, sin 7? (a) 


the reduced width becomes constant and equal to 
4l 

= = GFG? 
where p is Poisson ratio. For u = 0.3 we obtain 

Wz = 0.3630. (63) 
Hence, in this particular case the actual beam can be replaced 
by an equivalent T beam of a constant cross section and with 
the width of the two flanges equal to 0.363/4. Applying to 
this beam the simple beam formulas, we obtain the same 
maximum stress and the same flexural rigidity as the actual 
beam has. 


In a general case of transverse loading, the bending moment 
diagram can be represented by a sine series: 
nex 


M, = =M, sin 7? . (k) 


in which the coefficients M, can be calculated, in each particular 
case, from the known formula: * 





6 See Article 7. 
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2 i 
M.=5 f M, sin a dx. (c) 
In the case of a uniform load, for example, we have 
m, = EC 

7 2 

and formula (c) gives 
4g? 
M, = near > (d) 


where 7 = 1,3,5, t. 

Having the coefficients M, in the series (4), we obtain the 
effective width from the rigorous solution, which, in the case of a 
large width of the flanges, gives 








l M, 
z . NATX 
Mpa sin — 
l 
n=1,3,5,... 
4+ zar 


in which 8 = é//dh is the ratio of the area ¢/ to the cross-sectional 
area of the rib, and 


_ G+HGB—»#) 
4 


Taking, for example, the case of a uniformly distributed load and 
substituting the expression (d) for M, in formula (64), we find that 
for various values of the ratio 8 the variation of the effective width 
along the length of the beam is as 
shown in Fig. 42. Itis seen that 
in the middle portion of the span 
the effective width varies very 
— little and is approximately the 
same as for a sinusoidal bending 
moment diagram (see eq. 63): 
When the effective width is 
Fic. 42. found from formula (64), the 
maximum stress and maximum 
deflection are found by applying simple beam formulas to the equiv- 
alent beam. l 
We discussed the case in which the flanges of the beam have a 
very large width. There are also rigorous solutions for the case in 
which the flanges are not so very wide and for the case of a long 


k 





= 0.878 for p = 0.3. 


0375 l fo 
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rectangular slab, reinforced by a system of identical and equidistant 


` tibs. In all these cases the problem is reduced to that of calculating 


stresses and deflections in an equivalent beam.?? 


10. Limitations of the Method of Superposition.—In dis- 
cussing the bending of beams (see p. 146, Part I) it was shown 
that the calculation of the deflections can be greatly simplified 
by using the method of superposition. This method can 
always be used if the bending of the beam does not introduce 
changes in the action of the external forces. For instance, 
small deflections of beams by lateral loads do not change the 
bending moment diagrams for these loads, and superposition 
can be successfully used. But if we have bending combined 
with axial tension or compression, the deflection produced by 
the lateral loads changes the action of the axial forces, and the 
latter produce not only axial tension or compression but also 
some additional bending. In such cases, as we have seen (see 
Art. 4), there are some limitations of the method of super- 
position; we can use this method only with regard to the 
lateral loads, assuming that the axial force always remains 
constant. There are other cases in which small deflections of 
beams may introduce considerable changes in the action of 
forces. In such cases the method of superposition fails. 
Some examples of this kind will now be discussed. 

As a first example let us consider the bending of the 
cantilever 4B, Fig. 43, if during bending it comes gradually 
into contact with a rigid cylindrical supporting surface AC 
having a constant curvature 1/R and a horizontal tangent at 
A. It is seen that as long as the curvature of the beam at 
the end A, as given by the formula 

1 M _ Pl (a) 
r El, EI,’ 

21 These rigorous solutions found some application in specifications 
for concrete slabs reinforced by ribs. In airplane design the fact of 
non-uniform stress distribution in wide flanges is taken care of by using 
an approximate theory, the discussion of which can be found in papers 
by P. Kuhn, National Adv. Committee for Aeronautics, Reports No. 
608, 1937, No. 636, 1938. See also H. Ebner, Luftfahrt-Forschung, 
vol. 14, 1937, p. 93 and vol. 15, 1938, p. 527- 
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is less than the curvature of the support 1/R, the cantilever 
will touch the surface 4C only at the point 4, and the de- 
flection 6 at the end B will be given by the known formula: 








PPR 
ô = 3E @ 
From the equation 
I Pi ıı 
+ EI, R (e) 


we can obtain the limiting value of the load P, for which the 
beam begins to come into contact with the cylindrical sup- 
porting surface beyond the point 4. Let Pı = EL/IR be this 
limiting value of the load; then for P > Pı a part AD of the 
beam will be supported as indi- 
cated in Fig. 43 by the dotted 
line. The length x of the un- 
supported portion of the canti- 
lever is obtained from the con- 
dition that at D the curvature, 
i/r, of the beam is equal to the curvature of the supporting 
surface; hence 





Fic. 43. 


and we obtain 
* = DR’ @) 


The total deflection at the end B of the cantilever consists 
of three parts: (1) deflection of the portion DB of the beam 
as a simple cantilever, which is 


_ Pë _ (EI,)? 
è = ZET, T 3PR? 6) 
(2) deflection owing to the slope at D, 


xl — x) _ Ba oR) 
R ~ PR? > 





ô, = 
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and (3) deflection representing the distance of the point D 
from the horizontal tangent at 4, which is 


l— x)? ELN 1 
53 x Y=) = -(/- PR) aR (g) 





Summing up these three parts, we obtain the total deflection: 


ô = 61 + ô: + ôs = 55 — & paps” (h) 


This expression for the deflection must be used instead of 
equation (4), if P is larger than thelimiting value P, = EJ,//R. 
Note that the deflection is no longer proportional to P. If, 
in addition to P, there is a load Q applied at the end B of the 
cantilever, the total deflection will not be equal to the sum of 
the deflections produced by P and produced by Q if both are 
considered to be acting alone. Hence the method of super- 
position does not hold in this case. 


Ms 
G 2 
Ma c D d 
a 
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As a second example let us consider the case of a uniformly 
loaded beam with built-in ends, as shown in Fig. 44. Itis 


‘assumed that during bending the middle portion of the beam is 


supported by a rigid horizontal foundation so that along this 
portion the deflection is constant and equal to ô It is seen 
that if the deflection at the middle is less than 6, we have 
an ordinary case of bending of a beam with built-in ends. 
The limiting value gı of the load is obtained from the known 
equation: 
I quilt e 
384 EI, = ô. (i) 





_ For an intensity of the load larger than qı, a portion of the 
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beam will be supported by the foundation as shown in the 
figure. This part remains straight; there is no bending 
moment acting in the portion CD of the beam, and the load 
is balanced by the uniformly distributed reaction. At the 
ends C and D, however, concentrated reactions X may act on 
the unsupported portions of the beam. The length a of the 
unsupported portions of the beam and the magnitude X of 
the concentrated reactions can be obtained by considering 
the portion 4C of the beam as a cantilever with a uniform 
load g and with a concentrated load X at the end. Observing 
that the cross section at C does not rotate during bending and 
using equations (94) and (100) from Part I (see p. 147 and 
p. 149), we obtain 





q _ Xæ 
6EI, 2E: 
from which 
a > 
x= 4%. G) 


Another equation is obtained from the condition that the 
deflection at C is equal to 6. Using the known formulas for 
the deflection of the cantilever, we obtain 


qat Xæ 
SEI, T 3E T * (k) 


Solving equations (j) and (k) we find 


a= yee, X = V8/95ET.¢. (D 


It is immediately apparent that the reaction X is not propor- 
tional to the load. The numerical maximum of the bending 
moment, which is at the built-in ends, is obtained from the 
equation: 


[M.| = |M] = Č — Xa, 
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which gives 
2 - 
M, = T = V25ETy. (m) 


Again we see that the bending moment does not increase in 
the same proportion as the load. Hence the method of 
superposition cannot be used. 


Problems 


1. Find the deflection of the cantilever shown in Fig. 43 if, 
instead of force P, there is a uniformly distributed load g. 

2. Find an expression for the deflection at the middle of a beam, 
supported by two identical cylindrical surfaces of the radius R and 


loaded at the middle, Fig. 45. 


st? 
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Solution. As the load P increases, the points of contact of the 
beam with the supporting surfaces move inwards and the span 
diminishes; hence the deflection increases in a smaller proportion 
than does the load P. The angle a, defining the positions of the 
points of contact, is found from the condition that at these points 
the deflection curve is tangent to the supporting surfaces; hence, 
for small values of a, 

PU — 2Ra)? 
“= 16EI, 


Having æ, we obtain the deflection at the middle from equation: 
_ PU- 2Ra)® | Re? 
~ 48ET, 2 


3. Solve the preceding problem assuming that the beam is 
built-in at the points 4 and B. 
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4. Solve problem 2 if the load is not at the middle of the 
span 4B. 
5. A long, uniformly loaded beam 
is supported by a horizontal, rigid 
o foundation, Fig. 46. Find the angle 
a of rotation of the end 4 and 
the length x which will be bent by 
the moment Mo applied at the end. 
Solution. The length x is found from the equation: 











gat _ Mex 
24EI 6EI- 
The angle of rotation at the end < is 
_ Mot gx! 
* = EI 24EI 


CHAPTER II 
CURVED BARS 


11. Bending Stresses in Curved Bars.—In the following 
discussion it is assumed that the center line} of the bar is a plane 
curve and that the cross sections have an axis of symmetry in 
this plane. The bar is submitted to the action of forces lying 
in this plane of symmetry. Let us consider first the case of a 
bar of constant cross section in pure bending, produced by 
couples applied at the ends (Fig. 47). The stress distribution 








for this case is obtained by using the same assumption as in 


‘the case of straight bars, namely, that transverse cross 


sections of the bar originally plane and normal to the center 
line of the bar remain so after bending.? Let ab and cd 





1 The center line is the line joining the centroids of the cross sections 
of the bar. 

2 This approximate theory was developed by H. Résal, Annales des 
Mines, 1862, p. 617, and by E. Winkler, Der Civilingenieur, Vol. 4, 1858, 
p. 232; see also his book, “ Die Lehre von der Elastizität und Festig- 
keit,” Prag, 1867, Chapter 15. Further development of the theory was 
made by F. Grashof, “ Elastizität und Festigkeit,” 1878, p. 251, and by 
K. Pearson, “History of the Theory of Elasticity,” Vol. 2, part I, 1893, 
P. 422. The exact solution of the same problem was given by H. Golo- 
vin,. Bulletin of the Institute of Technology at St. Petersburg, 1881. 
See also C. Ribière, C. R., Vol. 108, 1889, and Vol. 132, 1901, and L. 


_ Prandtl in the paper by A. Timpe, Zeitschr. f. Math. u. Phys., Vol. 52, 


1905, p. 348. The above approximate theory is in good agreement with 


. the exact solution. See “Theory of Elasticity,” p. 58, 1934. 
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denote two neighboring cross sections of the bar and let dọ 
denote the small angle between them before bending. As a 
result of bending, the cross section cd rotates with respect to 
ab. Let Adg denote the small angle of rotation. Due to this 
rotation the longitudinal fibers on the convex side of the bar 
are compressed and the fibers on the concave side are extended. 
If n-n denotes the neutral surface, the extension of any 
fiber a distance è y from this surface is yAde and the corre- 
sponding unit elongation is 
__ yhde 

(r= yde’ (2) 
where r denotes the radius of the neutral surface and the 
denominator in eq. (a) is the length of the fiber between the 
adjacent cross sections before bending. Assuming that there 
is no lateral pressure between the longitudinal fibers,‘ the 
bending stress at a distance y from the neutral axis is 


EyAde 
"Gaye Q 


It will be seen that the stress distribution is no longer linear as 
in the case of straight bars, but that it follows a hyperbolic 
law as shown in Fig. 47 (c). From the condition that the sum 
of the normal forces distributed over the cross section is zero, 
it can be concluded that the neutral axis is displaced from the 
centroid of the cross section towards the center of curvature of 
the bar. In the case of a rectangular cross section, the shaded 
area (Fig. 47, ¢) in tension must equal that in compression; 
hence the greatest bending stress acts on the concave side. In 
order to make the stresses in the most remote fibers in tension 
and in compression equal, it is necessary to use sectional 
shapes which have the centroid nearer the concave side of 


the bar. 


3 y is taken positive in the direction towards the center of curvature 
of the bar. 

4 The exact theory shows that there is a certain radial pressure but 
that it has no substantial effect on the stress o, and can be neglected. 
The lateral pressures in direction perpendicular to the plane of curvature 
may be of importance in the case of bending of thin shells (see art. 20). 





Z. 
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Equation (4) contains two unknowns, the radius r of the 
neutral surface and the angle Ady which represents the 
angular displacement due to bending. To determine them 
we must use the two equations of statics. The first equation 
is based on the condition that the sum of the normal forces 
distributed over a cross section is equal to zero. The second 
equation is based on the condition that the moment of these 
normal forces is equal to the bending moment M. These 
equations are: 











finda -2E [2 -o © 
_ Eade f dA _ 
f oydd =“ [7 = M, (d) 


The integration in both equations is extended over the total 
area of the cross section. The integral in eq. (d) may be 
simplified as follows: 


At. fo- 








pare fat (e) 


. The first integral on the right side of eq. (e) represents the 


moment of the cross sectional area with respect to the 
neutral axis and the second, as is seen from eq. (c), is equal to 
zero. Hence 


7 = ke, Y) 


in which e denotes the distance of the neutral axis from the 
centroid of the cross section. Equation (d) then becomes 


Eade _ M 
“de = Ae (65) 
and eq. (4) gives 
-MW 
z 7 Aelr — y) . (g) 


The stresses in the most remote fibers, which are the largest 
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stresses in the bar are 


Mh Mh 
(oz) max = Fea and (oz) min = = Ta’ (66) 





in which 4; and Ae are the distances from the neutral axis to 
the most remote fibers and a and c are the inner and outer 
radii of the bar. The radius r is determined from eq. (c). 
Several examples of such calculations are shown in the next 
article. 

If the depth of the cross section is small in comparison 
with the radius R of the center line of the bar, y may be 
neglected in comparison with r in eqs. (c) and (d). Then, 


from (c), we obtain 
foad = 0, 


i.e., the neutral axis passes through the centroid of the cross 
section. From eq. (d) 





= M. (A) 


Substituting this into eq. (4), 
My 


z= 7 . 
2 


Hence, in the case of a relatively small depth 4, the distribution 
of the bending stresses o, approaches a linear one, and the same 
equation as used for straight bars can be used to calculate 
them. 

From eq. (4) we obtain for a thin bar 


MRde Mas 
EI, ~ EI.” (67) 


in which ds denotes the element of the center line between two 
adjacent cross sections. This equation is analogous to eq. 
(a), p. 145, Part I, for the straight bars, and is often used in cal- 
culating the deflections of thin curved bars. 

In a more general case when a curved bar is submitted to 
the action of any coplanar system of forces in the plane of 





Ade = 
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symmetry of the curved bar, the forces acting upon the 
portion of the bar to one side of any cross section may be 
reduced to a couple and a force applied at the centroid of the 
cross section. The stresses produced by the couple are 
obtained as explained above. The force is resolved into two 
components, a longitudinal force N in the direction of the 
tangent to the center line of the bar and a shearing force V 
in the ‘plane of the cross section. The longitudinal force 
produces tensile or compressive stresses uniformly distributed 
over the cross section and equal to N/A. Due to these 
stresses the center line of the bar undergoes extension or 
contraction and the angle dg between the two adjacent cross 
sections changes by the amount 


Aide = =F Pp: (68) 


The transverse force V produces shearing stresses and the 
distribution of these stresses over the cross section can be 
taken the same as for a straight bar.® 


12. Particular Cases of Curved Bars.—It was shown in 
the previous article (eq. 66) that bending stresses in curved 
bars are readily calculated provided the position of the 
neutral axis is known. In the following examples the calcu- 
lation of the distance e of the neutral axis from the centroid 
of the cross section is given for several particular cases. 

Rectangular Cross Section.—The magnitude of the radius r 
of the neutral surface is determined from eq. (c) of the 
previous article, from which 


ydA 

r=y 
If we denote by v (Fig. 48) the radius of a shaded element d4, 
then 


= 0. (a) 


v=r— y or yur 





5 This assumption is in a good agreement with the exact solution 
for a narrow rectangular cross section; see “Theory of Elasticity,” p. 
73, 1934. 
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Substituting into eq. (a), 


f (r = odd Lo, 


from which 
A cof 
r= dd" (69) 
v 


In the case represented in Fig. 48, 
A = bh,dA = bdv and integration is ex- 
tended from v = a tov = c, where a and 
c are the inner and the outer radii of the 
curved bar. Substituting in equation 
(69), we obtain 











_ Oh ih 
Fi. 48 r= JE gi (7°) 
ZA log, £ 
a 
Using the known series 
c_, R+hh 1+ 34/R 
loBn 7 = loga Rag = logs aR 
“rlt GR) tR) +) o 
we obtain 
e= R-r=R— R 





IAY I/ANŅ\ 
+3 (ce) Gz) + 


A first approximation for e is obtained by taking only the two 
first terms in the denominator on the right side. Then 


I k? 
sep if h \?| RR (71) 
t+5(ar) 


By using three terms of the series (4), a second approximation 
is obtained: 








arl + is(se) | o 
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It can be seen that the distance e of the neutral axis from the 
centroid decreases as the ratio 4/R decreases. For small 
values of this ratio the distance e is small and a linear stress 
distribution, instead of a hyperbolic one, may be assumed 
with good accuracy. In the table below, the values of the 
maximum stress obtained by assuming a linear stress distri- 
bution are compared with those obtained on the basis of a 
hyperbolic distribution (eq. 66). 


TABLE 4. Comparison OF HYPERBOLIC AND Linear Stress DISTRIBUTIONS 






































; . Error in Smax 
Hyperbolic Linear . due to assuming 
stress distribution stress distribution linear law 
Tmax Omin Omax Omin 
Rik | AR M/AR M/AR M/AR % 
1 9.2 = 44 6 ~ 6 35 
2 14.4 — 10.3 12 ~—12 17 
3 20.2 — 16.1 18 —18 10.9 
4 26.2 —22.2 24 724 9-2 
10 62.0 — 58.0 60 —60 3-2 














This indicates that for R/A > 10 a linear stress distribution 
can be assumed and the straight beam formula for maximum 
bending stress may be used with suffi- 
cient accuracy. 


Trapezoidal Cross Section. ‘The length 
of an elemental strip at distance v from the 
axis O-O (Fig. 49) is 








b= by + (h= by) — 


Substituting into eq. (69), we obtain Fic. 49. 


A 
“Ta bdo ~ bem . (73) 








* log, < — (b 1 b2) 
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When 4, = 2 = 4, the above equation coincides with eq. (70) for 
a rectangle. When 4, = o, the case of a triangular cross section is 
obtained. 

L Cross Section. In this case eq. (69) gives (Fig. 50) 


, bfi + bef, _ Afr + bof 
_—? p= 
af Son Z h loga 2 + br loge 
a Y d a 


v 





(74) 


c 


d 








Fie. so. 


I Cross Section. From eq. (69) (Fig. 51) 


_ bfi + bafa + hafs . 
r= d z z (75) 
h logn Z + 2 logn 7 + 43 loga 





It may be seen that a suitable choice of proportions in the cases 
of L and I sections will so locate the centroid that eqs. (66) will 
give the same numerical values for omax and omine Such propor- 
tions are desirable if the material is equally strong in tension and 
compression, as, for instance, structural steel. 

In the previous discussion the distance e from the neutral axis 
to the centroid of the cross section was determined as the difference 
R— r. As A/R decreases, this difference becomes small. To de- 
termine it with sufficient accuracy, r must be calculated very 
accurately. In order to avoid this difficulty and to obtain e directly, 
the following method may be used. If we let yı denote the distance 
of any point in the cross section from the axis through the centroid 
parallel to the neutral axis, then yı = y + e and eq. (a) for deter- 
mining the position of the neutral axes becomes 


(n= ¢)dd _ (_ydd dA 
Roy > R-n] R- 7> (c) 
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The first integral on the right side represents a modified area of 
the cross section and can be represented as follows: 


iA 
Ry mA, (d) 


where m denotes a number to be determined in each particular case. 
The second integral on the right side of eq. (c) can be transformed 


as follows: 
dd 1 A 
Ronn (heey at Re K 


Substituting (d) and (e) in eq. (c), we obtain 


ei + mA 
-> =o, 








mA 


from which 
m 


e= R Fa 76) 


In calculating m from eq. (d) the factor 1/(R — y) can be expanded 
in the series - 





Then 





and 


-= nyy... 
m=- (+R+E+ 


As an example, for a rectangular cross sec- 
tion 4 = bh, dA = bdy,, and substituting in 
(7), 


I +72 2 
mae f (142484) nay 
~h/2 
(4) (4V RY) NW 
~ 3\ aR tr 2R ts aR) TUS 
This series converges very quickly and m can 5 a 


be calculated very accurately. Substituting 
m in eq. (76), the distance e is obtained. 
For a circular cross section (Fig. 52), 


dA =2 Vł%2 — Yêdyr (f) 
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Substituting into eq. (e), 


A f the V g% — yêdyi Ve -*) 
> U = 2 m = — 2 — 
R ( + m) ae R— y a(R R ’ (g) 


from which, using the series 
| k r I(PXĽ 
2 = Loo lf 2 
R 4 r|: 2 4R? (ze 
I RN 5 B Nt 7 
~ 16 T) -ahh 


we obtain 


If AY If 2M of hk \8 -o 
m =e) +5 Ge) ta) be 


This is a rapidly converging series, from which m may easily be 
calculated. Substitution of m into eq. (76) gives the position of 
the neutral axis. 

It can be seen that in calculating m from equation (e) the mag- 
nitude of m does not change if all elements d4 are multiplied by 
some constant, since in this way the integral on the left side of 
equation (e) and the area 4 on the right side of the same equation 
will be increased in the same proportion. From this it follows that 
the value (78) of m obtained for a circular cross section can be used 
also for an ellipse with the axes 4 and A, since in this case each 
elemental area (f) obtained for a circle is to be multiplied by the 
constant ratio Ai/A. 

The calculation of the integral on the left side of equation (e) 
can sometimes be simplified by dividing the cross section into several 
parts, integrating for each part, and adding the results of these 
integrations. Taking, for example, a circular ring cross section 
with outer diameter 4 and inner diameter A, and using equation (g) 
for the outer and inner circles, we find for the ring cross section: 


ele] 
GGJ HA) eI) © 


In a similar manner we can develop formulas for the cross sections 


shown in Figs. 50 and 51. 
When m is calculated, we find e from equation (76) and the 
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maximum stress from equation (66). But we can also proceed in 
a somewhat different way and continue to use distance yı from the 
centroidal axis instead of distance y from the neutral axis. Sub- 
stituting yı — e instead of y into equation (g) (p. 67), we obtain 


M(y1 — e) M (mn 
o= Fey l) (80) 


where v is the distance of the point from the axis through the center 
of curvature of the axis of the bar, Fig. 48. 





Equation (d) is the basis of a graphical determination of 
the quantity m for cases in which the shape of the cross 
section cannot be simply expressed analytically. It is seen 
that in calculating the modified area from eq. (d) every 
elemental area must be diminished in the ratio y:/(R — yı). 
This can be done by retaining the width of the elemental 
strips but diminishing their lengths in the above ratio (Fig. 
53). In this manner the shaded area in the figure is obtained. 


A 

A, A 
gA 

Z | 


Fic. 53. 


The difference between the areas CDF and ABC gives the 
modified area m4. Knowing this, the quantities m and e can 
readily be calculated. 

The theory of curved bars developed above is applied in 
designing crane hooks.® In Fig. 54 is represented the working 
portion of a hook of a constant circular cross section. It is 















€A theoretical and experimental investigation of crane hooks was 
recently made by the National Physical Laboratory in England. See 
the paper by H. J. Gough, H. L. Cox and D. G. Sopwith, Proc. Inst. 
Mech. Engrs., December 1934. The comparison of the theoretical 
stresses in hooks of a rectangular cross section with experimental results 
is given in the paper by K. Böttcher, Forschungsarbeiten, Heft 337, 
Berlin, 1931. 
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assumed that the vertical force P is passing through the 
center of curvature O of the axis of the hook. The maximum 
bending stress occurs in the cross sec- 
tion perpendicular to the load P. 
Then, proceeding as explained in the 
preceding article, we find that on the 
horizontal cross section of the hook 
the tensile force P, applied at the cen- 
ter C of the cross section, and the bend- 
ing moment M = PR are acting. Com- 
bining direct and bending stresses and 
using equation (80) for the latter, we 
obtain 
o -5+2 — j- 

Fic. 54. z A AR Amo 





Applying this formula to the most remote points, for which 


a= +ź, we find that 


P h 
(2)mex = 9° mR = Bld)? 


(Gz) min = — A mR EAD) | (81) 


It is seen that the numerically largest stress is the tensile 
stress at the intrados, which is obtained by multiplying the 
stress P/A by the stress factor: 


h 
k = mR — AD (82) 
the magnitude of which depends on the ratio 4/2R. Using 
expression (78) for m, we find that k varies from 13.5 to 15.4 
as the ratio 4/2R changes from o.6 to 0.4.7 





7 At h/2R = 0.6 the factor k has its minimum value. 
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Problems 
1. Determine the ratio of the numerical values of omar and 
Omin for a curved bar of rectangular cross section in pure bending if 
R= gin. and h = qin. 
Solution. From eq. (66) the ratio is Aic/foa. The distance of 
the neutral axis from the centroid, from eq. (72), is 


_,—4 4(4V[_ : 
mat +4 (SY |- orsin 


Then Ay = 2 — 0.278 = 1.722 in.; Ae = 2 + 0.278 = 2.278. The 
above ratio is 





1.722 X 7 


= 1.75. 
2.278 X 3 75 
2. Solve the previous problem, assuming a circular cross section. 
Answer. 
: o 1.792 
e=0.208in; = 179 2 1.89. 


3. Determine the dimensions 4 and 43 of an I cross section 
(Fig. 51) to make omex and omin numerically equal, in pure bending. 
Given fi = tin, fe = 2in., fs = Lin, a = 3 in, b = Tin. d+ ds 
= Sin. 

Solution. From eqs. (66), | 





h k r—a@ c-r 
== or = > 
a c a c 
from which 
aac 2X3X7_ 
r= Tre 3+7 4.20 1n 


Substituting into eq. (75), 


o 7 
420 = F logs 4/3 + 1 logn 6/4 + (5 — Ai) log, 7/6 


from which 


by loga 4/3 + (5 — 4a) loge 7/6 = TE — 1- logn 6/4 


0.2884, + 0.154(§ — J1) = 1.667 — 0.406 = 1.261 in., 
bı = 3.67 in.; bs = 5 — 3.67 = 1.33 in. 
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4. Determine the dimension 4, of the | section (Fig. 50) to 
make dmax and omin numerically equal in pure bending. Given 
J = Tin, fe = 3 im, 2 = Tin, a = 3 in. 

Answer. b = 3.09 in. 

5. Determine omax and omin for the trape- 
zoidal cross section mn of the hook repre- 
sented in Fig. 55 if P = 4,500 lbs., 4, = 18 
in., do = ĝin, a= 14 in, c = 5 in. 


Solution. From eq. (73), 














m [2] 3:750 
Pe r= 7s 3 1 
| ax 5-3 £ 
i Ww 13 ST BX og ik — (8-8 
I 34 
h-a | 3:759 _ 
HoT h, ~ 14580 7373 
b— ce Tt 
Fic. 55. The radius of the center line 
R=a A+ a, A, . 
Ath 3 -734 in. 


Therefore, e = R — r = 0.361 in; h =r—a= 2.373 — 1.250 = 

1.123 in.; he = ¢ ~r = § — 2.373 = 2.627 in.; Ae = 3-75 X 0.361 

= 1.35; M = PR = 12,300 lbs. ins. The bending stresses, from 

eqs. (66), are 

I2,300 X 1.123 
1.35 X 1.25 





(2)max = = 8,200 lbs. per sq. in. 


12,300 X 2.62 . 
(¢2)min = — AT x; — 4,800 lbs. per sq. in. 
On these bending stresses, a uniformly distributed tensile stress 


P/A = 4,500/3.75 = 1,200 lbs. per sq. in. must be superposed. 
The total stresses are 





Tmax = 8,200 + 1,200 = 9,400 lbs. per sq. in., 
Gmin = — 4,800 + 1,200 = — 3,600 lbs. per sq. in. 
6. Find the maximum stress in a hook of circular cross section 


if the diameter of the cross section is A = 1 in., radius of the central 
axis R = 1 in., and P = 1,000 lbs. 
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1000 . 
Answer. k = 13.9, Cmax = 13.9 3.985 = 17,700 lbs. per sq. in. 


7. Find max and omin for the curved bar of a circular cross 
section, loaded as shown in Fig. 56, if h = 4in.,R = 4in.,¢ = 4 in, 
and P = 4,000 lbs. 

Answer. Omax = 10,650 lbs. per sq. in., 
Smin = — 4,080 lbs. per sq. in. 

8. Solve the preceding problem assuming 
that the cross section mn has the form shown 
in Fig. 50 with the following dimensions 
@=2in,d = 3in,c=g9in.,d=4in, bk =1 
in., e = 4in., and P = 4,000 lbs. 

Answer. Cmax = 3,510 lbs. per sq. in; 
Gmin = — 1,800 lbs. per sq. in. Fic. 56. 

g. Solve problem 7 assuming that the cross 
section mn is trapezoidal, as in Fig. 49, with the dimensions a = 2 
in., ¢ = 4-1/4 in., dy = 2 in., bg = 1 in., e = o, and P = 1.25 tons. 

Answer. Cmax = 3-97 tons per sq. in.; amin = — 2.33 tons per 
sq. in. 





13. Deflection of Curved Bars.—The deflections of curved 
bars are usually calculated by the Castigliano theorem.’ The 
simplest case is when the cross-sectional dimensions of the bar 
are small in comparison with the radius of curvature of its 
center line.? Then the change in the angle between two 
adjacent cross sections is given by eq. (67), analogous to 

5 eq. (a), p. 150, Part I, for straight bars, 
-> and the strain energy of bending is 
P given by the equation 





* Meds 
U = A OFT,’ (83) 


in which the integration is extended 
along the total length s of the bar. 
Equation (83) is analogous to that (187) 





8 See p. 308, Part I. 
? The case in which the cross-sectional dimensions are not small is 
discussed in problem 6, p. 87. 
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(see Part I) for straight beams,” and the deflection of the 
point of application of any load P acting on the bar in the 
direction of the load is 


_ dU 
= 3P" 

As an example, take a curved bar of uniform cross section 
‘whose center line is a quarter of a circle (Fig. 57), built in 
at the lower end 4 with a vertical tangent and loaded at 
the other end by a vertical load P. The bending moment 
at any cross section mn is M = PR cos g. Substituting in 
eq. (83), the vertical deflection of the end B is 


_4@ (7? M?Rde_ ı ("P dM 
=S ZEL TEIL), Mapri 


ò 


Tj: 


= z PR? 
ET. J, 4 El, 
If the horizontal displacement of the end B is needed, a 


horizontal imaginary load Q must be added as shown in the 
figure by the dotted line. Then 


M = PR cos ¢ + QR(1 — sin ¢) 


2 
PR? cos? gde = 


and 


oM 
80 = Ra — sin g). 


The horizontal deflection is 


_ (au _ ð (7? MPRde 1 f aM 
a- (3 wo 30d “ar = Er M gg Rae. 


Q = o must be substituted in the expression for M, giving 


I [2 . PR? 
5; =e PR? cos g(1 — sin g)dg = 2ET, 


Thin Ring.—As a second example consider the case of a 
thin circular ring submitted to the action of two equal and 





© The strain energy due to longitudinal and shearing forces can be 
neglected in the case of thin curved bars. See p. 84. 
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opposite forces P acting along the vertical diameter (Fig. 58). 
Due to symmetry only one quadrant of the ring (Fig. 58, 4) 
need be considered, and we 
can also conclude that there 
are no shearing stresses over 
the cross section mn, and that 
the tensile force on this cross 
section is equal to P/2. The 
magnitude of the bending mo- 
ment Mo acting on this cross 
section is statically indeter- 
minate, and we shall use the 
Castigliano theorem to find it. It may be seen from the con- 
dition of symmetry that the cross section mn does not rotate 
during the bending of the ring. Hence the displacement cor- 
responding to Mo is zero and 

in => (2) 
in which U is the strain energy of the quadrant of the ring 


which we are considering. For any cross section mm at an 
angle ¢ with the horizontal the bending moment is " 





Fic. 58. 


M = My — Ë RG — cos 9) (8) 


and 


Substituting this into expression (83) for the potential energy 
and using eq. (a), we find i 

d [P MRde _ ı 7", dM 
amt 2FI,  Elidh 


-1 
=E, 





O = 
x (2 P l 
| Mo -7 &Rì — cos e) | Rdg, 


11 Moments which tend to decrease the initial curvature of the bar 
are taken as positive. 
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from which 
PR 2 
Mo = =*( I — 2) = 0.182PR, (84) 


Substituting into eq. (2), 


m= (cos ¢ 2), © 


The bending moment at any cross section of the ring may be 
calculated from this expression. The greatest bending 
moment is at the points of application of the forces P. 
Substituting g¢ = 2/2 in eq. (c), we find 
M= — PR = — 0.318PR. (85) 

The minus sign indicates that the bending moments at the 
points of application of the forces P tend to increase the 
curvature while the moment Ma at the cross section mn tends 
to decrease the curvature of the ring, and the shape of the 
ring after bending is that indicated in the figure by the dotted 
line. 

The increase in the vertical diameter of the ring may be 
calculated by the Castigliano theorem. The total strain 
energy stored in the ring is 


_ 2 MRdo 
U = af 2El, ’ 


in which M is given by eq. (c). Then the increase in the 
vertical diameter is 


„dU 4 [7",,dM 
“dP ET, b M gp Rdg 


PR? Tj? 2 2 
=z S ( cos o -2Y de 
' R 


m 2\ PR PR’ 
SUT) Er TOM ET, C9 


ò 
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For calculating the decrease of the horizontal diameter of the 
ring in Fig. 58, two oppositely directed imaginary forces Q are 


applied at the ends of the horizontal diameter. Then by 


calculating (@U/0Q)o-0 we find that the decrease in the 
horizontal diameter is 


2 1\PR _ PR (87) 

a = ($= F) gr, = 0137 EI, ` 7 

Thick Ring —When the cross sectional dimensions of a curved 
bar are not small in comparison with the 
radius of the center line, not only the strain 
energy due to bending moment but also 


that due to longitudinal and shearing forces 
must be taken into account. The change 








in the angle between two adjacent cross sec- Vap 
tions (Fig. 59) in this case, from eq. (65), is Y 
d Mde _ Mds Ers 

Ade = TEe T AEeR 59 


and the energy due to bending for the element between the two 
adjacent cross sections is 

Mds 

2AEeR (2) 


The longitudinal force N produces an elongation of the element 
between the two adjacent cross sections in the direction of the 
center line of the bar equal to Nds/4E and increases the angle dy 
by Nds/AER (eq. 68). The work done by the forces N during 
their applicatioa is N%ds/24E. During the application of the forces 
N the couples M do the negative work — MNds/A4ER. Hence 
the total energy stored in an element of the bar during the appli- 
cation of the forces N is 


dU, = 


aU, = 4MAdg = 


N?ds MNads i 
24E AER 





(e) 


The shearing force V produces sliding of one cross section with 
respect to another, of the amount aVds/AG, where a is a numerical 
factor depending upon the shape of the cross section (see p. 170, 
Part I). The corresponding amount of strain energy is 


aV?ds 
24G è (f) 





dU; = 
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Adding <d), (e) and (f) and integrating along the length of the bar, 
the total energy of strain of a curved bar becomes 


H M Ne MN gh? 
U= Í ee TZE ZER T a) ds. (88) 


Let us use this equation to solve the problem represented in Fig. 
57. Taking as positive the directions shown in Fig. 59, we have 


M = — PRoos g; l= — Pcos g; V = Psin g, 


where R is the radius of the center line. Substituting in equation 


(88) and using the Castigliano theorem, we find the vertical de- 
flection of the point B to be 


dU PR 7" ( R cos? E 
= — = (FSS — cost o + SE sint © ) de 


tPR({R aE 
= ae +E 7 r): 
If the cross section of the bar is a rectangle of the width 4 and 
depth 4, using for e the approximate value (71) and taking a = 1.2, 


E/G = 2.6, 
Se TPR ( I2R? ) 
= 4AE Pa + 2.12 }- 


When & is small in comparison with R, the second term in the 
parenthesis representing the influence on the deflection of Nand V 


can be neglected and we arrive at the equation obtained before 
(see p. 80). 


The above theory of curved bars is often applied in 
calculating stresses in such machine 
elements as links and eye-shaped 
ends of bars (Fig. 60). In such cases 
a difficulty arises in determining the 
load distribution over the surface of 
the curved bar. This distribution 
depends on the amount of clearance 
between the bolt and the curved 
bar. A satisfactory solution of the 
problem may be expected only by 





(2) 


Fic. 60. 
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combining analytical and experimental methods of investi- 
4 12 

an a recent paper ® the particular case of an eye-shaped 
end of rectangular cross section, Fig. 604, was investigated. 
In this discussion it was assumed that there are no clear- 
ances and that the bolt is absolutely rigid. The maximum 
tensile stress occurs at the intrados in the cross sections 
perpendicular to the axis of the bar, and its magnitude can 
be represented by the formula: 


max 7 Q ' SF (8) 


T Tat? 

in which P is the total tensile force transmitted by the bar, 
ais the numerical factor depending on the ratio Lali between 
the outer and the inner radii of the eye, and ¢ is the thickness 
of the eye perpendicular to the plane of the figure. For Falfi 
equal to 2 and 4 the values of « are respectively 4.30 and 4.39. 
The values obtained from formula (g) are in satisfactory 
agreement with experiments.'* 


Problems 


1. Determine the vertical deflection of the end B of the thin 
curved bar of uniform cross section and semicircular center line 


(Fig. 61). 





12 For a theoretical investigation of the problem, see H. Reissner, 
Jahrbuch der wissenschaftlichen Gesellschaft for Tuftfahre, 19285 aio 
J. Beke, Der Eisenbau, 1921, p. 233; Fr. Bleich, chnung 

i ü . 256; Blumenfeld, V. D. I., 1907, an 
ey DT took p so, Experiments have been made by Dr. 
Mathar, Forschungsarbeiten nr. 306, 1928; see also D. Rühl, Disserta- 
tion, Danzig, 1920; Preuss, V. D. I., Vol. 55, 1913, p. 21733 on cropactf, 
Bulletin of Polytechnical Institute, Kiew, 19195 E. G. Coker, 

icity,” of the Franklin Inst., 1925. 

e Fr. Strauch, Ingenieur Archiv, vol. 4, 1933, P- 48 

14 See G. Bierett, Mitt. d. deutsch. Mat.-Prüf.-Amtes, 1931, son er 
heft 1s. The photo-elastic investigation of the eye shaped en was 
made by K. Takemura and Y. Hosokawa, Rep. Aero. Insta o yo y l, 
18, 1926, p. 128. See also M. M. Frocht and H. N. Hill, Journ a 
Applied Mechanics, vol. 7, p. 5. In the latter paper the effect of cleara 
between the bolt and the hole is investigated. 
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Solution. The strain energy of bending is 


U = f M?Rdg _ f P?R°(1 — cos g) Rdg | 
0 o 


2E 2E, 





The deflection at the end is 


dU PR (* -am PR? 
= JP = art. ei — cos y)*de = ST 





2 El, 





Fic, 61. Fic. 62. 


2. Determine the horizontal displacement of the end B in the 
previous problem. 
Answer. 
= 2P R 
T EL 





3. Determine the increase in the distance between the ends / 
and B of a thin bar of uniform cross section consisting of a semi- 


ene portion CD and two straight portions 4C and BD (Fig 
2). 


Answer. 





_ 2P B T T 
p= arlot R(Ee+te tan) |: 





Fic. 63. 
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4. A link consisting of two semicircles and of two straight 
portions is submitted to the action of two equal and opposite forces 
acting along the vertical axis of symmetry (Fig. 63). Determine 
the maximum bending moment, assuming that the cross sectional 
dimensions of the link are small in comparison with the radius R. 

Solution. Considering only one quarter of the link (Fig. 63, 4), 
we find the statically indeterminate moment M from the condition 
that the cross section, on which this moment acts, does not rotate. 
Then 

dU 
dM, 


Noting that for the straight portion M = Mp and that for a curved 
portion M = My — (P/2)R(i — cos p) and taking into considera- 
tion the strain energy of bending only, we find 


dU df. 


3 
J 2 
iM, 7 dM, ELL J, YA 





po P PR 2 


from which 
PR -a 
2 alt rR i 





My = 


For J = o, this coincides with eq. (84) obtained before for a circular 
ring. The largest moment is at the points of application of forces 
P and is equal to 

PR 


Mı = Mo ~~ 


5. Solve the previous problem, assuming that forces P are 
applied as shown in Fig. 63 (e). 
Answer. The bending moment at points 4 is 


PR (x — 2) aR + 2 


Mı 2 rR + 2 





For / = o, the equation coincides with that for a circular ring. 
For R = o, Mı = Pl/4 as for a bar with built-in ends. 

6. Determine the bending moment Mao and the increase in the 
vertical diameter of the circular ring shown in Fig. 58, assuming 
that the cross section of the ring is a rectangle of width 4 and 
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depth 4, which dimensions are not small in comparison with the 
radius R of the center line. 

Solution. If we use eq. (88) for the potential energy and eq. (4) 
for the bending moment, the equation for determining Mo is 


anf MeN) 
aM, h NZE ZE) TO 


~aTER 
Comparing this with eq. (84) we see that the third term in the 
parenthesis represents the effect of the longitudinal force and of 
the non-linear stress distribution. The magnitudes of the errors in 


using the approximate eq. (84) instead of the above accurate 
equation are given in the table below. 





from which 


R/h = 1 1.5 2 3 
e/R = 0.090 0.038 0.021 0.009 
Error in % = 15.8 6.7 3-7 1.6 


It can be seen that in the majority of cases the approximate eq. 
(84) can be used for calculating My and that the error is substantial 
only when 4 approaches R or becomes larger than R. 

The increase in the vertical diameter of the ring is obtained 
from equation 


dU 


ô = Tp 


Using eq. (88) for U and substituting in this equation 


R P P 
M = My — > (1 — cos o); N = > cos 9; V = -7 sin g, 
we find 


5. PR? (a °( e 2e] 2 e T a take 
~dEe|4 VT RIT RETO RJ S| GZ GR] 
Comparison with eq. (86) shows that the effect of the longitu- 


dinal and of the shearing forces on the magnitude of ô is usually very 
small. 








1 A more accurate solution of the problem shown in Fig. 58 is given 
by the author; see Bulletin of the Polytechnical Institute in- Kiew, IgIo; 
see also Phil. Mag., Vol. 44, 1922, p. 1014, and “Theory of Elasticity,” 
P- 119, 1934. This solution shows that the above theory, based on the 
assumption that cross sections remain plane during bending, gives very 
satisfactory results. 
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7. Determine the bending moments in a thin ring with two 
axes of symmetry submitted to the action of a uniform internal 
ressure p. 
P Solution. Consider one quadrant of 
the ring (Fig. 64), with semi-axes 4 and 
b. If My represents the statically indeter- 
minate moment at 4, the bending moment 
at any cross section C with coordinates x 


and y is 
(a—x) P3 
M= My—pala—x) tE 


2 2 2 
Pe PEEL. (g) 


= Mo z 2 2 





Substituting into equation dU/dMo = o, we find 
2 
(m -22 ); +4, +I) = 0, 


in which s denotes the length of the quadrant of the ring, 
-f I, = f "ds. 
I: = Í yds and y | ds 


2 
Mo =? -E + 1). (A) 


Then 


If the ring has the shape of the link shown in Fig. 63, with a = R 
and 6 = /-+ R, we obtain 


a 

s=b-at 3 
I 
3 
3 

T= @— aja + 


In == (6 - ae + 6 - ai tia + 2a*(b — a); 


Substituting into eq (4), 





_ pe | 2 
Mo = 2 2w+(r—2)a 


The bending moment at any other cross section may now be ob- 
_ tained from eq. (g). 


|: (b—a)8+ “at-+3a°(b—a) + Taa; 
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„For an elliptical ring the calculations are more complicated.18 
Using the notations 7, + I, = aab, My = — Bpa*, the moment at 
B (Fig. 64) = Mı = ypa’, and the values of the numerical factors 
a, B and y, for different values of the ratio a/d, are as given in the 


table 5 below: 


TABLE 5. Constants ror CatcuLatine Exuipticat Rinas 











ajb = I 0.9 0.8 0.7 0.6 0.8 0.4. 0.3 
rr 1.575 | 1.663 | 1.795 | 1.982 | 2.273 | 2.736 | 3.559 | 5.327 
Bo... seen. o 0.057 | 0.133 | 0.237 | 90.391 | 0.629 | 1.049 | 1.927 
Yorann o 0.060 | 0.148 | 0.283 | 0.498 | 0.870 | 1.576 | 3.128 





_ 8. A flat spiral spring (Fig. 65) is attached at the center to a 
spindle C. A couple Mp is applied to this spindle to wind up the 
spring. It is balanced by a horizontal force P at the outer end 
of the spring 4 and by the reaction at the axis of the spindle 
Establish the relation between My and the angle of rotation of the 
spindle if all the dimensions of the spring are given. It is assumed 
that the angle of twist is not large 
enough to cause adjacent coils to touch y 
each other. 8 

Solution. Taking the origin of co- 
ordinates at 4, the bending moment at 
any point of the spring at distance y 
from the force P is M = Py. The TT 


change in the angle between two adja- 





cent cross sections at the point taken, 7 
from eq. (67), is 
x £ z 
ado Mds _ Pyds. 
El, EI z Fic. 65. 


The total angle of rotation of one end of th i i 
to the other during winding is © spring with respect 
_ *“Pyds P f 
e= h EL ~ E, Jh 7% k) 








1° See J. A. C. H. Bresse, Cours de Méchanique appliqué 

Paris, 1880, p. 493. See, also, H. Résal, Journal de Math oi a 
Vol. 3, 1877; M. Marbec, Bulletin de l’Association Technique Maritime, 
Vol. 19, 1908; M. Goupil, Annales des Ponts et Chaussées, Vol. 2 1912, 
p. 386, and Mayer Mita, V. D. I., Vol. 58, 1914, p. 649. Ww. F Burke, 
Nat. Adv. Com. Aeron., Techn. Notes, 444, 1933. l , 
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The integral on the right side of this equation represents the mo- 
ment of the center line of the spring with respect to the + axis. 
This moment is obtained by multiplying the total length s of the 
spiral by the distance of its center of gravity from the x axis. In 
the usual case, it is sufficiently accurate to take this distance equal 
to r, the distance from the center of the spindle to the force P. 


Then, from eq. (k), 
_ Prs Mos () 


If the end Z is pin-connected, the turning moment Mo applied at ¢ 
produces a reactive force P at fixed end 4 of the spring. As long 
as the thickness of the spring is very small and the number of 
windings of the spiral is large and the coils do not touch, the above 
assumption that the force P remains horizontal can be considered 
as sufficiently accurate; hence eq. (/) holds.” 

g. Assuming that the spring represented in Fig. 65 is in an 
unstressed condition and pin-connected at 4, determine the maxi- 
mum stress produced and the amount of energy stored in the spring 
by three complete turns of the spindle. Take the spring to be of 
steel, 4 inch wide, #y inch thick and 120 inches long. 

Solution. Substituting the above figures into eq. (D, 


120 X 408 X 12 


6r = Mo 30 X 108 X} 


> 


from which Mo = 3.07 lbs. ins. 
The amount of energy stored is 


‘Mads P f p s 
— = 9 = —— 2 — 
v Í, 2EI Zl, Pd = SEI (+ + ) 








= 36.1 lbs. in. 


The maximum bending stress is at point B, where the bending 
moment can be taken equal to 2Pr = 2M, then 


Tmax = 3.07 X 2 X 40? X 6 X 2 = 118,000 Ibs. per sq. in. 





17 A more complete discussion of the problem is given in the book 
by A. Castigliano, “Theorie d. Biegungs-u. Torsions Federn,” Wien, 
1888. See also E. C. Wadlow, “Engineer,” Vol. 150, p. 474, 1930, and 
J. A. Van den Broek, Trans. A. S. M. E., Vol. 53, p- 247, 1931. 
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10. A piston ring of a circular outer boundary has a rectangular 
cross section of constant width 4 and of a variable depth 4 (Fig. 
n 66). Determine the law of variation of the 


depth A to obtain a ring which, when as- 
y sembled with the piston in the cylinder, pro- 
p duces a uniformly distributed pressure on the 


cylinder wall. 

Solution. Let r denote the radius of the 
cylinder, and r+ 6 the outer radius of the 
ring in the unstrained state. An approxi- 

Fic. 66. mate solution of the problem is obtained by 

, using the outer radius of the ring instead of 
the variable radius of curvature of its center line. Then by usin 
eq. (67), the change in curvature due to bending is ? 5 


ds + rhe” EL (a) 
The bending moment M produced at any cross section mn of the 


ring by the pressure p uniformly distributed over the outer surface 
of the ring is 


= — 2E 
= — 2p6r? sin? a (2) 
If we substitute this into (a) and take bh§/12 for I and use 6/7? 


instead of (1/7) — 1/(r + ô) (for a small ô), th . 
tion for calculating 4 is obtained: small ô), then the following equa- 


8 par, ig 
PIEP D () 
from which 
p 2474 g 
3 — £ — — 
= Eo sin? z (d) 
Letting » = r, the maximum value of 4°, denoted by he, is 
pa = 22408 | 
oF 6s (e) 


The maximum bending stress at any cross section mn is 
M  12pr sin? (¢/2) 
Zz i ` Y) 


From (f) and (4) it may be seen that the maximum bending stress 
occurs at » = 7, i.e., at the cross section opposite to the slot of the 





c= 
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ring. Substituting A = Ao and ¢ = r in eq. (f), 


2 2 
_ PPr (g) 


Omax h K 3 





from which fy can be calculated if the working stress for the ring 
and the pressure p are given. The value of 6 is found by substi- 
tuting Ao into eq. (e). 

It may be noted that if two equal and opposite tensile forces 
P be applied tangentially to the ends of the ring at the slot they 
produce at any cross section mn, the bending moment 


— Prt — cos ¢) = — 2Pr sin? ¢/2, 


i.e., the bending moment varies with g exactly in the same manner 
as that given by eq. (4). Therefore, if the ends of the open ring 
be pulled together, and in this condition it be machined to the 
outer radius 7, such a ring will, when assembled, produce a uniform 
pressure against the wall of the cylinder.” 

Determine, for example, ô and Ao for a cast iron piston ring if 
r = 10 ÌN., gy = 4,200 lbs. per sq. in., p = 1.4 lbs. per sq. in., and 
E = 12 X 10° lbs. per sq. in. Substituting in eq. (g), we find 
hy = 0.632 in. From eq. (e), 6 = 0.111 in. 

11. Derive formula (87), given on p. 83. 

12. Experience shows that the insertion of a stud in a chain 
link considerably increases its strength. Find the bending moment 
M, at the points of application of the loads P and the axial com- 
pressive force 2H in the stud for the link shown in Fig. 63. 

Solution. Since in the case of a stud the horizontal cross section, 
Fig. 632, does not move horizontally and does not rotate, the 
statically indeterminate quantities My and H are found from the 
equations: 





aU q 3- 
aM, fe) an oH O, 
from which 
PR 
M = > G — a) and H= Pg, 





18 This theory was developed by H. Résal, Annales des mines, Vol. 
5, p- 38, 1874; Comptes Rendus, Vol. 73, p. 542, 1871. See also E. 
Reinhardt, V. D. I., Vol. 45, p. 232, 1901; H. Friedmann, Zeitschr. d. 
Österreich. Ing. u. Arch. Verein, Vol. 60, p. 632, 1908, and V. D. I., 
Vol. 68, p. 254, 1924. 
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where 9 

_ (m + DCm? + 6m? + 12(4 — rìm + 48(r — 3)] 
mt + grm? + 48m? + 240m + 24r? — 8) ? 
12(m + 2)Llr — 2)m + 2(4 — r) ] 











B= TA + arm? + 48m? + 24rm + 24r? — 8)’ 
l 
p =< 
”=R 
13. Find bending moment Mo and 
tensile force H in the cross section 4 of 
the symmetrically loaded circular ring 
shown in Fig. 67. 
Answer. 
H = p.-— “ tan a, 
„2— -P— 
Leosx A cosa 
u PR 
= -= y [1 + seca 
Fic. 67. 


— (r — a) tana]. 


14. Arch Hinged at the Ends.—Figure 68 shows an arch 
with hinged ends at the same level carrying a vertical load. 
The vertical components of the reactions at 4 and B may be 
determined from equations of equilibrium in the same manner 
as for a simply supported beam, and the horizontal com- 





Fic. 68. 


ponents must be equal aħd opposite in direction. The 
magnitude H of these components is called the thrust of the 
arch. Ut cannot be obtained statically, but may be de- 


1 See paper by H. J. Gough, H. L. Cox and D. G. Sopwith, loc. 
cit. p. 75. 
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termined by use of the theorem of Castigliano. In the case of 
a flat arch, the two last terms in the general expression (88) for 
the strain energy can be neglected and for usual proportions 
of arches the product 4eR can be replaced by the moment of 
inertia I, of the cross section. The equation for calculating 


H is then 





on md, (Ger + ve) ds = o. (4) 


The bending moment at any cross section mn of the arch can 
be represented by 


M = M — Hy, (6) 


in which M, is the bending moment calculated for the corre- 
sponding section of a simply supported beam having the same 
load and the same span as the arch. The second term under 
the integral sign of eq. (a) represents the strain energy due to 
compression in the tangential direction and is of secondary 
importance. A satisfactory approximation for flat arches is 
obtained by assuming this compression equal to the thrust H. 
Substituting expression (2) and N = H in eq. (a) we obtain 


"(My — Hy)yds , [“Hds _ 
EI, + | AE ° 

from which 

* Moyds 

EI 
0 z . 
H = -wpd ds (89 

| EL, J, dE 








Kor an arch of constant cross section, using the notation 


k? = J,/A4, eq. (89) becomes 


[Mods Moyds 
T yds + k? [iva tee fas ds 


The second term in the denominator represents the effect of 


(90) 
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the shortening of the center line of the arch due to the longi- 


tudinal compression. In many cases it is small and can be 
neglected. Then 


[ Mayas 

0 

= ' (91) 
f vas 
0 


Take, for example, the case of a parabolic arch carrying a 
continuous load uniformly distributed along the length of the 
span with a center line given by the equation: 


H 


y -09 


(c) 
Then 
Substituting (c) and (d) into eq. (91), we obtain 
_ 
H = 37 . (e) 


The actual thrust, Æ, will be less than that obtained from 
eq. (e). To give some idea of the possible error AH, the ratios 
(AH)/H for various proportions of arches are given in the 
Table 6 below.” In calculating this table the whole expres- 


























TABLE 6 
f _ I 
l i2 8 4 
h. I I I I I I I 
l 10 20 30 10 20 30 To 20 30 
AH 
H7 0.1771 | 0.0513 | 0.0235 | 0.0837 | 0.0224 | 0.0101 | 0.0175 | 0.00444 | 0.00198 








2 See author’s paper, “Calcul des Arcs Élasti » Pari 
Béranger, Ed. ques, aris, 1922. 
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sion (88) for strain energy was used and it was assumed that 
for any cross section of the arch 
A EI 
4 =<; El,=—~, 
COs ~ 


cos ¢° 





where Z. and El, are respectively the cross sectional area and 
the flexural rigidity of the arch at the top, ¢ is the angle 
between the cross section and the y axis and / is the depth of 
the cross section at the top. Equation (e) was used in calcu- 
lating the value of H in the ratio AH/H. 

This shows that the error of equation (e) has perceptible mag- 
nitude only for flat arches of considerable thickness. 

As the supports of the arch are a fixed distance apart, a 
change in the temperature may produce appreciable stresses in 
the structure. To calculate the thrust due to an increase in 
temperature of ¢ degrees, we assume that one of the supports is 
movable. Then, thermal expansion would increase the span 
of the arch by /at, where «æ is the coefficient of thermal ex- 
pansion of the material of the arch. The thrust is then 
found from the condition that it prevents such an expansion by 
producing a decrease in the span equal to alt. Using the 
Castigliano theorem, we obtain 


dU d pM M 
on ad, (7. + se) & = at (f) 


Taking only the thermal effect and putting Mo = oand N = H, 
we obtain from (/) 


alt 
H = -aas ds (92) 


o El, J AE 








A more detailed study of stresses in arches may be found in 
books on the theory of structure.” 





a Johnson, Bryan and Turneare, “Modern Framed Structures,” 
Part II. See also Weyrauch, “Theorie d. Elastischen Bogentrager’’; 
E. Mörsch, “Schweizerische Bauzeitung,” Vol. 47. 
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15. Stresses in a Flywheel.—Due to the effect of the spokes, 
the rim of a rotating flywheel undergoes not only extension but 
also bending. We take as the free body a portion of the rim (Fig. 








[NA 
wane 


69, 4) between two cross sections which bisect the angles between 
the spokes. Let 


Fic. 69. 


R = the radius of the center line of the rim 
A = the cross sectional area of the rim 


A, = the cross sectional area of a spoke 

I = moment of inertia of the cross section of the rim 
2a = the angle between two consecutive spokes 

g = the weight of the rim per unit length of the center line 
qı = the weight of a spoke per unit length 

w = the angular velocity of the wheel. 


From the condition of symmetry there can be no shearing stresses 
over the cross sections 4 and B and the forces acting on these 
cross sections are reducible to the longitudinal force No and the 
bending moment Mo. If X denotes the force exerted by the spoke 
on the rim, the equation of equilibrium of the portion 4B of the 
rim is 

. 2Nosine + X — 2R sin at at = 0, 


from which 


g x 





=L R . 
No g” R 2 singa (a) 
The longitudinal force N at any cross section mn is 
2R ` 2 R2 X 
N = Nocos ¢ t IEZ 2R sint = A o cose. (2) 
£ 2 £ 2 sine 
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The bending moment for the same cross section is 
gu? RS 
£ 
The force X and the moment Mo cannot be determined from the 


equations of statics but are calculated by use of the theorem of 
least work. The strain energy of the portion 4B of the rim is” 


a MRdo a N?Rde 
n= f 2EI +2 f EA ° (d) 


The tensile force N, at any cross section of the spoke at distance r 
from the center of the wheel is ?8 


M = Mo— NoR(1 —cos ¢)+ 








. XR . e 
2 sin? — =M, 7 sin?—. (ec 
2 o+ na 2 (c) 











~ yp 2% (RA; 
N, = X+ 2g (R? — r’); 
hence the strain energy of the spoke is 
R Ndr 
Us = J AE ©) 
The equations for calculating Mo and X are 
ð 
—— = ( 
IM, (Ui + U2) = 0, P) 
ð 
zx (U + U2) = 0. (2) 
Substituting (d) and (e), we obtain, from eqs. (f) and (g), 
XR I I 
m= -ZE (aTi) (93) 
2 gR I 


X 





P , (94) 
3 g AR 4 
ji fla) +f (a) + A 


I sin2a a 
Ale = se ( 4 +2), 
I sin 24 á a I 
fle) -za 4 +2)-3; 


2 Tt is assumed that the thickness of the rim is small in comparison 
with R and only the energy of the bending and tension is taken into 
account. 

23 The length of the spoke is taken equal to R. In practice it will 
be somewhat less than R. 


in which 
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several values of the functions fı and fz, for various numbers of 
spokes, are given in the table 7 below. 














TABLE 7 
n= 4 6 8 
Sila 0.643 0.957 1.274 
Fela) 0.00608 0.00169 0.00076 


From this table the force X in the spoke is determined from 
eq. (94) and the bending moment Mo from eq. (93). Then the 
longitudinal force and bending moment for any cross section mn 
of the rim may be found from eqs. (a), (4) and (c).4 

Take, as an example, a steel flywheel making 600 r.p.m., with 
radius R = 60 in., cross section of the rim a square 12 X 12 sq. 
in., and with six spokes of cross sectional area 4, = 24 sq. in. 
The rim is considered as a rotating ring which can expand freely; 
then the tensile stress due to centrifugal force is, from eq. (15), Part], 


oy = 0.106 X w? X R? = 0.106 X 62.8? X 5? = 10,450 lbs. per sq. in. 


In the case of six spokes, a = 30°, fila) = 0.957, fala) = 0.00169. 
Then the force in each spoke is, from eq. (94), 


2 gu? R? I 3 qR? 
3 g 300 X 0.00169 + 0.957 + 6 = 0.0093 z . 


The longitudinal force for the cross section bisecting the angle 
between the spokes is, from eq. (a), 


a R? gw Re qu’ R? 




















M =! z ` 0.0893 z = o.9II 
The bending moment for the same cross section, from eq. (93), is 
. 2 R2 
Mo = — 0.242 ue. 








24The above theory was developed by R. Bredt, V. D. I., Vol. 45 
(1901), p. 267, and H. Brauer, Dinglers Polytechn. Journ., 1908, p. 353, 
see also J. G. Longbottom, Inst. Mech. Eng. Proc., London, 1924, p. 433 
and K. Reinhardt, Forschungsarbeiten, nr. 226, 1920. A similar problem 
arises when calculating stresses in retaining rings of large turbo-generators, 
see E., Schwerin, Electrotechn. Ztschr. 1931, p. 40. 
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The maximum stress at this cross section is 
M . 
Omax = ~7 — =y = 10,780 lbs. per sq. in. 
For the cross section of the rim at the axis of the spoke, eqs. (4) 


and (c) give 


go" R? 








2 R2 
(N) pa = 0.923 a 35 (Mena = 0.476 


The maximum stress at this cross section is 
Cmax = 12,100 lbs. per sq. in. 


In this case the effect of the bending of the rim on the maximum 
stress is small and the calculation of the stresses in the rim, as in a 
free rotating ring, gives a satisfactory result. 


16. Deflection Curve for a Bar with a Circular Center 
Line.—In the case of a thin curved bar with a circular center 
line the differential equation for the deflection curve is analo- 
gous to that for a straight bar (eq. 141, p. 182, Part I). Let 
ABCD (Fig. 70) represent the center line of a circular ring 
after deformation and let u denote the small radial displace- 
ments during this deformation. The variation in the curva- 
ture of the center line during bending can be studied by 
considering one element mn of the ring and the corresponding 
element mını of the deformed ring included between the same 
radii (Fig. 70, 2). The initial length of the element mn and 
its initial curvature are 


ds = Rdg; F =p = 3p: (a) 


For small deflections the curvature of the same element after 
deformation can be taken equal to the curvature of the element 
mını. This latter is given by equation: 


1 _ de + Ade h 
Ri ds + Ads’ (2) 
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in which dy + Ady denotes the angle between the normal 
cross sections m and 7, of the deformed bar and ds + Ads the 


du, d7u 
Ng da’ ds 

















Fic. 70. 


length of the element mını. The displacement y is considered 
positive if towards the center of the ring and is assumed to be 
very small in comparison with the radius of the ring. Then 
the angle between the tangent at m to the center line and the 
normal to the radius myo is du/ds. The corresponding angle 
at the cross section 7 is 


du du 


ds T ds ds? ds. 
Then 
du 
Ade = Fads. (c) 


In comparing the length of the element m 7, with that of the 
element mn, the small angle du/ds is neglected and the length 
mını is taken equal to (R — u)dy. Then 

uds 


Ads = — ude = — Re: (d) 
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Substituting (c) and (d) into eq. (4), we obtain 


d 
de + Tr ds 


I 
Ay d (1 -3) 


or neglecting the small quantities of higher order, 


I de 
RT -Z(+ i) t AE +) 
from which 
I I u, au (e) 
R RORY as e) 
The relationship between the change in curvature and the 
magnitude of bending moment, from eq. (67), for thin bars is 


I I M 
RO RTE 1 





The minus sign on the right side of the equation follows from the 
sign of the bending moment which is taken to be positive 
when it produces a decrease in the initial curvature of the bar 
(Fig. 47). From (e) and (/f) it follows that 


du u M 
qe TRT — Er (95) 


This is the differential equation for the deflection curve of 
a thin bar with circular center line. For an infinitely large R 
this equation coincides with eq. (79), Part I, for straight bars. 
As an example of the application of eq. (95) let us 
consider the problem represented in Fig. 58. The bending 
moment at any cross section 771 is, from eq. (c), p. 82, 


m=*2 (cos ¢- 2), 


and eq. (95) becomes 


dzu u PR [2 
de + ETIEN a OS? 
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or 

du PR? f2 

do uyu = 2ET m — cos g fe 


The general solution of this equation is 


. PR? PR 
u= Acoso +B sinet pr; aye sin e- 


The constants of integration 4 and B here are determined 
from the condition of symmetry 


du T 
de T > for g=0 and for g=5 


which are satisfied by taking 


PR? 
B = 0; A= — 461 . 
Then 
PR PR, PR 





“ = Elm ~ 4EI? 3"? — GET OS & 


For g = o and ẹọ = /2, we obtain 


(u) -ir ( E); _PR (ta 
“e = ET aTa)’ (ene = er (3E) 


These results are in complete agreement with eqs. (86) and 
(87) obtained before by using the Castigliano theorem.” 


17. Deflection of Bars with a Small Initial Curvature.—If a 
bar with a small initial curvature is bent by transverse forces only, 
the deflections may be calculated by the method used for a straight 
bar. The conditions are quite different, however, if there are longi- 
tudinal forces in addition to the transverse forces. A small initial 
curvature makes a great change in the effect of these longitudinal 
forces on the deflection. The solution of this involved problem 
may be greatly simplified by using trigonometric series for repre- 
senting the initial shape of the curve and the deflection due to 





3 Differential eq. (95) for the deflection of a circular ring was 
established by J. Boussinesq; see Comptes Rendus, Vol. 97, P. 843, 
1883. See also H. Lamb, London Math. Soc. Proc., Vol. 19, p. 365, 
1888. Various examples of applications of this equation are given in 
a paper by R. Mayer in Zeitschr. f, Math, u. Phys., Vol. 61, p. 246, 1913. 
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bending.?* It is assumed, as before, that the curved bar has a plane 
of symmetry in which the external forces act and the bar is taken 
as simply supported at the ends. Let yo denote the initial ordinates 
of the center line of the bar, measured from the chord joining the 
centroids of the ends, and yı the deflections produced by the exter- 
nal forces, so that the total ordinates after bending are 


y= yo ty (a) 
Let the initial deflection curve be represented by the series 
yo = hisin + dy sin EH (6) 


and the deflection produced by the load be 
. 2 
y= asin TE asin bo, (c) 


In this case the same expression (53) for strain energy can be 
used as for straight bars. Taking the loading shown in Fig. 35, 
it is necessary in calculating the work done by the longitudinal 
forces S to replace the quantity A (see eq. 56) by 


‘Tdortyo F (aF 
n=ua f [AA] E 
2 æ 2 
= T (2 > Waly + 2 n?an’). (96) 
4l n n=l 


This represents the longitudinal displacement of one end of the 
curved bar with respect to the other during deflection. 

We proceed as in the case of straight bars (p. 48) and give 
to the bar an infinitely small additional deflection da, sin (nmx//). 
The work done by the longitudinal forces $ during this deflection is 


S 2M = M) ZM) da 
Oan 


The work done by the load P is 


. nT 
P sin ~~ dan 


l 
and the increase in strain energy, from eq. (53), is 


4 
Ere Nandan. 


nrg? 
r= J aT (an + bn)dan. 





26 See author’s paper, Festschrift zum siebzigsten Geburtstage A. 
Féppl, p. 74. 


106 STRENGTH OF MATERIALS 


The equation for calculating a, is 


EIn’ . AWC na? 
———— 4 = — ee 
ap? nda, = P sin 7 dan + 8S z (an + dn)dan, 


from which 
2PË sin a + Sra lb, 
Elaint — Smr 





a, = 


Substituting into expression (c) and using the notation, 











SP 
Ele” 
. me © TX . ATC , ATX 
3 PR sin 7 sin r S 7 sin 7 
ae EIx* I-—a 24 — Va + 
br sin = bo sin 
+o Za t Poa! i (97) 


The first member of the right side of eq. (97) represents the deflec- 
tion of a straight bar (see eq. 58), while the second gives the addi- 
tional deflection due to the initial curvature. 


Take, for example, a bar which has an initial deflection ` 


yo = b sin (rx//). The maximum deflection is at the middle of the 
span and is equal to 4. If only the longitudinal forces $ act on 
the bar (P = o), the deflection at the middle produced by these 
forces is obtained from eq. (97) by substituting P = 0; 4 = 5; 
bg = bg = tes =O Then 


ab sin 
wae g 


The total ordinates of the center line after bending are 


. TX 
ab sin — 
TX b TX 


y=nty= Tay teasing = —- sin ote. (98) 





Due to longitudinal compressive forces S the ordinates of the center 
line increase in the ratio 1/(1 — a), i.e., the increase of ordinates 
depends upon the quantity æ, which is the ratio of the ‘ongitudinal 
force to the critical force. If, instead of compressive forces, longi- 
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tudinal tensile forces act on the bar, it is only necessary to sub- 
stitute — a instead of win the previous equations. In the particular 
case in which yo = 4 sin (ax//) the ordinates of the center line after 
deformation become 


b . TX 
yp gM T (99) 


It is seen that the longitudinal tensile force diminishes the initial 
ordinates. Taking, for instance, a = 1, i.e., taking the longitudinal 
force equal to its critical value, we find 


y= bb sin ™*, 


ie., such a longitudinal force reduces the initial ordinates of the 


bar by half. 


18. Bending of Curved Tubes.—In discussing the dis- 
tribution of bending stresses in curved bars (art. 11) it was 
assumed that the shape of the cross section remains un- 
changed. Such an assumption is justifiable as long as we have 
a solid bar, because the very small displacements in the 
plane of the cross section due to lateral contraction and ex- 
pansion have no substantial effect on the stress distribution. 
The condition is very different, however, in the case of a thin 
curved tube in bending. It is well known that curved tubes 
with comparatively thin walls prove to be more flexible during 
bending than would be expected from the usual theory of 
curved bars.?? A consideration of the distortion of the cross 
section during bending is necessary in such cases.’ 

Consider an element between two adjacent cross sections 
of a curved round pipe (Fig. 71) which is bent by couples in 
the direction indicated. Since both the tensile forces at the 





27 Extensive experimental work on the flexibility of pipe bends was 
done by A. Bantlin, V. D. I., Vol. 54, 1910, p. 45, and Forschungs- 
arbeiten, nr. 96. See also W. Hovgaard, Journal of Math. and Phys., 
Mass. Institute of Technology, Vol. 7, 1928, and A. M. Wahl, Trans. 
Amer. Soc. Mech. Eng., Vol. 49, 1927. 

28 This problem for the pipe of circular section was discussed by 
Th. v. Karman, V. D. I., Vol. 55, p. 1889, 1911. The case of curved 
pipes of rectangular cross section was considered by the author; see 
Amer. Soc. Mech. Eng., Vol. 45, p. 135, 1923- 
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convex side of the tube and the compressive forces at the 
concave side have resultants towards the neutral axis, the 
previously circular cross sections are flattened and become 
elliptical. This flattening of the cross section affects the 
strain of longitudinal fibers of the tube. The outer fiber ad 
takes some position 44, after bending; denote its displace- 
ment towards the neutral axis by 6. The total elongation of 
the fiber is 


ab, — ab = abı — aye, — (ab — aye). (a) 


The angle between the adjacent cross sections ac and dd is 
denoted by dg, its variation during bending by Adg, the 
radius of the center line by R, and the radius of the middle 


surface of the tube by a. It is assumed that the ratio a/R is. 


small enough that the neutral axis can be taken through the 
centroid of the cross section. Then, from the figure we obtain 


a,b, — aye, = (a — ô)Ado = addy. 
The total elongation of the fiber ad as given by eq. (a) is 
akde — ide 
and the unit elongation is 


addy — ide _ a Ade 6 
(Rade ~R+ade ~R+a’ (4) 





Ee = 


The first term on the right side of this equation represents the 
strain in the fiber due to the rotation of the cross section dd 
with respect to the cross section ac. This is the elongation 
which is considered in the bending of solid bars. The second 
term on the right side of eq. (4) represents the effect of the 
flattening of the cross section. It is evident that this effect 
may be of considerable inportance. Take, for instance, R + a 
= 6oin. and ô = 0.021in. Then 6/(R + a) = 1/3,000 and the 
corresponding stress for a steel tube is 10,000 Ibs. per sq. in. 


29 The displacement 6 is considered as very small in comparison with 
the radius a. 
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Hence a very small flattening of the cross section produces a 
substantial decrease in the stress at the outermost fiber ad. A 
similar conclusion may be drawn for the fiber cd on the concave 
side of the bend. A change in the direction of the bending 








Fic. 71. 


moment causes a change of sign of the normal stresses and as a 
result, instead of a flattening of the tube in the radial direction, 
there is a flattening in the direction perpendicular to the plane 
of Fig. 71 and the fiber ab, due to this flattening, is dis- 
placed outward. From the same reasoning as above it may 
be shown that here again the flattening of the cross section 
produces a decrease in the stress at the most remote fibers. 
It may therefore be concluded that the fibers of the tube 
farthest from the neutral axis do not take the share in the 
stresses. which the ordinary theory of bending indicates. 
This affects the bending of the tube in the same way as a 
decrease in its moment of inertia. Instead of eq. (67) 
which was derived for solid curved bars, the following equation 
must be used in calculating the deflections of thin tubes: 


MRd 
LETS” (100) 


in which k is a numerical factor, less than unity, which takes 
care of the flattening. This factor depends upon the pro- 
portions of the bend and can be calculated from the following 


Ade = 
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approximate formula 


k=1I-— 9 IR? (101) 
Io + (5) 


in which zis the thickness of the tube. This indicates that the 
effect of the flattening depends only upon the magnitude of the. 
ratio ¢R/a’. 

As for the effect of the flattening on the stress distribution, 
Karman showed that, instead of the simple equation for 
normal bending stresses * e = My/I, in which y denotes the 
distance from the neutral axis, the following more complicated 
equation must be used: 


= (1 - 6% > (e) 








in which 


The maximum stress, obtained from (c), is 


Md 
Omax = kı 2? (102) 


in which d is the outer diameter of the tube and 
2 


ki = SENZA 


is a numerical factor which depends upon the proportions of 
the bend. Several values of kı are given below: 





TABLE 8 
tR 
ao 0.3 0.5 1.0 
kı = 1.98 1.30 0.88 








3 See paper by Th. Kármán, loc. cit., p. 107. ; 
31 Tt is assumed that R is large in comparison with a and that a 
linear stress distribution is a sufficiently accurate assumption. 
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It is seen that when ¢R/a? is small, the actual maximum stress 
is considerably greater than that given by the usual theory 
which neglects the flattening of the cross section. 

A theory analogous to the above may also be developed 
in the case of a tube of rectangular cross section. For 
example, in the case of a thin tube of square cross section, the 
coefficient & in eq. (100) is found to depend upon the magni- 
tude of the ratio 

jf 
n = RP’ 
in which ¢ is the thickness of the wall, R the radius of the 
center line of the bend and 4 the length of the side of the cross 


section. Then 
I + 0.0270n 

~ 1+ 0.06567 (103) 
For instance, if 4/R = 0.1 and 4/t = 50, we obtain n = 25 
and, from (103), k = 0.63. The maximum stress in tubes of 
rectangular section increases in the 
same proportion as the flexibility, i.e., 
in the above example the distortion 
of the cross section increases the 
maximum stress approximately, by 60 
per cent. 

If a cross section of a curved bar 
has flanges of a considerable width, (b) 
again the question of distortion of p 
the cross section becomes of practi- Fic. 72. 
cal importance. Such a problem we 
have, for example, when investigating bending stresses at a 
corner of a rigid frame of an J section, Fig. 724. Considering 
an element of the frame between the two consecutive cross 
sections mn and mm, we see that the longitudinal bending 
stresses ø in the flanges give the components in a radial 
direction which tend to produce bending of the flanges, Fig. 
726. This bending results in some diminishing of longitudinal 














2 Such a problem occurs, for instance, in the design of a Fairbairn 
crane. See reference 28. 
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bending stress ø in portions of the flanges at a considerable 
distance from the web. To take into account this fact, an 
effective width ab of a flange must be used in using formula 
(75) for an J section. Naturally the magnitude of the factor 
a, defining the effective width of the flange, depends on the 
flexibility of the flanges, which is expressed by the quantity: 


b 
B= 1.32 Ve’ (d) 


in which Z is the thickness of the flange and r its radius of 
curvature. For the flange at the intrados r = a, and for the 
outer flange r = c. The calculations show that if 6 < 0.65, 
the bending of the flanges can be neglected and we can directly 
apply the theory developed in Art. 11. For larger values of 


8 the formula 
= (i-a) o 


can be used * for calculating the effective width of a flange. 
Assume, for example, that we have the width of the flange 
b = 6 in., the corresponding radius r = 8 in., and the thick- 
ness f= 1 in. Then, from formula (d), we obtain 8 = 2.80 
and the effective width of the flange is 0.35 X 6 = 2.1 in. 


19. Bending of a Curved Bar out of its Plane of Initial 
Curvature.—In our previous discussion we have dealt with the 
bending of curved bars in the plane of their initial curvature. 
There are cases, however, in which the forces acting on a 
curved bar do not lie in the plane of the center line of the bar.*4 





33 For derivation of this formula see Dr. Dissertation by Otto Stein- 
hardt, Darmstadt, 1938. The experiments made by Steinhardt are in 
satisfactory agreement with the formula. 

34 Several problems of this kind have been discussed by I. Stutz, 
Zeitschr. d. Osterr. Arch.- u. Ing.-Ver., 1904, p. 682; H. Miiller-Breslau, 
Die neueren Methoden der Festigkeitslehre, 2 ed., 1913, p. 258, and 
4th ed., p. 265; and B. G. Kannenberg, Der Eisenbau, 1913, p. 329. 


The case of a circular ring supported at several points and loaded by ` 


forces perpendicular to the plane of the ring was discussed by F. Diister- 
behn, Der Eisenbau, 1920, p. 73, and by G. Unold, Forschungsarbeiten, 
nr. 255, Berlin, 1922. The same problem was discussed by C. B. Biezeno 
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Then it is necessary to consi- 
der the deflection of the bar in 
two perpendicular planes and 
the twist of the bar. A simple 
problem of this kind is shown 
in Fig. 73a in which a portion 
of a horizontal circular ring, 
built in at 4, is loaded by a 
vertical load P applied at the 
end B.% Considering a cross 
section D of the bar and taking 
the coordinate axes as shown 
in Figures 734 and 73c** we 
find that the moments of the 
external load P with respect to 
these axes are 


M, = — PRsin (a — ¢), M; = 0, 
M, = PR[1 — cos(a — ¢)). (a) 
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By using these expressions the bending and torsion stresses 
can be calculated in any cross section of the bar. In calcu- 
lating deflection at the end B the Castigliano theorem will be 
used, for which purpose we need the expression for the strain 
energy of the bar. Assuming that the cross sectional di- 
mensions of the bar are small in comparison with radius R, 





> 


by using the principle of least work, “ De Ingenieur,” 1927, and Zeitschr. 
f. angew. Math. u. Mech., Vol. 8, 1928, p. 237. The application of 
trigonometric series in the same problem is shown by C. B. Biezeno and 
J. J. Koch, Zeitschr. f. angew. Math. Mech., vol. 16, 1936, p. 321. The 
problem is of a practical importance in design of steam piping. The 
corresponding bibliography is given in the paper by H. E. Mayrose, 
Journal of Applied Mechanics, Trans. A. S. M. E., vol. 4, 1937, p- 89. 
See also the book by A. H. Gibson and E. G. Ritchie, “A Study of the 
Circular-Arc Bow-Girder,” London, 1914. 

3 This problem has been discussed by Saint Venant; see his papers in 
Comptes Rendus, vol. 17, 1843, Paris. 

36 It is assumed that the horizontal axis x and the vertical axis y are 
the axes of symmetry of the cross section and that the z axis is tangent to 
the center line of the ring at D. 
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we apply the same formulas as we already had for a straight 
bar (see pp. 294 and 297, part I). Thus the expression for the 
strain energy of our bar is 


U = ME + TE ) Rae, (2) 


where C denotes the torsional rigidity of the bar.” The 
required deflection ô is then obtained from the equation: 
aU 


ô = 5p" 





Substituting for U expression (4), and observing that 


OM, . 
hi = — Rsin(a — ¢) and 





ðM.: 
op — RLi — cos (a — ¢)], 


we obtain 


PR fef. 
=F | sin? (a = @) 





| dy. (104) 


In the particular case, when a = z/2, 


PR EI, ( 3x 
=le + (2 -2)]. (o) 
If the cross section of the ring is circular, C = G I, = 2 2G I; 
taking F = 2.6G, we obtain 


PRT x PR 
b= | o tra (2-a) = rays GE. (105) 


As an example of statically indeterminate problems, let us 
consider a horizontal semi-circular bar with built-in ends, 
loaded at the middle, Fig. 74a. Considering only small 





vertical deflections of the bar, we can entirely neglect any ` 


displacements in the horizontal plane as small quantities of a 





37 The calculation of C for various shapes of the cross section is 
discussed in Chapter VI. 
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higher order. Hence there will be no bending of the ring in 
its plane and no forces or moments in that plane at the ends 
A and B. Considering the built- 
in end B, we conclude from the 
equilibrium conditions that there 
will act a vertical reaction P/2 
and the moment M,, = PR/2. 
The moment Ma will also act, 
preventing the end section B from 
rotation with respect to 2% axis. 
The magnitude of this moment 
cannot be determined from sta- 
tics; we shall find it by using 
the principle of least work, which requires that 
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aU 
aM. = Q. (d) 


In deriving the strain energy of the bar we represent the 
moments applied at the end B by the vectors PR/2 and Mz, 


as shown in Fig. 744. Then the moments M, and M, at any 
cross section D are 


. R. 
M, = PR eos e — Masing — ËE in p, (e) 


M. = Ë sin @ + Ma cos o — E G — cos ¢), (f) 


and the expression for strain energy is 


U = af (2 + ME ) Rae. (g) 


Substituting this in equation (d) and observing that 


OM, . ðM: 
aM, = — sin f, aM,  °S” 
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we obtain 


I 
El, Jy 





727° PR, . 
(> sin? ¢ + Mz sin? ¢ 
PR. 1 PTPR. 
- FE sin gcos o de taf | ZE in gcos o 


R 
+ Mz cos? ¢ -PR a — cos g) cos e| do = Q, 


from which 
-= — r) = — 0.182PR. (106) 


The minus sign indicates that the direction of Mz, is opposite 
to that shown in Fig. 74a. Knowing M., we obtain the bend- 
ing and the twisting moments at any cross section from the 
expressions (e) and (f). 

The maximum deflection is evidently under the load and 
we readily obtain it from Castigliano’s equation: 








aU 
ô = yp" (A) 
Substituting expression (g) for U and observing that 
0M, R . 
ap = z (cos g — sin ¢), 
2M: = R (sin @ + cos g — 1), (i) 


we obtain 


PR I 


T 
EI ¥ 
+ =| (@ — 0.363) ( + a) + 7 — 4+ 0.363 | | 





PR 
= 0.514 ZEZ, ` (107) 


In the calculation of the partial derivatives (7) we disregarded 
the fact that the twisting moment M,, is not an independent 
quantity but the function of P as defined by expression (106). 
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If we should take this into consideration, the right-hand side 
of the equation (4) should be written in the following form: 


aU. aU dM, 
aP + aM, dP ` (7) 





But the second term in this expression vanishes, by virtue of 
equation (d). Hence our previous procedure of calculating 
deflection ô is justified. 


Problems 


1. A curved bar with circular axis and with a = 2/2 (Fig. 73) 
is loaded at end B by a twisting couple M, = T. Find the deflec- 
tion of the end B in a vertical direction. 

Answer. Assuming E[,:C = 1.3, 


ô = 6 TE 
= 0.50 EI, 


2. Solve the preceding problem assuming that at end B a 
bending couple, Me = Mo, is applied in the vertical plane tangent 
to the center line at B. 

Answer. 

5 MoR? 
= 1.150 57, 

3. A semicircular bar with the center 
line in a horizontal plane is built in at 4 
and B and loaded symmetrically by two 
vertical loads P at C and D, Fig. 75. 
Find the twisting moments Mz at the 
built-in ends. 

Answer. 





Ma = — 2 pR (Z — cosa — asing): 
T 2 


4. Solve the preceding problem for the case of a uniform vertical 
load of intensity g distributed along the entire length of the bar. 
Answer. 


Ma = ae — 4) = — 0.32 qR- 
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. The horizontal semicircular bar, shown in Fig. 75 and uni- 
formly loaded as in the preceding problem, is supported at the 
middle cross section F. Find the vertical reaction N at the sup- 
port F. 

Answer. N = QR. 








CHAPTER III 
THIN PLATES AND SHELLS 


20. Bending of a Plate to a Cylindrical Surface.—Assume 
that a rectangular plate of uniform thickness / is bent to a 
cylindrical surface! (Fig. 76). In such a case it is sufficient 
to consider only one strip of unit width, 
such as 4B, as a beam of rectangular 
cross section and of the length 7, From a tE s 
the condition of continuity it may be 
concluded that there will be no distor- 
tion in the cross section of the strip x 
during bending, such as shown in Fig. TT 
776, p. 89, Part I. Hence a fiber length- Fro. 76. 
wise of the strip such as ss (Fig. 77) 
suffers not only the longitudinal tensile stress o, but also 
tensile stress e; in the lateral direction, which must be such 
as to prevent lateral contraction of the fiber. We assume, as 
before (see p. 88, Part I), that cross sections of the strip 
remain plane during bending. Hence the unit elongations in 
the x and z directions are 















1 We have such bending in the case of long rectangular plates if the 
acting forces do not vary along the length of the plate and if only the 
portion at a sufficient distance from the ends is considered. 
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The corresponding stresses in x and z directions are then 
obtained as in the case of tension in two perpendicular direc- 
tions. By use of eqs. (38) (p. 52, Part I, 


eE Ey uE Ey 
= 3 Cz = 3 = z a 
r= (e) r= (r 








Oz = 


We proceed as in the case of bending of a bar and calculate 
the bending moment at any cross section of the strip. Then 


+h} 2 E i od ERB 
M= f. onydy = (1 — Wr J Ja = To — wr’ 


from which 


I M 
2 = 8 
r D’? (108) 


where Ey 
D = zG -5 (109) 
This quantity is called the flexural rigidity of a plate and 
takes the place of EJ, in discussing bending of beams. Com- 
parison of eq. (108) for the strip 


mk} —4 with eq. (s6), Part I, for a bar 

“ 7 |! shows that the rigidity of the strip 
y © 7) y “in the plate is larger than that of 
Fic. 78. an isolated bar of the same cross 


section in the ratio 1: (1 — p’). 

The experiments show that, in the case of bending of an 
isolated thin strip of considerable width 4, distortion of the 
cross section takes place only near the edges (Fig. 78, b) and 
the middle portion aa of the strip is bent into a cylindrical 
form; ? hence eq. (108) is applicable in calculating deflections 
and the strip will prove more rigid than will be expected from 
the simple beam formula. 

For small deflections of the strip 4B (Fig. 77) the curva- 

2 Explanation of this phenomenon is given by G. F. C. Searle, ‘Experi- 


mental Elasticity, Cambridge, 1908. See also H. Lamb, London Math. 
Soc. Proc., Vol. 21, 1891, p. 79, and author’s paper in Mechanical Engi- 


neering, 1923, P- 259. 
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ture 1/r can be replaced by its approximate value d?y/dx? and 

the differential equation for the deflection curve of the strip is 
d’y 

D 7a = M. (110) 


The discussion of bending of a plate to a cylindrical surface 
involves the integration of this equation. A particular case 
in which the bending to a cylindrical surface is done by a 
uniformly distributed load is discussed in the next article. 


21. Bending of a Long Uniformly Loaded Rectangular Plate.— 
If a rectangular plate whose length is large in comparison with the 
width is uniformly loaded, then it may be assumed that near the 
center, where the maximum deflection and stresses occur, the de- 
flection surface is nearly a cylindrical one and eq. (110) may be 
used to calculate these. Let us consider this important problem 4 
for two extreme conditions: (1) the edges of the plate are simply 
supported and can rotate freely during bending and (2) the edges are 
built-in. In both cases it is assumed that there are no displacements 
at the edges in the plane of the plate. Then an elemental strip such 
as AB in Fig. 76 is in the same condition as a tie-rod with uniform 
lateral loading (see article 6) and the tensile forces S. The mag- 
nitude of the forces S is found from the condition that the extension 
of the strip is equal to the difference between the length of the 
deflection curve and the length / of the chord 4B (Fig. 76). 

Simply Supported Edges. In the case of simply supported edges, 
a good approximation for S is obtained by assuming that the de- 
flection curve is a sine curve 

TX 


y= ô sin 7 (a) 


where ô denotes the deflection at the middle. Then by using eq. 
(56), p. 47, the extension of the center line of the strip is 


I L dy 2 T282 
naif (ya - wo (3) 


3 If the length is three times the width for a supported plate and 
twice the width for a clamped plate, the solution derived on this as- 
sumption is sufficiently accurate. 

4A solution of the problem was given by J. Boobnov. See his 
“Theory of Structure of Ships,” Vol. 2, p. 545, St. Petersburg, 1914. 
The discussion of this problem, together with calculation of stresses in 
the hull of a ship, is given in “Theory of Plates and Shells,” 1940. 
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Taking for the deflection at the middle the approximate equation 
(59), we have 


5o 
ô = The? (c) 
in which 
i SP 

b= 35 and a= S: Se = Ha" (111) 

Substituting in equation (4), we obtain 

T? 597 

= TGFA @) 


The lateral contraction of the strip in the plane of the plate during 
bending is assumed to be zero; hence from eqs. (109) and (111) the 
elongation of the center line of the strip produced by forces $ is 


_ Sia — p) _ woh? 
“VER ral (e) 


Equating (d) and (e), the equation for determining a, i.e., for 
determining the longitudinal force S, is obtained in the form: 
ô 2 
all + a} = S (112) 
If the load g and the dimensions of the plate are given, the right 
side of eq. (112) can easily be calculated. The solution of eq. (112) 
can be simplified by letting 


It+a=rx. (A) 
Then this equation becomes 
8o 


i.e., the quantity x is such that the difference between its cube and 
its square has a known value. It can be determined from a slide 
rule or a suitable table and æ found from eq. (f). The deflection 
and stresses in the strip 4B are then calculated by using the table 
given for tie-rods (see p. 43). In using this table it is necessary 
to remember that, from eqs. (23) and (111), 


Z va. (133) 


Take, for example, a steel plate of dimensions / = 45 in. and 4 = 3/8 
in. loaded by a uniformly distributed load g = 10 lbs. per sq. in. 
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Then eq. (112) becomes 
all + a)? = 290, (2) 
from which 


a= 5.97 and u= Sva = 3.83. 


The tensile stress produced by the longitudinal force S is 

_ S ASer _ arD 
ThT h O AP 

and the maximum bending moment at the middle of the strip, from 


eq. (45), is 





= 11,300 lbs. per sq. in. 


[2 
Mmax = T y(u). (h) 


By using the table 3, mentioned above, we find by interpolation, for 
u = 3.83, ya(u) = 0.131. This shows that, due to the action of the 
longitudinal force 5, the bending moment is greatly diminished and 
is only about 13 per cent of that which is produced by the action of 
transverse loading alone. Using eq. (4), 


Minax = 


2 
12X45 X 0.131 = 332 lbs. ins. 


The corresponding maximum bending stress is 


6Mmax 6 8? . 
of = = 6 X 332 XBL 14,200 lbs. per sq. in. 


and, superposing the tensile and bending stresses, the maximum 
stress 18 
Cmax = Or! + G2” = 11,300 + 14,200 = 25,500 lbs. per sq. in. 


It may be seen that, due to the action of the longitudinal force, 
the maximum stress does not increase in the same proportion as the 
intensity of the load. For instance, in the above numerical example 
with g = 20 lbs. per sq. in., from (g) 

all + a)? = 290 X 4 = 1,160, 
from which 
a = 9.85; u = 4.93. 
The tensile stress produced by the longitudinal force S is 


S 
a => = 18,600 lbs. per sq. in. 
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yilu), for u = 4.93, is equal to 0.082; then 


2 82 ` 
e = EMs _ ox e re x X 0.082 = 17,900 lbs. per sq. in. 





The maximum total stress is 
Cmax = Oz! + oz” = 18,600 + 17,900 = 36,500 lbs. per sq. in. 


In other words, due to the action of the longitudinal forces S, the 
stresses increase less rapidly than the load. When the load is 
doubled, the maximum stress is in our case increased only 43 per cent. 

Clamped Edges. In the case of clamped edges eq. (a) is replaced 
by ê equation 


ò 
y= i (1 = cost > (k) 


which satisfies conditions at the clamped edges because the deflection 
and the slope dy/dx both become zero at x = o and at x = /. 
Substituting (4) into eq. (4), the extension of the center line of the 


strip is 
1 fv? dy \? ro? 
=i (2) dx=" o) 
For the deflection at the middle we use the approximate equation 


(62) 
ôo 


I 
I+-a 
4 





ô = 


and find, from (/) and (e), the following equation for a: 


a\? 360 
«(: +2) = (114) 


or, by letting 1 + (a/4) = x, 


3 ô? 
-g= 2L, 
Bx 4 (m) 
In the previous numerical example with g = Io Ibs. per sq. in., 
eq. (m) becomes 

x3 — x? = 2.90, 


from which x = 1.849 and a = 3.40. Hence the tensile force is less 
than in the case of supported edges considered above in the ratio 








5 See the author’s paper mentioned above, loc. cit., P. 44. 
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3.40/5.97 and we obtain 


3.40 . 
6: = ~—— X 11,300 = 6,430 lbs. per sq. in. 
5.97 3 43 per sq 
In calculating the bending stresses the table 3 of page 43 is used. 
Noting that in our case u = (/2)Va = 2.89, we find from the table, 
by interpolation, y: = 0.686, Y; = 0.488. The bending moment at 
each clamped edge is 


gi? . 
M = — 0.68655 = — 1.150 Ibs. ins. 


The corresponding maximum bending stress is 
Tz” = 49,300 lbs. per sq. in. 
The maximum total stress is ê 
Cmax = Or! + oe" = 6,430 + 49,300 = 55,700 lbs. per sq. in. 


Comparison of this stress with that obtained above for the same 
plate with simply supported edges shows that clamping the edges 
increases the maximum stress. This result can be explained as 
follows: Due to clamping the edges, the deflection of the plate 
is diminished, and as a result the longitudinal force S and its effect 
on the bending moment are also diminished. In the case of simply 
supported edges, the maximum bending moment was only 0.131 
of that produced by the transverse load alone. But in the case 
of clamped edges the bending moment at these edges is 0.686 of 
that produced by the transverse load alone, i.e., the effect of the 
longitudinal force is more pronounced in the case of simply supported 
edges. 

This approximate method can be used in the calculation of 
stresses in the plates of a ship’s hull submitted to hydrostatic 
pressure. 

The maximum stress evidently depends on the intensity of the 
load g and on the ratio //A. The magnitudes of this stress for the 
case of simply supported edges and for various values of the ratio 
l/h are represented by curves” in Fig. 79. It is seen that because 
of the presence of tensile forces S, which increase with the load, 





6 It is assumed that the steel has a proportional limit above the stress 
calculated. 

7 These curves are taken from the paper by S. Way presented at the 
meeting of Applied Mechanics, A. S. M. E., New Haven, June, 1932. 


` 
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the maximum stress is not proportional to the load g; for large values 
of g this stress does not vary much with the thickness of the plate. 

In Fig. 80 the curves for maximum stress in the case of plates 
with built-in edges are given. It is seen that for small values of 
the intensity of the load g, when the effect of the axial force on the 
deflections of the strip is small, the maximum stress increases ap- 
proximately in the same ratio as g increases. But for larger values 
of q the relation between the load and the maximum stress becomes 
non-linear. 
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22. Deflection of Long Rectangular Plates Having a Small 
Initial Cylindrical Curvature.*—In this problem, we may use the 
results already obtained for the bending of bars with small initial 
curvature (p. 104). The edges of the plate are assumed to be simply 
supported and the coordinate axes and an elemental strip are taken 
as in Fig. 76. Let 


TX 


yo = $sin 7 (a) 


represent the small initial deflection of the plate, with the maximum 
deflection at the middle equal to 4. If a uniform load q is applied, 


° 
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an additional deflection is produced, accompanied by an extension 
of the middle surface? of the plate. As before, let S denote the 
tensile force on the strip 4B of unit width and a the ratio of this 
force to the critical force Se = 7?D/P. Then the additional deflec- 
tion produced by the load g is 


ôo TX ab TX 


nspa 7 T rpa T" = (è) 








The first term on the right side represents the approximate ex- 
pression for the deflection of a straight line strip, which was used 


TT 
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before for flat plates; the second member represents the effect of 
the initial curvature (see eq. (d), p. 106). By adding (a) and (b) 
we obtain the total deflection 


TX ĉo 


. . TX 
y = yj + yı = sin 7 try sin 





~THe 7 = ppg i 


The magnitude of a is determined from the consideration of 
extension of the strip 4B. Using the same reasoning as in the . 
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preceding article we obtain the following ‘expression for this ex- 
tension 

-Ip (27 if dyo Y 

a= S (2) Tado (2 Ja 
Substituting (a) and (c) for yo and y and integrating, we have 
== | (C+ * op . 
4/L\1+ a 


Setting this equal to the extension produced by the longitudinal 
force S (eq. e, p. 122), we obtain 


=l(: + =) e | _ rah 
44t\rta]) — ~ ral 


b+ bo \? Be 
aa tams (HES 55 tay ag 











or 





If b = o, this reduces to eq. (112) for a flat plate. 
Take as an example a steel plate of the same dimensions as in 
the previous article: 


l= 46 in, A = 3/8 in., q = Io lbs. per sq. in., 


and assume 4 = 3/8 in. Then 


_ 5 Ë 
dy = 384 D 7 3.686 in., 
and eq. (115) becomes 
ali + a)? = 351.6 — 3(1 + a}. (d) 
As before, let 
I+a=x; 


then 
x3 4- 247 = 351.6, 
from which 
x = 6.45, a= $.45. 


The tensile stress produced by the longitudinal force S is 





8See author’s article in the book, Festschrift zum Siebzigsten 
Geburtstage August Féppl, p. 74, 1923, Berlin. 

9 The middle surface is the surface midway between the faces of the 
plate. 
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This stress is somewhat less than the corresponding stress for the 
flat plate (see p. 123). In calculating bending stresses it should be 
noted that the deflection given by eq. (4) consists of two parts. 
The first is the same as that for a flat plate and the second, 


ab . TX 
sin -7 > 


Ita l 


represents the effect of the initial curvature. The maximum 
bending stress corresponding to the first part of the deflection for 





a = 5.45; U = T ya = 3.67 and yı = 0.142, from table 3 on p. 43, 

is 15,300 lbs. per sq.in. The bending moment corresponding to the 
second part of the deflection is 

Dn a ab . TX ambD č . Tx le) 

TPN Fa T] UFA] É 

This moment has a negative sign and the corresponding maximum 


compressive stress, which is to be subtracted from the stress 
calculated as for a flat plate, is 








= — 9,500 lbs. per sq. in. 


The combination of this with the stress o,’ calculated above and the 
bending stress 15,300 lbs. per sq. in. obtained as for a flat plate 
gives the complete stress 


oz = 10,200 + 15,300 — 9,500 = 16,000 lbs. per sq. in. 


A comparison of these results with those for flat plates shows 
that here the tensile forces S are somewhat reduced and that the 
bending stress at the middle is much less, due to the negative sign of 
the bending moment (e). The effect of the initial curvature is to 
reduce the resultant stress from 25,500 lbs. per sq. in. to 16,000 lbs. 
per sq. in. This result is obtained with the initial deflection equal 
to the thickness of the plate. By increasing the initial deflection, 
the maximum stress can be reduced still further. 


23. Combination of Pure Bending in Two Perpendicular 
Directions.—Let us consider first a rectangular plate bent by 
moments uniformly distributed along the edges (Fig. 81). 
M, denotes the bending moment per unit length of the edges 
parallel to the y axis and M: the moment per unit length 


130 STRENGTH OF MATERIALS 


of the edges parallel to the x axis. The plane midway be- 
tween the faces of the plate, the so-called middle plane of the 
plate, is taken as the xy plane and the z axis is perpendicular 
to this plane and downward. An element is cut out of the 





Fie. 81, 


plate by two pairs of planes parallel to the xz and yz planes 
(Fig. 82). The theory of pure bending of the plate is based 
on the assumption that during bending the lateral sides of 
this element remain plane and rotate about the neutral axes 
n-n. For moments as indicated in Fig. 81 the upper part 
of the element is under compression and the lower part under 
tension. The middle plane nn does not undergo any defor- 
mation during this bending of the 
plate and is therefore a neutral sur- 
face. Let i/r, and i/r: denote the 
curvatures of this neutral surface 
in sections parallel to the zx and 
the zy planes respectively; then 
the unit elongations in the x and 
y directions of an elemental sheet 
abcd, a distance z from the neutral 
, surface, are found as in the case of a beam (p. go, Part I) 
and are equal to 


x 





€g = 75 &y = z (a) 


Using eqs. (38) (p. 52, Part I), the corresponding stresses are 








Ez I I 

v= a itai) EO 
Ez I I 

o= lEt . (c) 
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These stresses are proportional to the distance z from neutral 
surface. The moments of the internal forces acting on the 
sides of the element are equaled to the moments of external 
couples, giving the following equations: 


4/2 
f o,2dydz = Midy, (d) 


h/2 


thf 
Í oyzdxdz = Mdx. (e) 


h]2 
Substituting (4) and (c) for os and o, and noting that 
E tR Eh 


gdz = — = 
I — pw —h/2 12(1 — p’) D, 





where D denotes the flexural rigidity of the plate (eq. 109), we 
find 


I I 
D(z +u2)=m, (116) 


I I 
D(ž+u}) = Mə (117) 


which correspond to eq. (56), p. 91, Part I, for the pure 
bending of a straight bar. Denoting by w small deflections 
of the plate, the approximate formulas for curvatures are 

I gw I ow 


ne i = opp 


In terms of w, eqs. (116) and (117) become 


ðw ðw 
- D( $5 + eSa) = Ma (119) 


These correspond to eq. (79) (p. 135, Part I) for the deflec- 
tion curve of a straight bar. In the particular case in which 
Mı = M, = M, the curvatures of the deflection surface in 
two perpendicular directions are equal and the surface is 
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spherical. The curvature of the sphere, from eq. (116), is 


rT M 
7 Düt. (120) 


Such a spherical deflection surface is obtained for a plate of 
any shape if the bending moments M are uniformly dis- 
tributed along its edge. 

In the above, it was assumed that there is no change in 
the length of the fibers of the middle surface, i.e., that this 
surface is the neutral surface in the bent plate. This condi- 
tion can be rigorously satisfied only if the surface of the bent 
plate is a developable surface, such for instance as a cylindrical 
surface discussed in the previous article. For non-develop- 
able surfaces the above assumption is sufficiently accurate 
only if the deflection w of the plate is small in comparison 
to its thickness 4. To show this, consider the bending of a 
circular plate produced by couples M uniformly distributed 
along the edge. It follows from the previous theory that the 
deflection surface is a sphere with the radius given by eq. 

(120). Let AOB (Fig. 83) represent the 

& =<~5--$ diametral section of the bent circular 
, cy m * plate, a its outer radius, and 6 the deflec- 
tion at the middle. We assume first that 
there is no stretching of the middle plane 

of the plate in its meridional direction; 

then arc OB = a, ¢ = ajr, and CB = a 

"= yrsin g. In such a case the deflection 
of the plate is obviously accompanied by a compressive strain 
in the circumferential direction. The magnitude of this strain 
for the edge of the plate is 





Fic. 83. 


a— a re-rsing 
€ = = . 
a re 





For a small deflection ô, the angle ¢ is small and sin g = ẹ 
— ¢'/6 approximately, giving 


e=% (f) 
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or, noting that 


re . 
§ = r(1 — cos ¢g) = > approximately, 
we obtain 
ô 
Ee = -Z . 
3r 


(k) 


This represents the upper limit of circumferential strain at 
the edge. It was obtained by assuming that the meridional 
strain is zero. Under actual conditions there will be a certain 
amount of strain in the meridional direction and the true 
circumferential compression will be smaller than that given 
by eq. (k). 

The approximate theory of the bending of plates neglects 
entirely the strain in the middle plane and considers only 
strains such as given by eqs. (a), the maximum value of which 
in the above example is 4/2r. Hence a strain such as that 
given by (k) can be neglected and the middle surface can be 
considered as unstrained if 5/37 is small in comparison with 
Alar, i.e., if the deflection ô is small in comparison with the 
thickness of the plate 4. Only in this assumption can the 
results given later for some special cases of bending of plates 
be used with sufficient accuracy. 


24. Thermal Stresses in Plates.—Equation (120) of the 
previous article, for deflection to a spherical shape, is very 
useful in calculating thermal stresses produced in a plate by 
non-uniform heating. Let ¢ denote the difference in tempera- 
ture of the upper and lower faces of the plate and a the 
coefficient of linear expansion of the material. Assuming that 
the variation of the temperature through the thickness of the 
ae eee ese eee O 

10 If the deflections are not small and the strain in the middle surface is 
taken into consideration, it has been shown that in the case of pure 
bending of a circular plate, of radius a = 23h, the circumferential com- 
pressive stress in the middle surface at the edge is about 18 per cent of the 
maximum bending stress when the deflection at the middle is equal to six 
tenths the thickness of the plate. See author’s paper in Memoirs of the 


Institute of Ways of Communication, St. Petersburg, 1915. See also 
“Theory of Plates and Shells,” 1940. 
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plate follows a linear law, the corresponding expansions follaw 
the same law, and if the edge of the plate is free, the deflection 
produced by these expansions will be a spherical one." The 
difference between the maximum expansion and the expansion 
at the middle surface is a¢/2, and the curvature resulting 
from this non-uniform expansion is given by the equation 


at A 
2 x’? 
from which 
I at a 
Pay (121) 


This bending of the plate does not produce any stresses, 
provided the edges are free and the deflection is small as 
compared with the thickness. 

If, however, the edge of the plate be clamped, heating 
will produce bending moments along the edge. The magni- 
tude of these moments is such as to eliminate the curvature 
produced by the non-uniform heating and given by eq. (121), 
as only in this manner can the condition at the clamped edge 
be satisfied. From eqs. (121) and (120) we obtain the follow- 
ing equation for the bending moment per unit length of the 
clamped edge: 


ati + p)D 


M = 7 


Noting that M is acting on a rectangular area of unit width 
and of depth 4 the corresponding maximum bending stress is 


6M bati +WD at E 


Omax = Ee Topo o = o (122) 


This stress is proportional to the coefficient of thermal expan- 
sion a, to the difference in temperature ¢ at the two faces 





u Jt is assumed that deflections are small in comparison with the 
thickness / of the plate. 

12 Īt must be noted that ¢ denotes the difference in temperature 
between the two faces of the plate and not that between liquids or gases 
in contact with the plate. The latter, due to abrupt change in tempera- 
ture at the plate surface, may be much greater than ¢. 


THIN PLATES AND SHELLS 135 


of the plate, and to the modulus of elasticity. The difference 
in temperature ¢ is likely to increase with the thickness of 
the plate; therefore greater thermal stress can be expected in 
thick plates than in thin ones. It is interesting to note that 
eq. (122), developed for flat plates, can also be used with 
sufficient accuracy in cases of spherical and cylindrical shells 
(see p. 262). 


25. Bending of Circular Plates Loaded Symmetrically 
with Respect to the Center.!™—The deflection surface in this 
case is symmetrical about the axis perpendicular to the plate 
through its center and the consideration of a diametral section 
through this axis is sufficient for calculating deflections and 
stresses. Figure 84 represents such a diametral section, with 
the axis of symmetry oz. Let w denote the deflection of the 
plate at any point 4 a distance x 


from the axis, and restrict it to small 48 
values. Let ie? 
dw i i 
e = — Jy dps h | 
| 


represent the slope of the deflection 
surface at the same point. The 
curvature of the platein the diametral 








. . 1 | | 
section xz is ka xz 
I dw _ do (2) Fic. 84. 
rn dx dx 


In determining the radius of curvature 7 in the direction 
perpendicular to the xz plane it is necessary to note that after 
deflection of the plate sections such as mm form a conical 
surface whose apex B is the point of intersection of nm with 
the axis oz. Then 4B represents the radius 7 and, from the 
figure, 


(2) 


x 1S 


I 
rz 





18 This case of bending was developed by Poisson, Paris, Mém. de 
VAcad., Vol. 8, 1829. 
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We proceed in the same manner as in the bending of a bar 
and assume that there is always the same relation between the 
bending moments and the curvatures as in the case of pure 
bending of a plate (art. 23). Equations (116) and (117) can 
therefore be used here also. Substituting (a) and (4) into 
these equations we find 


d 
m= D(Z+u2), (123) 


d 
M, = D(£ +4). (124) 


Here, as before, M, and M: denote bending moments per 
unit length, M, along circumferential sections of the plate 
such as mn, and M: along diametral sections xz. Equations 
(123) and (124) contain only one variable g, which is deter- 
mined from the equilibrium of an element abcd (Fig. 85) cut 
out from the plate by two cylindrical sections ad and cd and 
by two diametral sections ao 
and bo. The couple acting on 
the side cd of the element is 


M,xd0. (c) 


The corresponding couple on 
side ab is 


(m + a dw \(x + dx)d0. (d) 








The couples on the sides ad and bc are each Mzdx, and they 
have a resultant in the plane xz equal to 


Mdxdð. (e) 


In addition to these couples there are shearing forces V 
on the sides ab and cd. If V represents the shearing force 
per unit length, the total shearing force acting on the side 
cd of the element is Vxd0. Neglecting small quantities of 








14 Tt follows from symmetry that there are no shearing forces on the 
sides dc and ad of the element. 
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higher order, a shearing force of the same magnitude acts on 
the side ab. These two forces give a couple in the plane xz 
equal to 


Vxdddx. (A 


Summing up moments (c), (d), (e) and (f) with proper signs, 
the equation of equilibrium of the element abcd is 


( M+ was | (x + dx)d0 — Myxd0 — M:dxdð + Vxdxdd = o, 


from which we find, by neglecting small quantities of higher 
order, 


dM. 
M, +- * 7 Mn+ Vn =o. (g£) 


Substituting expressions (123) and (124) for M, and Mz, eq. (g) 
becomes 





dè bx de eD (125) 


In any particular case of a symmetrically loaded circular 
plate, the shearing force VY may be determined from statics; 
then eq. (125) can be used for determining the slope ¢ and the 
deflection w of the plate. Take, for example, a circular plate 
loaded by a uniformly distributed load of intensity g and a 
concentrated load P applied at the center. Taking a section 
of the plate by a cylindrical surface with axis oz and radius x, 
the shearing force V per unit length of this section is found 
from the statement of the equilibrium of the inner part of 
the plate cut out by the cylindrical surface. The load acting 
on this part of the plate is P + mx’g. This load must be 
equal to the resultant of the shearing forces distributed over 
the cylindrical section; hence 


anxV = P + rx 
and 


=p. (126) 
Substituting into eq. (125), 
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ae Ide ¢ 


I _1f(@, P 
de “xde x D 2 T one 


d[id 1 fqx, P 
slige |= -5( 2 +55), 


from which, by simple integration, 


1d I we P 
=F (xe) = -52 +E toa, « ) + GQ, (h) 





or 





where C, is a constant of integration. The integration of 
(h) gives 


_ gx! P (log, x æ x? 
xe = -gaal 2 Tg J) Tat G 





or 
Ci. 
2 


o _ ge _ Px _ C: 
e= 16D 8rD (2 loga x — 1) + + x? (127) 
where C; is the second constant of integration. For small de- 
flections (Fig. 84), 


_ dw 
| == de? 
giving us the following equation for deflections: 
dw qx , Px Cx Q 
Ge = 16D t BaD 2 B® — DQ ye 


from which, by integration, 


xt Pæ Cx? 
w= Gon + gp (oe eG logn x +C. (128) 


The constants of integation Cı, Cz and C; must be determined in 
each particular case from the conditions at the edge of the 
plate. 

In the above discussion it was assumed that the middle 
surface of the plate is a neutral surface, i.e., that there is no 
strain in this plane. This assumption is justified only if the 
edges of the plate are free from stresses in the middle plane 
of the plate and the deflections are small in comparison with 
the thickness of the plate. 
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26. Uniformly Loaded Circular Plate-—Clamped Edges. 
The slope and the deflection are given by eqs. (127) and 
(128) by putting P = o in these equations. In the case of 
clamped edges, ¢ = o for x = a and for x = o, where a is 
the outer radius of the plate. The following equations for 
calculating the arbitrary constants C, and C: are then ob- 
tained from eq. (127): 








from which 


2 
G@=0 and Q= on? (a) 
and these, put in eq. (127), give 
x 
p= Th (a? — x). (129) 


The deflections are calculated from eq. (128). In this equa- 
tion set P = o and the arbitrary constants C, and Cz as in 
eqs. (a). Then 








“Cy. (2) 


The constant C; is found from the condition that at the edge 
the deflection is zero. Hence 





64D 32D C: = 0, 
from which 
IE., 
C3 = 64D 


Substituting in equation (4), we obtain 


w = ED (a? — x*)?, (130) 
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The maximum deflection is at the center of the plate and is 


4 
ô = éD (131) 
This deflection is equal to 34 of the deflection of a strip (Fig. 
76) clamped at the ends and of length equal to the diameter 
of the plate. The bending moments are obtained from eqs. 
(123) and (124); expression (129) for (¢) is substituted into 
these equations, which gives 





M = S[ea + u) — 3 +H) (c) 
M, = [el + u) — a + ju) (a) 
At the edge (x = a) these equations give 
2 2 
M=-Ẹ%; M=- (e) 
At the center (x = 0), 
M: = M; = =Ë gat i) 
The maximum stress is at the edge and is equal to 
_6 ga! _3q@ 
(oz) max = 2 8 7 4 ke ` (132) 


Simply Supported at the Edge. The method of superpo- 
sition is used in calculating deflections of a plate simply 
supported at the edge. It was shown (eqs. e) that in the 
case of clamped edges there are negative bending moments 

M, = — (qa?/8) acting along the edge, 

a ĉa Fig. 86 (a). If this case is combined 
~“ with that of pure bending shown in 

Fig. 86 (4), so as to eliminate the 

non ay bending moment at the edge, we get 
fe) the bending of a plate simply sup- 

ported at the edge. The deflection 


G 


Fic. 86. 
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due to pure bending is obtained from eq. (120). Substituting 
in this equation M = ga?/8, we find 

I qa? 

r 8Da +p 
The corresponding deflection at the middle for a spherical 
surface is (see p. 94, Part I) 





eg 

ar 16D(i +p) 

This 1s added to the deflection (131) to get the deflection of 
a plate supported at the edge, 


ô = 


_ qa qat _ 5+u 
ò = aD t 6DG F a op oD 033) 





For u = 0.3, this deflection is about four times as great as it 
is when the edges are clamped. 

In calculating bending moments, the constant bending 
moment ga?/8 must be superposed on the moments (c) and 
(d) found above for the case of clamped edges. Hence 


M: =-&(3 +u) — +9), 


My = gP + u) — #%(1 + 3u)), 


The maximum bending moment is at the center, where 





= M, = 45t g2 
M, = M, 16 qa. 
The corresponding maximum stress is 


6M, 33 +4) ge, 
~ 8 k 


(oz) max — (cy) max — h 





(134) 


For comparison of the bending stresses e, and o, at the lower 
sides of the plates with clamped and simply supported edges, 
the variation in these stresses along the radius of the plates 
is graphically represented in Fig. 87. Measuring the ordi- 
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nates from the horizontal axis passing through the point O, 
we obtain the stresses for the plate with the clamped edges. 
Adding to these stresses the constant value 39a"/4h’, 1e., 
measuring the ordinates from the horizontal axis passing 
through the point O; in Fig. 87, we obtain the stresses for the 





Fic. 87. 


simply supported plate. It may be seen that a more favor- 
able stress condition is obtained by clamping the edge. 

In the previous discussion the effect of shearing strain on 
the deflection was neglected. When the thickness of the 
plate is fairly large in comparison with its radius, this effect 
may be considerable and must be taken into account." The 
additional deflection due to shear is found by the same method 
as in the case of beams (art. 39, Part I). In the case of 
uniform loading the shearing force, from eq. (126), is 


yuo. 
2 
If we assume the same distribution of shearing stresses over 
the thickness of the plate, as in the case of a bar of rectangular 
cross section, the maximum shearing stress is at the middle 
CTOSS eee nnn eee ee Oe Oe eee 
15 The increase in deflection due to shear was demonstrated by 


experiments made by G. M. Russell, Engineering, Vol. 123, 1927, P- 
343. See also paper by H. Carrington, Engineering, Vol. 125, 1928, p. 31. 
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surface and its magnitude at a distance x from the center of 
the plate is 


The corresponding shearing strain at the middle surface of 
the plate is 


and the additional deflection due to distortion of such an 
element as abcd in Fig. 85 is 


Summing up these deflections along the length of the radius 
of the plate and noting that at the edge the deflection is 
zero, we find 


This is added to the deflection (130) due to bending moments 
to get the total deflection, 


w= pine —#P +3 Ge - *), 


or, using eq. (109), 





w = Dl @ — x) + I 4 nea = x) |. (135) 


The deflection at the center is 


-I 4 # 
a= gpl trh ' (136) 
In the case of thick plates the second term in the parenthesis, 
which represents the effect of shearing stresses, may be of 
practical importance. 


The above theory of bending of circular plates is based 
on the assumption that deflections are small in comparison 
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with the thickness. For larger deflections the stretching of 
the middle surface of the plate must be considered. If this 
is done it can be shown that at larger deflections the plate 
becomes stiffer than the above theory 1° indicates and the 
deflections are no longer proportional to the load. 

In the case of a uniformly loaded circular plate clamped at 
the edge the deflection can be calculated from the following 


equation: !7 
4 


6° 
ô + 0.58 75 = ED’ (137) 


which is in good agreement with experiments. 

In practical applications, very thin uniformly loaded 
plates are sometimes used. In such cases the bending stresses 
may be small in comparison with the stresses due to the 
stretching of the middle surface and the plate can be con- 
sidered as a thin membrane which has no flexural rigidity at 


now 


` 


a Dddd 
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1 
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d 


[A 


Was 


Fic. 88. 


all. The deflection at the middle of a uniformly loaded’ 


circular membrane is given by the equation 


5 = 0.6624 Nias (138) 


We obtain an analogous equation by neglecting 6 in com- 
parison with the term containing 6 in eq. (137). Experiments 





16 See author’s paper, loc. cit., p. 133. See also “Theory of Plates 
and Shells,” 1940. 
17 See “Theory of Plates and Shells,” p. 336, 19 


18 See H. Hencky, Zeitschr. f. Math. u. Physik, Vol 63 (1915), p- 311. 
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made on thin membranes are in good agreement with eq. 
(138). 

In the case of a uniformly loaded circular plate of variable 
thickness the variation of the thickness with the radial dis- 
tance can be expressed with sufficient accuracy by the equa- 
tion: 


in which A/Ap is the ratio of the thickness at the radial distance 
x to the thickness 4o at the center, and £ is a constant. The 
































Fic. 89. 


shapes of the diametrical sections of plates for various values 
of the constant 8 are shown in Fig. 88. The maximum bend- 
ing stress o, in radial direction at a radial distance x from the 
center can be expressed by the equation: 


a? 
Or = Y TS 3 





in which y is a factor varying with the radial distance x. 


19 Bruno Eck, Zeitschr. f. angew. Math. und Mech., Vol. 7, 1927, 
p- 498. Information on corrugated diaphragms see in “Techn. Notes” 
738, 1939, Nat. Adv. Comm. Aeron. 
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The values of this factor ? for a plate with clamped edges are 
given by the curves in Fig. 89. For a simply supported plate 
these values are given in Fig. go. 























x 
a 


Fic. go. 


27. Circular Plate Loaded at the Center.—Clamped Edge. 
For this case g = o is substituted in eq. (127), which gives 
Px Cix C: 
g= = gp (2 loge — 1) + => t (a) 
The constants of integration Cı and C; are found from the con- 
ditions that g is equal to zero at the clamped edge and at 
the center of the plate; hence 


P C. C. 
| = 25 C lowe « — 1) + Sal =0, 
7 (b) 
| - (lows x — 1) + wej =0. 
As (x logn *)2-0 = 0, the following values of arbitrary con- 
stants are obtained from (4): 


C = S55 (2 log a — I); Cy = 0, (c) 


and eq. (a) becomes 


a 
x 


P 
o = —plom (a) 


20 These values are given in the dissertation by O. Pichler, “ Die 
Biegung Kreissymmetrischer Platten von Veränderlicher Dicke,” Berlin, 
1928. . 
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The equation for the deflection surface is obtained by sub- 
stituting g = o and the values (c) of the arbitrary constants 
into eq. (128), which gives 


Px? xo I 
w= 5 (los. 2-2) + G (e) 


The constant C; is obtained from the condition that at the 
clamped edge the deflection is zero, giving C; = Pa?/16rD. 
Substituting this into eq. (e) we obtain 





Px? x P 
w= 8r D logn a + 167D (a — x). (f) 
The deflection at the middle is 
Pa 
ô = ED (139) 


This deflection is four times as great as that produced by a 
uniformly distributed load of the same magnitude (eq. 131). 

Bending moments are calculated from eqs. (123) and (124), 
using expression (d), 


P a 
My =| + w) los. $= 1 |, () 
P a 
M, == +u) logs $-a |. (A) 
At the edge (x = a) these moments become 
P 
My = — a> 2 = HTD (140) 
and the corresponding maximum stresses are 
P u P 
asia o5 FE (141) 


Comparison with eq. (132) for a uniform load shows that the 
concentrated load at the center produces stresses at the 
clamped edge of the plate which are twice as great as the 
stresses produced by a load of the same magnitude but uni- 
formly distributed over the plate. 
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At the center of the plate, eqs. (g) and (A) give infinitely 
large values for the bending moments and the stresses. This 
result is due to the assumption made that the load is con- 
centrated at the point.” If the distribution of the load is 
taken over a small circle, the stresses become finite (see p. 151). 

In determining the safe dimensions of a circular plate 
loaded at the center we can limit our investigation to the 
calculation of the maximum tensile bending stresses at the 
bottom of the plate. It was already mentioned that expres- 
sions (g) and (A) are not suitable for this purpose, and the 
more detailed investigation indicates * that the proper for- 
mula for calculating the above mentioned tensile stress is 


P 
(G2) max = zz (1 + n) (0.485 log $ + 0.52) - (142) 


Although the compressive stresses at the top of the plate may 
be many times as large as the tensile stresses at the bottom 
in the case of a strong concentration of the load, they do not 
represent a direct danger because of their highly localized 
character. The local yielding in the case of a ductile material 
will not affect the deformation of the plate in general if the 
tensile stresses at the bottom of the plate remain within safe 
limits. The compressive strength of a brittle material is 
usually many times greater than its tensile strength, so that 
a plate of such a material will also be safe if the tensile stress 
at the bottom is within the limit of safety. 

Simply Supported Edge. The deflection of a plate simply 
supported at the edge is obtained by the method of super- 
position. On the deflections (f) found above for the case of 
a clamped edge, we superpose the deflection produced in the 


2l Local stresses at the point of application of a concentrated load are 
discussed in the paper by H. Hencky, Der Spannungszustand in recht- 
eckigen Platten, Darmstadt, 1913, p. 54. See also A. Nadai, “ Elastische 
Platten,” p. 97, 1925. : 

2 This question is discussed in “Theory of Plates and Shells,” p. 75. 
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plate by moments M, = P/4r uniformly distributed along 
the edge and thus obtain the case of a simply supported 
plate. The curvature produced by the moments Mı = P/4r 
is, from eq. (120), 

To P 

r gra + y)D’ 
and the corresponding deflection at the middle is 
~#__ Pa 
~ ar Sr(1 + aD 
This is added to the deflection (139), and the deflection at 
the middle of a simply supported plate becomes 


Pa Pa _ Pæ 3+u 
è= 16rD 1 8x1 FOD 16rD 1+p (143) 





This deflection is about 2.5 times as great as that for the 
case of a clamped plate. 

The expressions for bending moments are found by adding 
P/4m to the moments (g) and (4) obtained above for a clamped 
plate. The maximum tensile stress is obtained by adding 
6/h?- P/4r to the stress calculated from formula (142). 


28. Circular Plate Concentrically Loaded.—We begin with the 
case in which the load is uniformly distributed along a circle of 
radius (Fig. 91). In this case we consider 


separately the portion of the plate inside Z baled 

this circle and the portion outside. For x 

each portion the general eq. (128) is used, a awl? 
with g = o for both portions and P =o Fic. 91. 


for the inner portion. The arbitrary con- 

stants are determined in such a manner as to satisfy the conditions 
of continuity at the circle x = 4% Denoting by P the total load, 
the following results are obtained: *4 





% The effect of shearing stress which produces discontinuity in the 
slope at the circle x = 4 is neglected in this case; see paper by G. A. 
Garabedian, J. de l’École Polytechnique, 2° Ser., C. no. 26, 1927. 

2 See note of article 45 of St. Venant’s translation of the book by 
Clebsch, “Theorie der Elasticitat fester Körper,” Paris. 
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Clamped Edge. For inner portion (x < 3), 


P z a 
w = gr D| ~ OP +) logaz + GP — 4) 


I Bb 
+5 +3 )@— | (a) 
For outer portion (x > 4), 


w = Z ~ (x2 +B) | 2,1 2? 2 
aD ome tslitay@-#) 1 @ 
Simply Supported Edge. For inner portion (x < 3), 


w= — (2 + 8) log, 2 2 
3D (x? + ) logan g + (2 — #) 


Gtwa— (1 — uë 
rS e- |, (c) 


For outer portion (x > 4), 


_ Po — 2 2 a 
o= 55] (x + ) logn = 
(3 + We — (i — pe 
r e-a) @ 


Any case of bending of a circular plate loaded symmetrically with 
respect to the center can be solved by use of these equations together 
with the method of superposition. 


Consider, for instance, the case 72 a c 
shown in Fig. 92, in which the load ) 
is uniformly distributed over the a 22 ° Z 


inner part of the plate bounded by 
a circle of radius c. Substitute 
in eq. (a) P = 2xbqdb, and the deflection produced at the center of 
the plate by the elemental ring loading shown in the figure is 


Fic. g2. 


q a I 
do = 4] -o loga 5 — Ht (ot + 09) [ae (e) 
The deflection produced by the entire load is 


a 


_f(', a f° I 


~2/_@,, 4_ 3 ae 
-4f cogs- a+]. (144) 
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If c = a, this equation coincides with eq. (131) for a uniformly 
loaded plate. By substituting in eq. (144) ¢ = o and reg = P, 
eq. (139) for deflection by a concentrated load is obtained. To 
determine bending moments and stresses at the center of the plate, 
we calculate the second derivative with respect to x of the expression 
(a). Setting x = o and P = 2råqdb in this derivative, the curvature 
at the center, produced by the elemental ring loading (Fig. 92), is 


af a,,_% 
( 2 loga z + I E ) ob 


The curvature at the center produced by the entire load is then 


Pw -2f a be 
(=) a530, ( -215+ -7 ) a 


E a Ë). 
= -4D loge? +S) (145) 





The cciresponding bending moment at the center from eqs. (118) 
and (119) is 


w t+ a e 
M= M = — Da +a) gaT “Ha (toge2 +S ) (146) 





and the maximum bending stresses at the center are 





3 qe a e 
(02) max = (Gy) m ax = >C + u) ps (Jos. c + £) ° (147) 
Using the notation P for the entire load qeg, this becomes 
3 P a e 
(Gz)max = (Cy)max = pau +n) 7h (Jose! + £) - (148) 


By diminishing the radius ¢ of the circle over which the load is 
distributed, we approach the con- 
Ma 


dition of a concentrated load. The sy Me Mp 
stresses at the center increase as ¢ « ) 
decreases, but remain finite as long a b| í 
Z 
LiL, 


as ¢ is finite. 

29. Deflection of a Symmetric- 
ally Loaded Circular Plate with a 
Circular Hole at the Center.— 
Bending by Couples. Denote by 
Mia and My the bending moments Fic. 93. 
per unit length on the outer and 
inner edges respectively (Fig. 93, 2). For this case let P = g = 0 
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in eqs. (127) and (128) and we find 


Cix Cz 


e=; t (a) 


Cix? 
w= — == — C loga g + Cs (2) 


The arbitrary constants are now to be determined from the con- 
ditions at the edges. Substituting (a) into eq. (123) we obtain 


CQ, C CQ, C 
m= 0] S-S4+.(2+S |. (o) 


By putting x = a and afterwards x = 4 we get the following 
equations for determining C; and C: 


Cı Ca 
p| Sa +H ~ BG ~») |= Mia 


C. C: 
p| a+- Fa- n |= Mw 
from which 


_ (Maua — Mib) . 
G +a- #)? 


The constant C; is determined from a consideration of the deflection 
of the plate. Assume, for instance, that the plate is supported at 
the outer edge; then the deflection at this edge is zero and C; is 
calculated from (4), which becomes 

Cia 


-~ +G =o 
4 


ae (M. 1 — M. 1) 
5u peA O 





Cı 


The deflection surface of the plate is obtained by substituting 
Ci, Cz and C; into eq. (4). 

As a second example let us consider the case of bending of the 
plate by the couples Mia when the inner edge is built in (Fig. 93, 4). 
The arbitrary constants Cı and Cz in eq. (a) are determined from 
the conditions y = o for x = 6 and Mı = M for x = a. Then 
from eqs. (a) and (c) 


Cb GL 

2°65 ° 
C. C Maia 
Sata- ae 
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from which 
_ 28? Mia 
C = Diea E a) F PG- 
EEM ia 
Cz = 


T Diet +u) + PG ~ »)] 


Substituting into (a) and (c), 





Mia BY 
? 5 Dea +x) + GU sn(«-£) 2 


Maia . %2 

me roltet e-i) o 

| Bending by Load Uniformly Distributed along Inner and Outer 

i Edges. If bending is produced by a loading uniformly distributed 
along the edges (Fig. 94, 4), g = © and P is equal to the entire 
load on the inner edge. These values are substituted into eqs. (127) 
and (128). Then, from eq. (127), 


M = 


Px Cx Cz 
e= grp leew — ER o) 


The arbitrary constants Cı and Cz are to be determined from the 
conditions at the edges. For example, if the plate is clamped at the 
edges (Fig. 94, 2), the arbitrary constants are determined from the 
conditions g = o for x = a and x = b. Then, from eq. (g), 


Pa Cia Cy 
-gp logan @ — 1) + 5 +7 =0, 


G? 
2 


Po C 
— arp (2 on $ — 1) + +z =o. 





(a) 
Z INEI SUETEITSSS 
"h Y / 
Fre. 94. | Fic. 95. 


The expression for ọ is obtained after Cı and Cz are calculated and 


154 STRENGTH OF MATERIALS 


substituted into eq. `(g). The bending moments may then be 
calculated from eqs. (123) and (124). 

In the case of a uniformly distributed load (Fig. 95, a) the 
shearing force V at any point a distance x from the center is 


E a 


I 
-_ 2 j= 
V = Fan TO 2) 2 2x 


This quantity must be substituted into eq. (125), and eqs. (127) 
and (128) become 


IŻ gx _ 
e= -6D Tgp 2 lege — DFO ty 


> 


at Bax Cix? 
w= f5- 55 (loga v = 1) — => — Cy logn «+ Ch. 





For determining arbitrary constants the conditions at the edges are 
used. For instance, if the plate is clamped at the edges, the 
equations for determining C, and C; are 
IË gal ~ 3) 4 S44 GL 
16D + gp (284 — + + =o 


IË g C Q 
16D T gp @ loge 2 > 1) + 5 +7 = 0. 


Solutions of such problems as the bending of pistons of steam 
engines and the bending of flanges ** of cylinders and tubes may be 
obtained by combining the solutions discussed in this article. 
For example, by combining the cases shown in Figs. 94 (b) and 
95 (a), an approximate solution of the problem of the bending of a 
piston (Fig. 95, 4) by steam pressure may be obtained.26 

Several cases of practical importance are represented in Fig. 
96.27 In all these cases the maximum stress is given by a formula 





% See paper by Everett O. Waters and J. Hall Taylor, Trans. Amer. 
Soc. Mech. Engrs., 1927. 

26 Several problems of this kind are considered in the paper by M. 
Ensslin, Dinglers Polytech. Journal, 1903 and 1904. See also Pfleiderer, 
Forschungsarbeiten, n. 97, 1911. Experiments with pistons are described 
in the paper by C. Codron, Revue de Mécanique, Vol. 13 (1903), p. 340. 
Circular plates reinforced by ribs are discussed by M. Schilhansl; see 
Zeitschr. f. Angew. Mathem. und Mech., Vol. 6 (1926), p. 484, and V. D. 
I., Vol. 71 (1927), p. 1154. A further discussion of circular plates see in 
“Theory of Plates and Shells,”’ 1940. 

°7 See paper by A. M. Wahl and G. Lobo, Trans. A. S. M. E. Vol. 52, 
1929. . 
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of the type: 
ga kP 
Tmax = k pa or Omax = p’? (149) 


depending on whether the applied load is uniformly distributed over 
the surface or concentrated along the edge. The numerical values 
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Fic. 96. 





of the factor k, calculated for several values of the ratio a/b and for 

Poisson’s ratio u = 0.3, are given in Table 9. , 

The maximum deflections in the same cases are given by formulas 

of the type: f 
qat Pa? 

Wmaz = kipya or Wax = hia" (150) 

The coefficients kı are also given in Table g. 


|. 30. Bending of Rectangular Plates.—The theory of bending of 
rectangular plates is more complicated than that for circular plates 
and only some final results for the bending moments and deflections 
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are given below. In deriving these results, it is assumed that 
deflections are small in comparison with the thickness of the plate, 
and that during bending the edges can freely displace in the plane of 


TABLE g.—Coerricients k AnD kı IN Eqs. (149) anp (150) For THE EIGHT 
Cases Snown In Fic. 96 








ajb = 1.25 1.5 2 3 4 5 








Case k ki k ky k ky k ky k ky k ki 


LIO [0.341 |1.26 | 0.519 | 1.48 |0.672 | 1.88 | 0.734) 2.17 | 0.724) 2.34 | 0.704 
0.66 }0.202 | 1.19 | O.4gI | 2.04 | 0.902 | 3.34 | 1-220) 4.30 | 1.300] §.1O | 1.310 
0.135} 0.00231] 0.410] 0.0183] 1.04 | 0.0938] 2.15 | 0.293] 2.99 | 0.448] 3.69 | 0.564 
0.122] 0.00343] 0.336] 0.0313) 0.74 | 0.1250] 1.21 0.291) 1.45 |0.417| 1.59 | 0.492 
0,090] 0.00077] 0.273} 0.0062] 0.71 | 0.0329] 1.54 | 0.110] 2.23 | 0.179} 2.80 | 0.234 
0.115] 0.00129} 0.220] 0.0064] 0.405] 0.0237| 0.703) 0.062) 0.933) 0.092] 1.13 | 0.114 
0.592 0.184 | 0.976} 0.414 | 1.440] 0.664 | 1.880} 0.824/ 2.08 | 0.830] 2.19 | 0.813 
0.227] 0.005 10| 0.428] 0.0249} 0.753] 0.0877 1.205] 0.209] 1.514] 0.293] 1.745] 0.350 
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the plate, i.e., there are no stresses acting on the middle plane of 
the plate. 

Plate Supported at the Edges. In the case of a uniformly dis- 
tributed load g the maximum deflection occurs at the center of the 
plate (Fig. 97) and is given by the equation: 

at 

ô= a T ; (151) 
_ in which a is the shorter side of the plate, 4 the thickness of the plate 
and æ is a numerical factor depending on the 
magnitude of the ratio ġ/a. As before, we use 
the notations Mı and M, for the bending 
b moments per unit length on the sections paral- 
lel to the y and x axes respectively. The 
maximum bending moments occur at the cen- 

ter of the plate and are 


(Mi) max = Biqa’; (Mo) max = Boga’, (152) 


in which £, and f: denote numerical factors 
depending upon the ratio 4/2. Several values of the coefficients a, 
Bı and $z are given in Table 10. These values are calculated on 
the assumption that Poisson’s ratio is equal to 0.3. 


x 


Fic. 97. 





28 The complete discussion of bending of rectangular plates is given 
in “Theory of Plates and Shells,” 1940. 
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TABLE 10.—CONSTANTS For CALCULATING UNIFORMLY LoapEp RECTANGULAR 
PLATES WITH SIMPLY SUPPORTED EDGES 


bla = 1.0 LI 1.2 1.3 1.4 1.5 1.6 17 
æ = 0.0443 0.0530 0.0616 0.0697 0.0770 0.0843 0.0906 0.0964 
Bı = 0.0479 0.0553 0.0626 0.0693 0.0753 ©0812 0.0862 0.0908 
Bz = 0.0479 0.0494 0.0501 0.0504 = 0.0506 0.0500 0.0493 0.0486 

bla = 1.8 1.9 2.0 3.0 4.0 5.0 % 
@=0.1017 0.1064 0.1106 0.1336 0.1400 0.1416 0.1422 
Bi = 0.0948 0.0985  O.I0I17 1189 0.1235 0.1246 0.1250 
b2 = 0.0479 0.0471 0.0464 0.0404 0.0384 0.0375 0.0375 


It may be seen from the above table that for 4/2 > 3 the maximum 
deflection and the maximum bending moment do not differ sub- 
stantially from those calculated for 4/2 = œ. This means that 
for long rectangular plates (4/4 > 3) the effect of the short sides can 
be neglected and the formulas derived in arts. 20, 21, 22 for bending 
to a cylindrical surface can be used with sufficient accuracy. 

Plate Built-In at the Edges. The maximum deflection takes 
place at the center of the plate and can be expressed by the same 
equation (151) as was used for the plate with supported edges. 
The numerical maximum bending moment occurs at the middle of 
the longer sides and is given by the equation: 


(Mj) max = Bg’. (153) 


Several values of the coefficients a and 8 are given in Table 11 
below. 


TABLE 11.—Constants FOR UNIFORMLY Loapep RECTANGULAR PLATES 
WITH CLAMPED EpGEsS 


bla = 1.00 1.25 1.50 1.75 2.00 % 
a = 0.0138 0.0199 0.0240 0.0264 0.0277 0.0284 
B = 0.0513 0.0665 0.0757 0.0806 0.0829 0.0833 


This indicates that clamping the edges of the plate diminishes 
considerably its maximum deflection. The 

effect of clamping on the magnitude of the Built in 
maximum bending stress is not so large. Also 
in the case of clamped edges the maximum 
deflection and the maximum bending moment 
for bja = 2 nearly coincide with those ob- 
tained for /a = ©. This justifies the use of Fic. 98. 

the results obtained in art. 21 for bending to 

a cylinder, when we make calculations for comparatively long rec- 
tangular plates (b/a = 2) with clamped edges. 
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Plate with Two Opposite Sides Supported, Third Side Buiit-In 
and the Fourth Side Free (Fig. 98). In the case of a uniformly 
distributed load, the maximum deflection is at the middle of the 
free side at the point 4. This deflection can be represented by the 
equation: 

ge 


ô [= ara" (54) 


The values of the numerical factor æ in this equation are given in 
the table below. The maximum bending moment M, also occurs 
at the point 4, and its magnitude is given by the equation: 


(Mi) max = Biga. (155) 


The maximum bending moment M occurs at the point B, at the 
middle of the built-in side, and is given by the equation: 


(Mz) max = Bagi. (156) 


Several values of the coefficients 6, and #2 are given in the table 
below. 


TABLE 12.—Consrants ror UNIFORMLY Loapep RECTANGULAR PLATE SHOWN 


IN Fic. 98 
bla = o 1/3 1/2 2/3 I 
a = 1.37 1.03 0.635 0.366 0.123 
&= o 0.0078 0.0293 0.0558 0.0972 
B2 = 0.500 0.428 0.319 0.227 O.11g9 


It can be seen from the table that when a is 
large compared to 4 the middle strip 4B ap- 
proaches the condition of a cantilever built-in 
at B and uniformly loaded. 

Uniformly Loaded Plate Supported at Many 
Equidistant Points (Fig. 99). In this case 
we can obtain a good approximation to the 
maximum stress and to the stress distribution 
near a support as follows. A part of the plate 

i near the support, bounded by a circle of radius 

faji a = 0.22¢ (where c is the distance between sup- 

! ports), is considered as a circular plate simply 
supported at the outer edge loaded at the 

(} inner edge by the load, P = gc? acting up- 

P ward and uniformly loaded by a load of in- 
tensity g acting downward. This loading is 





i 
l 
| 
{ 


a 
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shown in Fig. 99 (4).22 The problem may be solved by using the 
methods developed in art. 29. 

The bending of rectangular plates on an elastic foundation in 
connection with the stress analysis in concrete roads was discussed 


by H. M. Westergaard.* 


31. Thin-walled Vessels Submitted to Internal Pressure. 
—This consideration will be confined to vessels having the 
form of a surface of revolution, which are subjected to a 
continuous internal pressure of intensity p, not necessarily 
uniform but symmetrically distributed with reference to the 
axis of revolution O-O (Fig. 100). If the thickness of the 





Fic. 100. 


wall is small in comparison with the radii of curvature and 
there are no discontinuities such as sharp bends in the merid- 
ional curves, the stresses can be calculated with sufficient 
accuracy by neglecting the bending of the wall of the vessel, 
i.e. by assuming that the tensile stresses in the wall are 
uniformly distributed through the thickness.” The magni- 
tudes of the stresses may then be easily calculated from the 
equations of statics. 

Let us consider an element mnsq, cut from the wall of 
the vessel by two meridional sections such as mn and sq and 
two sections ms and ng normal to the meridians. From the 








29 See paper by H. M. Westergaard and A. Slater, Proceedings of the 
Amer. Concrete Inst., Vol. 17, 1921. See also V. Lewe, “Die strenge 
Lésung des Pilzdeckenproblems,” Berlin, 1922. 

30 See his paper in “Ingenioren,”” Copenhagen, Denmark, 1923, p- 513, 
and also in “Public Roads,” Vol. 7, 1926, p. 25. 

3t Shells which do not resist bending are sometimes called “ mem- 
branes” and the stresses calculated by neglecting bending are called 
“membrane stresses.” It is assumed that the external forces, uniformly 
distributed along the edge of the shell, are tangent to meridians. 
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condition of symmetry it is seen that only normal stresses 
act on the sides of this element. Let 


a, be the tensile stress in the meridional direction, i.e., the 
meridional stress, 
a2, the tensile stress along the parallel circle, i.e., the hoop 
SÉTESS, 
A, the uniform thickness of the shell, 
ds,, the dimension of the element in the meridional direction, 
dsz, the dimension of the element in the direction of the par- 
allel circle, 
ri, the meridional radius of curvature, 
Tə, the radius of curvature of the section perpendicular to 
the meridian. 


Then the total tensile forces acting on the sides of element 
are hoids, and hoxds,. The tensile forces Adsyo, acting on the 
sides ms and ng of the element have a component in the 
direction normal to the element equal to (see F ig. 100, 4) 


hdsyord0y = AS (a) 
1 


In the same manner the tensile forces acting on the sides mn 
and sg have a normal component, 


hdsiodo, = "te 


(2) 


The sum of these normal components is in equilibrium with 
the normal pressure on the element; hence 


2 


hoids;ds, 4 hood sds 


ri re = pasids, (c) 
or 
n i (157) 


Some applications of this equation will now be discussed. 
Spherical Vessel. In this case r =n =r and o = 0 
=o. Equation (157) becomes 


g = 


SS 
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Conical Tank. Let us consider an open conical tank filled 
with a liquid (Fig. 101). In this case, the curvature of the 
meridian 1/r; = o and the hoop stress o2 due to the liquid 
pressure can be calculated from eq. (157). 
The internal pressure at points m-n a 
distance d — y from the surface of the 
liquid is 





p= y(d -= y), 


where y is the weight per unit volume 
of the liquid. The radius of curvature 7, at these points is 


Fic. 1o01. 


y tana 
~ cosa 





r2 
Equation (157) then becomes 


cosa _y(d— y) 

y tana h ? 
from which 

_yld-y)y tana 

o=} cos g (2) 
The maximum value of this stress occurs at points where the 
product (d — y)y is a maximum. If we set the derivative of 
(d — y)y equal to zero, we find y = d/2 and the stress at this 
point is 
yt tana. 
4A cosa 





(e) 


The stress c, at the level m-n is found from the condition 
that the vertical components of the meridional tensile forces 
in the shell support the weight of the volume mons of the 
liquid (Fig. r01); hence 


(a2) max — 


Q2ry tan a ho, cos a = ry? tan? a(d — y + 3y)7, 


from which 
ytana(d — §y)Y. 
n= 2h cos a (f) 
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This stress is maximum when y = 3d. Substituting in eq. 
(f), we find 

Jan = 3 ¢y tana 
(1)mx = 16% cosa’ 





(g) 


Equations (d) and (f) represent the complete solution of the 
problem as long as the bending stresses in the wall of the 
tank may be neglected. 

In the case of a cylindrical shell of diameter d, submitted 
to uniform pressure p, we found before (see p. 42, Part I) 


Problems 
1. The tank of Fig. 102 contains liquid at the level shown. 





Fic. 102. 


Determine the maximum stresses o; and o2 in the cylindrical and the 
spherical portions and also the compressive force in the reinforcing 
ring mn. 

Solution. ‘The weight of the liquid in the container is 


o =| rast a(R- rE) |, 


For the cylindrical portion of the tank, 


dyr 


= const. and (To)max = 3 


1 onrh 
For the spherical portion of the tank the maximum stress is at the 
bottom, where the liquid pressure is yd, and oi = oz = yd,R/2h. 
The tensile force in the spherical portion of the tank per unit length 
of the ring mn is Q/ (27r sina). The radial component of this force, 
producing compression of the ring (Fig. 102, 4), is (Q/27r) cot a, and 
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the compressive force in the ring is (Q/27) cota. This is only an 
approximation obtained on the assumption that the cylindrical and 
spherical portions are membranes, resisting only to tension. In 
calculating compressive stress in the ring adjacent portions of 
cylindrical and spherical shells must be added to the cross section 
of the ring mm itself. 

2. Determine the stresses at the points mn of a cylindrical tank 
with a hemispherical bottom, which contains liquid at the level 
indicated (Fig. 103). 

Solution. From eq. (157) for any point of the spherical portion 
at a distance x from the surface of the liquid we have | 


oto yx 


R h (a) 





Since the meridional forces along the section mn support the weight 
of the volume smont of the liquid, the second equation is 


_ayR(d—R , Ri -—sina 
A 2 3 cota 





oi 


(2) 
and eq. (a) becomes 


_ YR d— R , Rsiniat3sina cola -— ı ; 
A 2 3 cos? a 





G2 


3. In Fig. 104 determine the relation between the outer diameter 
of the tank, the diameter of the supporting ring mn and the depth d 
of the liquid for which the ring mn is submitted to vertical pressure 
only. The middle portion of the bottom of the tank is a spherical 
surface of central angle 7/2. The same angle has also the conical 
portion mmnn. 

Hint. The necessary relation may be obtained from the con- 
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dition that the pressures on the ring from the side of the spherical 
bottom and from the conical lateral surface both inclined 45° give 
no horizontal component. From this it follows that the volume of 
the liquid indicated in the figure by the shaded areas is equal to the 
volume mnst. 

. 4. Determine the maximum stress in the tank represented in 
Fig. 102 if R = Io feet, r = 8 feet, d = 20 feet, y = 62.5 lbs. per 
cubic foot and 4 = # in. 

5. Determine stresses o; and oz in the wall of a torus submitted 
to uniform inner pressure p (Fig. 105). 





Solution. The condition of equilibrium with respect to vertical 
forces of the portion mnmym cut from the vessel by a vertical 
cylindrical surface of radius 4 and conical surface mom gives 


T(r? — a@)p — oh2ar sin a = o, 
from which 
_ Pp = a) 


oO, = z 
1 2rh sina 


The stress oz can now be calculated from eq. (157). 

6. Determine the maximum 
stress in the wall of the vessel rep- 
resented in Fig. 105 if a = 10, 
b = 12', h=%" and p = 5o lbs. 
per sq. in. 

32. Local Bending Stresses in 
Thin Vessels.—In the previous 
article, bending of the wall of the 

Fie. 106. vessel was neglected and only ten- 

sile stresses, so-called membrane 

stresses, were considered. The displacements due to membrane 
stresses cause bending of the wall and the resulting bending stresses 


A 





(a) 
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may be of practical importance. This is especially so at the places 
of discontinuity in the meridian. If the meridian consists of curves 
which are not tangent, a reinforcing ring as shown in Fig. 102 is 
necessary in order to prevent large bending of the wall of the 
vessel. The stresses may be high also at the junctions in a merid- 
ian consisting of several curves tangent to one another. The ad- 
ditional stresses set up at such points will be called discontinuity 
stresses. 

The method of calculating them will now be shown for the 
simple case of a cylindrical vessel with hemispherical ends submitted 
to the action of uniform internal pressure (Fig. 106). We consider 
first the membrane stresses only, and find for the cylindrical portion 


ane, a =F, (a) 


where v is the radius of cylinder and hemisphere and 4 the thickness 
of the wall. For the spherical portion, 


The corresponding radial displacements for the cylindrical and 
spherical portions are 


2 r 
Be-m) =g- ad a-a) 


respectively. 

If the spherical and cylindrical parts of the vessel were disjointed 
(Fig. 106, 4), the difference in radii due to membrane stresses would 
be 





2 
= a (2) 


In the actual vessel, the head and the cylinder are kept together at 
the joint by shearing forces Py and bending moments Mo (Fig. 106, 
b) per unit length of the circumference of the middle surface of the 


- vessel. These forces produce bending of the adjacent parts of the 


vessel. In discussing bending in the cylinder, since the deformation 
1s symmetrical with respect to the axis, it is sufficient to consider the 


_ bending of an elemental strip (Fig. 107), and the deflection of this 


strip will be radial. For simplicity it is assumed the strip is of unit 
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width. If y denotes the radial displacement at any cross section of 
the strip, then the radius of the cylinder shortens at this section by y 
and as a result of this there is a compressive strain in the circum- 
ferential direction of the mag- 
nitude y/r. The corresponding 
compressive stress is Ey/r. Hence 
when the strip deflects towards the 
axis of the cylinder, lateral com- 
pressive forces T (Fig. 107, ¢) are 


length of the strip is 





Ey 
T= ; h. (c) 


Fic. 107. 


Since the angle @ is equal to 1/r, 
these forces give a radial resultant ® 


Eyh , _ Eyh 


3 
r 7? 





(2) 


which opposes the deflection of the strip. These reactive forces are 
distributed along the strip in proportion to the deflections y so that 
the strip is in the same condition with respect to bending as a beam 
on an elastic foundation (art. 1) with k = Eh/r?. Since any change 
in the shape of the cross section of the strip is prevented by the 
adjacent strips in a manner similar to that in plates (see p. 119), 
D = E//i2(1 — p?) is to be used for its flexural rigidity. The 
differential equation of the deflection curve of the strip is then 
(see eq. 1) 

d*y Eh 

da 


Introducing, as before, the notation 


_ 4 Eh _ 430 — e) 
B= Nip NV pe (158) 


the deflection curve of the strip becomes (see eq. 11, p. 12) 





2 = 96D 


This is a rapidly damped oscillatory curve of wave length 


2r a| rhe | 
P= ge = NG By’ 4 


32 It is assumed that 6 is a small angle. 


[Po cos Bx — BM,(cos Bx — sin Bx) ]. (e) 








produced whose magnitude per unit. 
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which is small in comparison with r if 4 is small. From this it can 
be shown that bending at the joint of cylinder and head is of local 
character and has an appreciable effect on the stresses only in a 
narrow zone in the vicinity of the joint. This narrow zone at the 
edge of the head is nearly cylindrical in shape and hence eq. (e) can 
be used for calculating deflections and stresses in the head also.” 

In the simplest case, in which cylindrical wall and spherical 
head are of the same thickness, the deflections and the slopes pro- 
duced at the edges of the spherical and cylindrical parts by the 
forces Po are equal. The conditions of continuity at the joint are 
satisfied if My = o and Po has such a magnitude as to produce a 
deflection at the edge of the cylinder equal to 6/2. Putting My = o, 
x = o in eq. (e), the equation for calculating Po is 


P ô 
28D 2” 
from which l 
- _ pr Eh 2 
Po = §8°D = AE 3p T 88 (159) 


With Po known the deflection and the bending moment at any cross 
section of the strip may be calculated from eq. (e). The corre- 
sponding discontinuity stresses must be added to the membrane 
stresses given by eqs. (a). If the head and the cylindrical portion 
of the vessel have different thicknesses, there will be both a shearing 
force Po and a moment M at the joint. These two quantities are 
calculated from the conditions: (1) the sum of edge deflections in the 
spherical and in the cylindrical parts must be equal to 6 (Fig. 106, 
b); (2) the angles of rotations of the two edges must be equal. 

The above method can be used also in the cases of heads which 
are not of hemispherical shape.* If the thickness of the wall of 


3 The proof that this is a sufficiently accurate assumption was given 
by E. Meissner, Schweiz. Bauzeitung, Vol. 86, 1925, p. I. 

34 This method was used in investigating stress distribution in various 
shapes of steam boiler heads. See E. Héhn and A. Huggenberger, 
Uber die Festigkeit der gewélbten Boden und der Zylinderschale, 
Zürich, 1927. See also W. M. Coates, “The State of Stress in Full 
Heads of Pressure Vessels,” Transactions, A. S. M. E., Applied Mech. 
Div., 1929. It was used also in investigating local bending in tanks 


- containing liquid. See T. Péschl and K. Terzaghi, Berechnung von 


Behältern, Berlin, 1926; H. Reissner, Beton und Eisen, Vol. 7, 1908, and 
C. Runge, Zeitschr. f. Math. u. Phys., Vol. 51, 1904, p. 254. Cylindrical 
shells with flat ends were discussed by E. O. Holmberg and K. Axelson, 
Trans. A. S. M. E. Vol. 54, p. 13, 1932. A further discussion of cylin- 
drical shells see in “Theory of Plates and Shells,” 1940. 
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pressure vessels is not small, the bending stresses in the wall may 
become of primary importance and a more detailed investigation of 
the stress distribution becomes necessary.** 


Problems 
1. Determine the discontinuity stresses in the vessel represented 
in Fig. 106 if p = 150 lbs. per sq. in., 7 = 25 in., A = żin, w= 0.3. 
Solution. From eq. (158) 8 = 0.364 and from eq. (159) 


= 15° _ i 
Po =7 x034 51.5 lbs. per in. 
The bending moment in the elemental strip is 
dy 
M=— DJa 


and, by using eq. (e) and substituting 


P 
y= ap” cos Bx, 
we obtain 


M= -Peger sin Bx. 


The numerical maximum of this moment is at Bx = 2/4, when Muax 
= 45.4 lbs. ins. The corresponding maximum bending stress in the 
strip is 6Mmax/4? = 1,090 lbs. per sq. in. This stress must be added 
to the membrane stress 


a= 2r = 150 X 25 = 3,750 lbs. per sq. in. 


The bending of the strip produces also hoop stresses. These are 
made up of two parts: (1) stresses preventing cross sections of the 
strip from distortion (see p. 120) (the maximum value of these 
stresses at any cross section of the strip is + 6u M/}?) and (2) stresses 
— (yE/r) due to shortening of the circumference. Substituting the 
above expressions for y and M, the discontinuity stress, which must 
be added to the membrane stress ge, is 








6uP 
— ane cos Bx + a e* sin Bx 
6uPo —pr . i 
= BR e®* (sin Bx — 1.83 cos Bx). 


3 See “Theory of Plates and Shells,” 1940. 
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The maximum value of this stress can easily be found by the usual 
method. It will be small in comparison with the membrane hoop 
stress pr/h = 7,500 lbs. per sq. in., so that 
discontinuity stresses in this case do not 
materially affect the maximum stress. o 
2. A thin cylindrical drum attached 
to two solid discs rotates about the axis Seopa 
O-O (Fig. 108) with a peripheral velocity v. 
Determine the local bending stresses in the 
drum if it is built in along the edges mn and mim. 
Solution. If the drum were separated from the discs the increase 
in the radius of the drum, due to centrifugal force, would be (seeeq. 
15, Part I) yo'’r/gE. The increase in the radius of the solid discs 
is (see eq. 223) 


m h m 





Fic. 108. 


I— u yfr 
4 gk 
The difference of these two quantities is 





3 ter 
4 gk 


Applying the same method as in the previous problem and con- 


6 


- sidering a strip of unit width, the magnitude of the shearing force 


Po and the bending moment Mo at the edge mn is found by using 
eqs. (11) and (12). Consider the discs as very rigid in comparison 
with the drum and neglect the deformations produced in them by 
the forces Po and couples Mo. The equations for calculating Po and 
My are 


I 
aD E” — BM) = ô, 


I 
BD WP — 2BMy) = 0, 
from which 
Po = 468°D; M = 288D. 


Having these quantities, the deflections and the bending stresses 
are found from an equation analogous to eq. (11). 

3. Determine the maximum bending stress in the drum of the 
previous problem if r = 25 in., A = $ in., v = goo feet per sec. and 
the material is steel. 

4. Determine the bending stresses produced in a pipe by a 
narrow ring shrunk onto it (Fig. 109). 
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Solution. Consider a longitudinal strip of unit width and denote 
by P the pressure between the ring and the 
pipe, per unit length of the circumference of 
the pipe. The bending of the strip is the same 
as that of a long bar on an elastic foundation, 
which carries a single load P (art. 1). The 
Fic. 109. decrease in the radius of the pipe due to P, 

from (eq. 8), is P/863D. The increase in the 

radius of the ring is #6 Pr?/AE, where Æ is the cross-sectional area 
of the ring. If 5 is the initial difference in the inner radius of the 
ring and the outer radius of the pipe, the equation for calculating 


P is 





P Pr 


3D T AET’? 


or, by using eq. (158) and taking u = 0.3, 


Pfr Pr 
0.643 BL 7) +R = (g) 


P is determined from this equation, and the maximum bending 
moment in the strip is found from eq. (9). The maximum bending 
stress in the strip is 


The same method is applicable also to cases in which a cylindrical 
tube with reinforcing rings is submitted to either a uniform internal 
or a uniform external pressure. If the distance between the rings 
is so large that the effect of each on the deflections produced by the 
others may be neglected, P can be obtained from eq. (g) by sub- 
stituting 6 = pr*/Eh. This represents the change in the radius of 
the pipe due to the uniform pressure.** 

5. Solve the preceding problem assuming that the length / of 
the pipe is not large and that the ring is at the middle of the length. 


36 The dimension of the ring in the radial direction is assumed to be 
small in comparison with r. 

37 An example of such calculations is given in the paper by G. Cook, 
Engineering, Vol. 116, 1923, p. 479. See also R. Lorenz, V. D. I, Vol. 52, 
1908, p. 1706; M. Westphal, V. D. I., Vol. 41, 1897, p. 1036. 

38 The application of this method to the calculation of hull stresses in a 
submarine having a circular cross section is given in the paper by K. v. 
Sanden in the periodical, Werft und Reederei, 1920, p. 189. 
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Hint. In calculating the pressure P per unit length of the ring 
we use the results obtained for the problem shown in Fig. 13, p. 18. 
Then the deflection produced in the pipe by the forces P is 


PB cosh Bl+ cos B/ + 2 P cosh B/ + cos B/ + 2 
2k sinh B/ + sing? 86D __ sinh B/ + sin B/ 





The equation for calculating P then is 


P cosh Bl+ cosB/ +2 Pr? 
88D sinh B/ + sin B/ AE 





= 6. 


Find P for steel pipe ifr = 25 in, 4 = $ in, Z = goin. 4 = 4 sq. 
in., and 6 = 0.0§ in. 

6. A cylindrical pipe with simply sup- 
ported edges is submitted to a uniform in- ic 
ternal pressure p. Find the longitudinal 
bending stress and the deflection at the | [ 
middle of the pipe, Fig. 11o. The dimen- b-e—+-3—| 2r 
sions of the pipe are the same as in the | | | 
preceding problem. 

Hint. From the results of the problem č 
shown in Fig. 20, p. 24, the deflection 
and the bending moment per unit length 
of the circumference at the middle cross section ¢—¢ are 


Bl Bl 
2 2 cosh — cos — 
-Z 2n 2 2 
Je = EAN cosh 87 + cos 6//” 
sinh B! sin Bl 
2 2 


= 28? cosh B/ + cos 67` 


7. Solve the preceding problem assuming that the edges of the 
Pipe are absolutely built-in. 

Hint. Use the results of the problem shown in Fig. 21, p. 24. 

8. A circular steel pipe is reinforced by rings, a distance / apart, 
Fig. 1114, and submitted to internal pressure p. Find the pres- 
sure P produced per unit length of the inner circumference of a 
ring, Find the maximum bending stresses in the pipe. 

Solution. Let us begin with a consideration of the portion of 
the pipe between the two rings ® under the action of shearing forces 





_ The width of the ring is assumed to be negligible in comparison 
with the distance / between the rings. 
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V, (Fig. 1114) and bending moments My (Fig. 111¢) per unit length 
of the circumference of the pipe. Considering a longitudinal strip 
of unit width as a beam on an elastic foundation and using the 





Fic. 111, 


results of the problems in Fig. 12, p. 17, and in Fig. 18, p. 23, we 
find for the deflection and the slope at the left end of the strip in 
Fig. 111d: 

2VoBr? cosh B/ + cos B/ 


(Meno = — ER" sinh B/ 4 sin BP” () 
dw 2V Br? sinh B/ — sin B/ ; 
( dx Jao | Eh sinh B/ + sin Bl 
For the left end in Fig. 111¢ we obtain 
_  2Mop r? sinh 87 — sin 8/ O) 
(w): = — Ep ` sinh BY sin Bl” J 
dw 4,67? cosh B/ — cos B/ , 
dx J= Eh sinh 6/ + sin 8l 
From our definition of P it follows that 


P 
V= -7 








(Q) 








(k) 


Substituting this in equation (¢) and observing that in the pipe 
(Fig. 111a) the tangent to the strip must be parallel to the axis of 
the pipe, we obtain 


doy (2) - 
( dx J + dx Jeo ° 
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from which 
_P sinh 67 — sin B? ) 
~ 48 cosh B/ — cos B/ 0) 


In calculating P we assume first that the rings are absolutely rigid. 
In such a case the deflection in the pipe produced by forces P under 
the rings must be equal to the radial expansion pr?/Eh which the 
pipe would have in the absence of the reinforcing rings. Hence the 
equation for calculating P is 


Mo 





72 


(wi)z=0 + (w)z=0 = E 


or 
Ppr? cosh 8? + cosg? = PBr? 
Eh ` sinh 8? + sin Bl 2Eh l 
(sinh 67 — sin B/)? | pr 
x (sinh 67 + sin b (cosh B/ — cosB/) Eh” (n) 








‘In each particular case this equation can be readily solved for P. 


Substituting the value of P in expression (/), we obtain the required 
value of the bending moment Mo. 

To take into account the expansion of the reinforcing rings, we 
observe that the forces P produce an extension of the inner radius 
of the ring equal to Pr?/AE, where < is the cross-sectional area of 
the ring. By the same amount the deflection of the pipe is dimin- 
ished. Hence to obtain the force P in this case we have only to 
substitute 

pre Pr 
Eh AE 
instead of pr?/Eh into equation (m). 

9. Find the bending moment Mo 
and the shearing force Vọ per unit 
length of circumference at the bottom 
of the cylindrical tank filled with 
liquid, Fig. 112, if r = 30 ft., d = 26 
ft., A = 14 in., y = 0.03613 lb. per cu. 
in., and u = 0.26. 

Answer. Moy = 13,960 in. Ib. per 





oin, Yo = 563.6 lb. per in. 


10. Solve problem 5 assuming that the ring is fitted at the left 
end of the pipe. The resistance of the ring to torsion should be 
neglected. 

Hint. Use the result obtained for the problem shown in Fig. 
22, p. 24. 
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33- Thermal Stresses in Cylindrical Shells.—If a cylin- 
drical shell with free edges undergoes a uniform temperature 
change, no thermal stresses will be produced. But if the 
edges are supported or clamped, free expansion of the shell is 
prevented, and local bending stresses are set up at the edges. 
Assume, for example, that the edges of a long cylindrical pipe 
are built-in; then the shearing forces and the bending moments 
at the edges are obtained as in problem 2 of the preceding 
article. It is only necessary to substitute in the equation of 
that problem ô = rat, which represents the increase in the 
radius of the shell due to thermal expansion. If the length 
of the pipe is not large and both ends have to be considered 


simultaneously, the bending moments and the shearing forces 


can be readily obtained by using the results of problem 8 of 
the preceding article. 

Let us now consider the case in which there is a tempera- 
ture gradient in the radial direction. Assume that 4 and & 
are the uniform temperatures of the cylindrical wall at the 
inside and the outside surfaces, respectively, and that the 
variation of the temperature through the thickness is linear. 
In such a case, at points at a large distance from the ends of 
the shell, there will be no bending, and the stresses can be 
calculated by using equation (122), p. 132, derived for a plate 
with a clamped edge. This gives for the maximum bending 
stress 
aElh — t) 

2(1 — p) 


Omar = (a) 
It is assumed that 4, > 4. Then the tensile stress will act 
at the outer surface of the shell. 

Near the ends of the shell there will be some bending of 
the shell and the total thermal stresses will be obtained by 
superposing upon stresses (a) the stresses due to that bending. 
Let us consider, as an example, the stresses at a free end of a 
long cylindrical pipe. In calculating the stresses in this case 
we observe that at the edge the stresses represented by ex- 
pression (a) result in uniformly distributed moments Mo, 
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Fig. 113 a, of the magnitude 


ak(t — b)k 


My = 12(1 — u) (4) 


To obtain a free edge, the moments 
of the same magnitude but opposite 


4 
in direction must be superposed, ne —x 
. ‘e 
Fig. 1134 Hence the thermal 
stresses at the free edge are obtained | (ah 
y 


by superposing upon the stresses 
(a) the stresses produced by the 


M, 
moments shown in Fig. 113 4. (e x 
These later stresses can be readily 
obtained by considering the bending ly (b) 


of an elemental strip and then using Fie. 113. 
solution (11), p. 12, which gives 


M . 
y=- SBD e~82(cos Bx — sin Bx), (c) 


where 8 is given by equation (158). The largest deflection, 
obtained at the free edge (x = o), is 


Y max = — 28D (d) 


and the corresponding hoop stresses are 


Mao E _ Ealt — te) 
2D r W3 — n) 


The bending moment acting on the end of the elemental strip 
is given by expression (4). The bending moments preventing 
the cross sections of the strip from distortion during bending 





VI — p. (e) 


- are 


ak(h — la) k? 


uM = p 12(1 — u) ° A 


The maximum thermal stress is acting at the outer surface of 
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the pipe in the circumferential direction and consists of the 
three parts: (1) stress (a), (2) stress (e), and (3) stress pro- 
duced by moments (f). Hence 
_ aE(t) — b) Vi — p 6 

tome = a ME Ky. (1 o) 
For p = 0.3 this stress is about 25 per cent greater than the 
stress (a) calculated at points at a large distance from the 
ends. We can therefore conclude that if a crack will occur 
in a brittle material such as glass due to a temperature differ- 
ence 4 — h, it will start at the edge and will proceed in the 
axial direction. In a similar manner the stresses can also 
be calculated in cases in which the edges are clamped or 
supported.” 


Problems 


r. Find the thermal stresses produced in a long steel pipe with 
built-in edges ifr = 25 in., k = 4 in., u = 0.3, coefficient of thermal 
expansion a = 70.1077, and the increase in the uniform temperature 
of the pipe is 100° F. 

Solution. With the given dimensions we find 


B = 0.364 in}, D = 343.108 lb. in. 


The free elongation of the radius of the pipe due to temperature 
rise is 6 = ar(t — b) = 70°25+100-Io~7 = 175.1074 in. Substi- 
tuting in the equations of the problem 2 of the preceding article, 
we find the shearing force and the bending moment per unit length 
of the circumference at the built-in edge: 


Py = 488D = 1160 lbs. per in. 
My = 2682D = 1590 lb. in. per in. 


With these values of Po and My the stresses in axial and circum- 
ferential directions at the built-in edge can be readily calculated. 

2. Solve the preceding problem assuming that the edges are 
simply supported. 

3. A steel tube of the same dimensions as in problem 1 has the 
temperatures 4 and 4 at the inside and the outside surfaces re- 


40 Several examples of this kind are discussed in the paper by C. H. 
Kent, Trans. Am. Soc. Mech. Eng. vol. 53, p. 167, 1931. The case of a 
temperature gradient in the axial direction is discussed in “Theory of 
Plates and Shells,” p. 423. 








THIN PLATES AND SHELLS 177 


spectively. Find the maximum stress in the tube if 4 — 4 = 100° F. 
and the edges are free. 

Answer. Cmax = 18,750 lbs. per sq. in. 

4. Solve the preceding problem assuming that the edges of the 
tube were built-in when the tube had a uniform temperature equal 


to (A + #)/2. 


34. Twisting of a Circular Ring by Couples Uniformly 
Distributed along its Center Line.—There are cases in which 
a circular ring of uniform cross sec- 
tion is submitted to the action of 
twisting couples uniformly distrib- 
uted along its center line.” Taking 
half the ring (Fig. 114, a) as a free 
body, from the condition of equi- 
librium with respect to moments 
about the diameter ox, there must 
be a bending moment on each cross 
section m and 7, 


M = M:a, (a) Fie. 114. 





where a is the radius of the center line and M; is twisting 
couple per unit length of the center line. Let us consider now 
the deformation of the ring. From the condition of symmetry 
it can be concluded that during twist each cross section rotates 
in its own plane through the same angle 6, which is assumed 
to be small in the following discussion.“ Let C be the center 
of rotation (Fig. 114, 4) and B a point in the cross section at 
distance p from C. Due to rotation of the cross section the 
point B describes a small arc BB; = p0. Due to this dis- 
placement the annular fiber of the ring, which is perpen- 
dicular to the section at the point B, increases its radius by 
B,B,. If the coordinate axes are taken as indicated, we have, 





“ An instance of such a problem is the calculation of stresses in the 
retaining rings of commutators of electric machines. Another is the 
stress analysis of pipe flanges. 

, 2 A general discussion of the problem, when 8 is not small, is given by 
R. Grammel, Zeitschr. f. Angew. Math. u. Mech., Vol. 3, 1923, p. 429, and 
Vol. 7, 1927, p. 198. 
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from the similarity of the triangles BB, B, and BDC, 
— DB . 
B.B: = BB: ze = po = by. (2) 


Let us consider first the case in which the cross sectional 
dimensions of the ring are small in comparison with the 
radius a of the center line. Then the radii of all ring fibers 
may be taken equal to a without great error and the unit 
elongation of the fiber B, due to the displacement given by 
eq. (4), is 

0y 

e= 7° (c) 

If there is no lateral pressure between the ring fibers, the 
fiber stress, due to elongation e, is 


_ E 
==2. 


(a) 


Now, from the equilibrium of the half ring, the sum of all 
the normal forces acting on the cross section of the ring must 
be equal to zero and the moment of these forces about the 
x axis must be equal to M (see eq. a). If dd denotes an 
elemental area of the cross section, these equations of equi- 
librium become 


2 
[2244 =o; [Fad = M, (e) 
a l a @ 


where the integration is extended over the cross sectional area 
A. The first of these equations shows that the centroid of 
the cross section must be on the x axis; from the second, we 


find 


o 


Ma _ Ma! 
El, El, ? 


where J, is the moment of inertia of the cross section of the 
ring with respect to the x axis. Substituting in eq. íd), we 
find 


(161) 


M ay 


g = 
I, ? 





(162) 
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Len, the distribution of the normal stresses over the cross 
section of the ring is the same as in the case of bending of 
straight bars; the stress is proportional to the distance from 
the neutral axis x and the maximum stress occurs at the 
points most remote from this axis. 


As a second example let us consider a ring of rectangular cross 
section (Fig. 115) whose width 2 is not 
small in comparison with the radius a of 
the center line. Let ¢ and d denote the 
inner and outer radii of the ring respec- 
tively, and v the radius of any fiber of the 
ring, and assume as before that the de- 
formation of the ring consists of a rota- 
tion of its cross section“ through an 
angle 6. The elongation of the fiber at 
a radius r and the corresponding stress are 





0y E6y 
y ssy Y) 


The equation of equilibrium analogous to the second of eqs. (e) 


becomes 
CTH 04 Boy drd 
yaray 
[= = M 


—h/2 


and, by performing the integration, 





E0} d 
Ta loge- = M, 
from which 
9 = 12M _ 12M 
og SS: (163) 


Substitute into the second of eqs. (f), and 


_ _12My 


Ar log. 2 


6 The possibility of distortion of the cross section is neglected in this 
consideration. The corresponding error is small, provided dje < 1.5. 
See A. M. Wahl, Trans. Amer. Soc. Mech. Engrs., 1929. 
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The maximum stress is found at the inner corners of the ring, 
where r = c and y = Aja: 


=< = SS. (164) 


If 4 is small, eq. (163) can easily be changed to the form (161). Put 


b 
d=at > and c=a—S, 


> 


then 





For small values of the ratio 4/a the above logarithm is approximately 
equal to 4/a. Substitution of this into eq. (163) gives eq. (161). 
These results can be used in calculating the stresses produced at 


d the joint of a pipe and a flange “ by forces R 





the inner circumference of the pipe. The 
force per unit length of the outer circum- 
ference of the flange is R(c/d). Under the 
a action of these forces the cross section of the 
# * flange rotates through the angle 0, and the 


wall of the pipe bends as shown in Fig. 116 (b) 

m by the dotted lines. Let My and Py be the 

p KEN bending moment and the shearing force at the 
E joint per unit length of the inner circumfer- 
wee 7 ÉI ‘ence of the pipe. The magnitude of these 
AG R quantities can be found from the condition 


of continuity at the junction of pipe and 
flange. As ordinarily the flange is very rigid 
in the plane perpendicular to the axis of the pipe, the radial displace- 
ment produced in the flange by forces Po is negligible, and the 
deflection at the edge of the pipe can be considered zero. The 
angle of rotation of the edge of the pipe is equal to 6, the angle of 
rotation of cross sections of the flange. Then eqs. (11) and (12) 


Fig. 116, 





“ Another method of calculating these stresses is given by E. O. 
Waters, Journal Appl. Mech., Vol. 59, 1937, p. 161. See also J. D. 
Mattimore, N. O. Smith-Petersen and H. C. Bell, Trans. A. S. M. E., 
Vol. 60, 1938, p. 297. 


(Fig. 116). R is the force per unit length of 
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give the following equations for calculating Mo and Po: 


gpp (Po ~ 8M) = o, 
- gap (Pa — 28M) = 0. 
From the first of these equations 
Po = Mo. (g) 
Then 
My = 286D6 and Po = 26?D0. (A) 


For a pipe of thickness 4, and inner radius ¢,8 is given by eq. (158), 
B = VS. %) 


The torque per unit length of the center line of the flange, produced 
by the forces shown in the figure, is 


h 
M.: = {| Ra - c) — Mo — Pye | 


= E| Ra- o = Me mte | () 


£ 
a 
The substitution of this into eq. (163) gives the angle @ and from the 
first of eqs. (A) 


A 
Ma = 28D - 2! ra- c) — My — mže | 
EP loge = 


Replace D by its magnitude E/;3/12(1 — p’), and 
I a 
Bh I— “( h y d 
i+ 2 + 2Be \ ka log: 7 
From eqs. (165) and (g) the quantities Mo and Po can be calculated 
if we are given the dimensions of the pipe, Poisson’s ratio and the 


forces R. Then the bending stresses in the pipe may be found as 
in article 32. 





M = R(d — ¢) (165) 





4 For small thickness of the pipe the difference between the inner 
radius and the radius of the middle surface can be neglected. 
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Problems 


1. Determine the bending moment Me and the shearing force 
Po in the pipe shown in Fig. 116 if d = 62", ¢ = 376", h = 198"; 
Ay = 13/16", p = 0.3. 

Solution. From eq. (k) 


V2.73 . 
= = 0.784 in! 
B= Vech 0794 Ines 





loge f = 0.635; 


Substituting in eq. (165), we have 
Mo = 0.459R(d — ¢); Py = BM = 0.360R(d — c). 
The maximum bending stress in the pipe is given by 
Ma. 
Ay 


2. Find the expression for the small deflection of the conical 
ring, shown in Fig. 117, which represents an element of a Belleville 


g = 





(Inte 
gu | Ree 


spring. R is the load per unit length of the inner edge of the ring. 

Solution. Take, as before, the coordinates x and y with the 
origin at the center of rotation C. The unit elongation and the 
stress for any fiber with the radius r are given by eqs. (f). From the 
equilibrium of the half ring, we obtain 


2 
[aa =0; [Pas = M = Re(d — c). (m) 


The position of the center of rotation C can be determined from the 
first of these two equations. Let æ be the radius at the point C and 
assume the angle 8 of the cone to be so small that we can take 
sin 8 = 8; cos 8 = 1. Then by taking the axes xı and yı parallel 
to the sides of the rectangular cross section and noting that y = yı 
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+ Bx: = yı + B(r — a) the first of eqs. (m) becomes 











+h/2 a 
f {2 — [y + B(r — 4) \drdy, = E0ph |r — a loger 
—h/2 
= EOph (a -c~a loge! ) = 0, 
from which 
a=. (n) 
log. = 
8°% 


The second of eqs. (m) becomes 


+2 pd 
f i Ee Lyi + Br — a) Pdrdy, 


hi2 


d — è 
2 





k d 
= zo| tog. + BA ( 
d 
— 2a(d — c) + æ 1g ) | = Re(d — c), 
and by substituting eq. (7) for a we obtain for the vertical deflection 


of the upper edge of the cone with respect to the lower 


Re(d — c) 


)= - (p) 
h? 2 +c d-e 
*| aa z Bee re’ 2 oy i) 
Oe 7 


This gives ô if we know the dimensions of the ring, the modulus of 
elasticity of the material and the load R. This derivation neglects 
the effect of the change in the angle 8 due to the rotation 0.46 





ô= 0d — ce 








46 For larger deflections the change in the angle 8 must be considered. 
In such cases the deflection is no longer proportional to the load. See 
paper by W. A. Brecht and A. M. Wahl, Journal Appl. Mech. Trans. 
A. S. M. E. Vol. 52, 1930, p. 52. See also papers by J. O. Almen and A 
Laszlo, Trans. Am, Soc. Mech. Engrs. Vol. 58, p. 305, 1936, and Siegfried 
Gross, V. D. I. Vol. 79, p. 865, 1935. 


` CHAPTER IV 
BUCKLING OF BARS, PLATES, AND SHELLS! 


35. Lateral Buckling of Bars Compressed within the 
Elastic Limit.—The discussion of simultaneous bending and 
compression of struts (p. 244, Part I) showed that there is a 
certain critical value of the compressive force at which large 
lateral deflection may be produced by the slightest lateral load. 
For a prismatical bar with hinged ends this critical com- 


pressive force is 
TEI 
Po = E (a) 





Experiments show that when the compressive force in a 
slender ? strut approaches this value, lateral deflection begins 
and increases so rapidly with increase of the compressive 
force that a load equal to the critical value is usually sufficient 
to produce complete failure of the structure. Consequently 
this critical load must be considered as the criterion of strength 
for slender columns and struts. 

From the equation above it will be seen that this critical 
load does not depend upon the strength of the material but 
only upon the dimensions of the structure and the modulus 
of elasticity of the material. Two equal slender struts, one of 
high strength steel and the other of common structural steel, 
will buckle at the same compressive force, although the 
strength of the material in the two cases is very different. 
Equation (2) shows also that the strength of a strut may be 
raised by increasing J. This may be done without changing 
the cross sectional area by distributing the material as far as 
possible from the principal axes of the cross section. Hence 





1 For more information on buckling problems see, “Theory of Elastic 
Stability,” 1936. . 
2 When the strut is not slender enough, lateral buckling occurs at 
a compressive stress above proportional limit. This case is discussed in 
Theory of Elastic Stability,” p. 156, 1936. 
184 
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tubular sections are more economical than solid for compres- 
sion members. By diminishing the wall thickness of such 
sections and increasing the transverse dimensions their sta- 
bility can be increased. There is a lower limit for the wall 
thickness however below which the wall itself becomes 
unstable and, instead of buckling of the strut as a whole, there 
occurs a buckling of its longitudinal elements, which brings 
about a corrugation of the wall. 

This discussion shows then that the sidewise buckling of 
compression members, i.e., their elastic stability, is of great 
practicalimportance. This is especially true in many modern 
structures where the cross sectional dimensions are being made 
smaller and smaller due to the use of stronger materials and 
the desire to save weight. In many cases failure of an 
engineering structure is to be attributed to elastic instability 
and not to the lack of strength on the part of the material. 

In the previous discussion (p. 239, Part I) the magnitude 
of the critical load was obtained by considering the simul- 
taneous action of compressive and bending forces. The same 
result may be obtained by assuming that the bar is only 
compressed by a centrally applied load.? Let us consider the 
case of a bar in the form of a slender 
vertical prism built in at the bottom 
and loaded axially at the top (Fig. 
118). If the load P is less than its 
critical value the bar remains straight 
and undergoes only axial compres- 
sion. This straight form of elastic 
equilibrium is stad/e, i.e., if a lateral 
force be applied and a small deflection 
produced, this deflection disappears 
when the lateral force is removed and the bar becomes straight 





Fic. 118. 





3 The values of the critical loads, for various conditions at the ends 
of a compressed prismatical bar, were obtained first by L. Euler; see 
Additamentum, “De curvis elasticis,” in the “ Methodus inveniendi 
lineas curvas maximi minimive proprietate gaudentes,” Lausanne, 1744. 
See also Histoire de l'Academie, Berlin, Vol. 13, 1757. An English 
translation of this work is givep in “Isis,” No. 58, Vol. 201, 1933. 


186 STRENGTH OF MATERIALS 


again. By increasing P gradually we may arrive at a condi- 
tion in which the straight form of equilibrium becomes un- 
stable and a slight lateral force may produce a lateral deflec- 
tion which does not disappear with the cause which produces 
it. The critical load is then defined as the axial load, which is 
sufficient to keep the bar in a slightly bent form (Fig. 118, b). 
This load is calculated by use of the differential equation 
of the deflection curve (eq. 79, Part I). The axes are taken 
as indicated in Fig. 118, 6. Then the bending moment at any 
cross section mn is P(é — y) and the differential equation of 
the deflection curve is 4 
2 
Er = P(6—y). (b) 
It is clear that, with the upper end free, buckling of the bar 
will occur in the plane of smallest flexural rigidity which we will 
call EZ. Let 


P 
P= Fy" (c) 
Equation (4) then becomes 
d 
Ta + py = ps w) 


The general solution of this equation is 
y = ô + Cı cos px + Cy sin px, (d) 
in which C, and C; are constants which must be adjusted to 
satisfy the conditions at the built-in end: 
dy 
f = . — = 
oasa (E) = 


These conditions are fulfilled if 
C = — ô; C: = 0. 
Then , 
y = (1 — cos px). (e) 


4 For the deflection shown in Fig. 118 (4) d?y/dx? is positive, hence 
the positive sign on the right side of eq. (4). 
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The condition at the upper end is that 
(J) = ô. 


It is satisfied if cos p/ = 0, i.e., if 
pl = (2n +1) 45 (A) 


where 7 is an integer. The smallest value of p/, and therefore 
of P, which satisfies eq. (f) is obtained by putting 7 = o. 
Then, using eq. (¢), 


from which 


(166) 


This is the critical load for the bar represented in Fig. 1184, 
i.e., the smallest load which can keep the bar in a slightly bent 
shape. 

With n = 1,” = 2, ---, in eq. (f) we obtain 


gEIr* p= as Elr? , 


4P’? 4? 





The corresponding deflection curves are shown in Figs. 118 (c) 
and 118 (d). For the shape shown in Fig. 118 (c) a force nine 
times larger than critical is necessary, and for that in part (d) 
twenty-five times larger. These forms of buckling are un- 
stable and have no practical meaning because the structure 
fails as the load reaches the value (166). 

The critical load for some other cases can easily be obtained 
from the solution for the foregoing case. For example, in the 
case of a bar with hinged ends (Fig. 119) it is evident from 
symmetry that each half of the bar is in the same condition as 
the entire bar of Fig. 118. Hence the critical load for this case 
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is obtained by using //2, instead of /, in eq. (166), which gives 


ET; 


Po = =E: (167) 


The case of a bar with hinged ends is very often encountered in 
practical applications and is called the fundamental case of 








Fic. 119. Fic. 120, 


buckling of a prismatical bar. In the case of a bar with built- 
in ends (Fig. 120) there are reactive moments which keep the 
ends from rotating during buckling. The combination of the 
compressive force with these moments is equivalent to the 
compressive force P, Fig. 120, applied eccentrically. There 
are inflection points where the line of action of P intersects the 
deflection curve, because the bending moment at these points 
is zero. These points and the mid point of the span divide the 
bar into four equal portions, each of which is in the same 
condition as the bar represented in Fig. 118. Hence the 
critical load for a bar with built-in ends is found from eq. (166) 
by using //4 instead of /, which gives 

_ 4@EI 


Pa = t (168) 





It was assumed in the previous discussion that the bar is 
very slender so that the bending, which occurs during buckling, 
remains within the proportional limit. Only with this con- 
dition can eq. (4) be applied. To establish the limit of 
applicability of the above formulas for critical loads let us 
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consider the fundamental case (Fig. 119). Divide eq. (167) by 
the cross sectional area 4 of the bar, and let k = VĪ/Z be 
the smaller radius of gyration. Then the critical value of the 
compressive stress is 


Po ky? 
Sn = F = E(5)- (169) 


This equation is applicable as long as the stress e.r remains 
within the proportional limit. With this limit and also the 
modulus Æ known for a given material, the limiting value of 
the ratio //k (which characterizes the s/enderness of the bar) 
can easily be obtained from eq. (169) for each particular case. 

In the cases represented in Figs. 118 and 120, proceeding 
as above, we find 


- ve (4), -r(Y i 
Cop = T JE (170) Co = T wy) (171) 


The equation for the fundamental case (169) may be used for 
these cases also if we use a reduced length lı instead of the 
length of the bar. In the case of a prismatical bar with one 
end built in and the other free the reduced length is twice as 
great as the actual length /, = 2/. In the case of a prismatical 
bar with both ends built in the reduced length is half the 
actual length, 7; = 4/. The equation for the critical stress 
may consequently be represented in the form: 


Cor = Efi) -= ee (Zz): (172) 


in which 8 depends upon the conditions at the ends of the bar 
and is sometimes called the length coefficient. 

In discussing the design of columns (p. 249, Part I) the 
fundamental case of a column with hinged ends was con- 
sidered. The information given there can be applied to 
columns, with other end conditions, provided the reduced 
length, /,, instead of the actual length, /,is used. Thus in each 
particular case the design of a column reduces to the deter- 
mination of the proper value of the /ength coefficient. 
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As an example of the calculation of this coefficient, let us 
consider the case of a centrally compressed 
strut with the lower end built in and the upper 
end hinged (Fig. 121). The critical value of the 
compressive force is that value, Pa, which can 
keep the strut in a slightly buckled shape. It 
may be seen that in this case, during buckling, 
a lateral reaction Q will be produced, and the 


differential equation of the deflection curve be- 
comes: 





. d?y 
Fic. 121, EI Ja = = Py + Q — x). (2) 


The general solution of this equation with notation (c) is 


y = Ci cos px + Cs sin px +S (7 — x), (h) 
For determining the constants Cı and Cz and the unknown 
reaction Q, we have the following conditions at the ends: 


(Yeo = 9 (Pant = 0, (Z) =o. 


Substituting solution (4) for y we obtain 


G+ $= 0, Cı cos pl + C: sin pl = o, -=o (i) 
Determining the constants C, and Cz from the first and the 
third of these equations and substituting in the second equa- 
tion, we find 

tan p/ = pl. (j) 


The graphical method is useful in solving this trigonometric 
equation. In Fig. 122 the curves represent tan p/ as a func- 
tion of pl. These curves have the verticals p/ = x/2, 32/2, 

* as asymptotes, since for these values of pl, tan pl becomes 
infinity. The roots of equation (f) are now obtained as the 
intersection points of the above curves with the straight line 
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y = pl. The smallest root, obtained in this way, is 





pl = 4.493- 
Then 2 
EI 
P. = pEI = 20.1661 o T , (173) 


Thus the critical load is the 
same as for a strut with hinged Y 
ends having a reduced length: 


h = 0.7. 


As a second example let us 
consider a strut on three sup- 
ports and centrally compressed 
by forces P, Fig. 123. In 
calculating the critical value of 
the compressive force we keep 
our previous definition and as- 
sume that P., is the force which 
can keep the strut in a slightly 
buckled shape. As a result 
of buckling there will be some bending moment M, at the 
middle > support, for calculation of which equation (38), de- 

rived for continuous struts, can 





Fic. 122. 


P 1 2 3 P beused. By observing that in 

our case the ends of the strutare 

Ky - le hinged, we obtain Mı = M; =0 
Fie. 123. and equation (38) becomes 

l l . 

(F + eF) M =o. (2) 


This equation is satisfied and a buckled shape of the strut 
becomes possible if 


Bi7 + Br = 0. (J) 





5 An exception is the trivial case when the two spans are equal and 
the cross section is constant along the entire length. In this case M: = o 
at the intermediate support, and each span is in the same condition as a 
strut with hinged ends. 
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where 8; and $z are (see expressions (36) p. 36) 


_ | I I 
Bi = 3 (2u)? 2u tan zh 
I I 
Be = 3 | ine ~ 2u tan zl (k) 


A „LJE 
ui = 2 NEL? u: = 2 El, (4) 


If the dimensions of the strut are given, the ratio xı : uz is 
known from the expressions (/) and the ratio 81:82 from 
equation (j), which gives 








and 


Be Ade (m) 

Having the numerical table of functions B, we can readily 

solve this equation for the proper values of uw; and uz. Then, 

from expressions (/), the critical value of Pis obtained. Take, 

for example, J, = I, = J and /; = 2/;. Then u: = 24; and 

Bi 

8, (n) 

To solve this equation we have to find such a value 2 of 

the argument 2u that after doubling it the function B changes 

the sign and reduces to a half of its numerical value at the 

argument 2u,. Using the table of numerical values of 8, we 
readily find that this condition is satisfied if 


2uy = 1.93. 
Hence, from equations (/), 
19o3EI  3.72EL  14.9E1 
Lo å Æ 
It is seen that the value of the critical load lies between the 
two values rEI//? and t?EI/l2, calculated for separate spans 
as if each were a strut with hinged ends. The stability of the 


shorter span is reduced, owing to the action of the longer span, 
while the stability of the longer span is increased. 


Pa = 








ê See such table in “Theory of Elastic Stability.” 
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In the derivation of eq. (e) for the deflection curve after 
bending, the maximum deflection 5 remained indeterminate, 
i.e., at the critical load the bar may have any small deflection. 
The above theory applied only to small deflections because 
only for such deflections may we use the approximate expres- 
sion d?y/dx? for the curvature, in place of the exact expression: 


Ey 
dx? 
dy\? i - 
[+ (a 
The solution of the exact differential equation for the deflec- 
tion curve has been found for several cases 7 and shows that 
there is really no such indeterminateness in the deflection as 


implied above. For example for a bar with hinged ends the 
maximum deflection may be represented by the equation: ° 


IN8 fP (P _ J) 
ô=- pn) -aE I ) (174) 


which shows that the deflec- 
tion increases very rapidly, 
with the load above the criti- 
cal value. Assuming, for in- 
stance, a load only 1 per cent 
larger than Per, we find from 
eq. (174) a deflection about 
g per cent of the length / of 
the bar.® 

The relation between the Fic. 124. 
load and deflection may be 

















7 Saalschiitz, “ Der Belastete Stab,” Leipzig, 1880. See also Halphen 
Traité des Fonctions elliptiques, Vol. 2 (1888), p. 192. 

8 See R. v. Mises, Zeitschr. f. Angew. Math. u. Mech., Vol. 4, 1924, 
P. 435; see also O. Domke, Die Bautechnik, Vol. 4, 1926, p. 747, and 
R. W. Burges, Phys. Rev., 1917. 

It is assumed that deformation remains within the proportional 
limit. 
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represented graphically as shown in Fig. 124 by the curve 
OAB, in which the load is represented by ordinates and the 
deflections by the abscissas. As long as the load is smaller 
than Pe the deflection is zero. Beyond this limit the de- 
flection increases rapidly with the load.2° 

In experimental investigations of the lateral buckling of 
compressed bars, the relation between the deflection and the 
load depends very much upon the accuracy with which the 
load is centered and on the straightness and homogeneity of 
the bar. The load deflection curve is usually like curve OD in 
Fig. 124. Due to inaccuracies of one sort or another deflection 
begins at small loads, but progresses very slowly as long as the 
load is far below critical but very rapidly when the load 
approaches the critical value. The more accurately the bar 
is made and loaded the more nearly the curve approaches the 
theoretical curve O4B." 


Problems 


1. A steel bar of rectangular cross section 1 X 2 in. with hinged 
ends is axially compressed. Determine the minimum length at 
which eq. (167) can be applied if E = 30 X 108 lbs. per sq. in. and 
the limit of proportionality is 30,000 lbs. per sq. in. Determine the 
magnitude of the critical stress if the length is 5 feet. 

Solution. The smaller radius of gyration is k = 1/2V3 in.; 
the minimum length from eq. (169) is 


100 
l= 100k = —= = 28.9 in. 
243 9 





10 When yielding begins the curve 4B is no longer applicable and the 
further buckling is going as indicated by dotted line BC, Fig. 124. 

H A very close coincidence of experimental and calculated values of 
critical loads was obtained by Th. v. Karman, Forschungsarbeiten, 
nr. 81, 1910, Berlin; see also K. Memmler, Proceedings of the 2d Internat. 
Congress of Applied Mech., Ziirich, 1926, p. 357. 
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The critical stress for 7 = 5’, from eq. (169), is 


Ta = T? X 30 X 108 = 6,850 lbs. per sq. in. 


ti 
12 X 60° 


2. Solve the above problem, assuming a bar of circular cross 
section I in. in diameter and built-in ends. 

Answer. Minimum length = goin. For /= 5’, o = 20,800 
Ibs. per sq. in. 

3. Determine the critical compressive load for a standard I 
section 6’ long, 6” depth, weight 12.5 lbs. per foot, and with hinged 
ends. 

Answer. 


£ 7 22 


4. Solve problem 1 assuming that one end 
of the bar is hinged and the other built-in as 
in Fig. 121. 

5. Determine the critical value of the 
forces P which compress the vertical mem- 
bers of the rectangular frame shown in Fig. 
126, 

Solution. Buckling produces reactive 
bending moments My which resist free rota- 
tion of the ends of the vertical members. The 
differential equation for the deflection curve 
of the vertical member is 





dy 
ga 7 T Py + Mo 


EI 
The general solution of this equation is 


app M 
y = Cy cos px + Casin px + P` 


The constants of integration and Mo are to be determined from the 
following conditions based on the symmetrical form of the buckled 
frame (Fig. 125): 


dy dy -o h. 
O= = 05 (B) =9; (2) =0= 261 
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From the above solution for y, 


Mo 


Ci + -5 





. pl 4 
= 0; — Cip sin & + Cop cos £ = 0; Cop = 


These give the following transcendental equation for determining p 
and the critical load: 





pl Ph. 
tan “> + PIA O, 
or, using notation (c), 
pl hp 
tang thy. TO (0) 


When (Z/Z,)(A/2) is large, i.e., when the resistance of the horizontal 
members of the frame to buckling of the vertical members is small, 
tan (p//2) is a large negative number and p//2 approaches 7/2. The 
critical load then approaches the value r?EJ//? obtained before for 
a bar with hinged ends (eq. 167). 

When (//71)(4/2) is small, i.e., when the resistance of the hori- 
zontal members of the frame to buckling of the vertical members is 
very great, tan (p//2) is a small negative number and p//2 approaches 
m. Then the critical load approaches the value 47°E///? obtained 
before (eq. 168) for a bar with built-in ends. 

In the case of a square frame with all members of the same cross 
section / = 4, J = J, and the equation for determining the critical 
load becomes 





tan + z = 0, 
from which £ 
z = 2.029, 
_ 16.47 FL TEI 
Por E = (0.774)? . (p) 


The reduced length in this case is therefore 4, = 0.774/. 

6. Solve the preceding problem assuming that in addition to 
vertical forces P there are two pairs of horizontal forces Q which 
are producing a compression of the horizontal members of the frame. 

Hint. Since the horizontal bars are compressed, the angle of 


2 Curves similar to those in Fig. 122 can be used also in this case. 
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rotation 0, indicated in Fig. 125, is 1 


_ Mol tan u 
2E, u 








where 


u = Gh 
~ 4E 





The equation for calculating the critical value of 
P is obtained by substituting Jıu/tan u instead of 
J; in equation (o) of the preceding problem. 

7. A strut with hinged ends 4B, Fig. 126, 
is compressed by forces Py and Pa Find the 
critical value of the force.P1 + Pe if (Pı + Po): 
P= m dl: h= n, blh =r. 

Solution. Assuming that the buckled shape 
of the strut is as shown in Fig. 126 by the dotted 
line, there will be horizontal reactions Q = 6P2// 
produced during buckling. The differential equa- 
tions of the upper and the lower portions of the 
deflection curve are 








Fic. 126. 
dy ôP 
EI, de = — Py, — > (= x), 
d 5P (r) 
El, Ge = — Piy -F U- x) + Pals — ya). 
Using notations 
Pi 2 Pa _ 2 Pit Po, Po 2 (5) 
El, > EROP” El, T? ERT? V 


we obtain the solutions of equations (7): 


il 


. ô pè 
yı = Cisin pix + C2 cos pix — I pë (Z — x) 


. ô po 
ye = Cs sin pax + Cy cos pax + Ipa” 


The constants of integration are obtained from the end conditions 





It is obtained from equation (48) by substituting ui for u. 
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of the two portions of the buckled bar: 


(yi)emt = O, (yient, = ô, (Ya)ent, = ô, (y2)en0 = O. 
From these, 
_ a(pil + pel) 
E pri(sin pila — tan pil cos Pilo) > 


C = òlpèl — pèh) 
3 pèl sin pala 





Ci C: = — Ci tan pil 


D 
ll 
° 


Substituting these in the continuity condition 


(2) _ (% 

dx rel, ~ dx tol, 

we obtain the following transcendental equation for calculating 
critical loads: 


pe vi-+ pel po? pel — pels 

pe PÈP L PE be Pee 0 
pi tan pi P? ps tan Pala 

which can be solved in each particular case by trial and error or 
by plotting both sides of the equation and deter- 
mining the intersection point of the two curves. 
Taking, as an example, 4 = l, Iı = I: = I and 
Pı = P2, we obtain 


wEl 
(Pi + Peder = (0.87)? . 

8. Find the critical load for the column built-in 
at the bottom and free at the top and consisting of 
the two prismatical portions with moments of inertia 
I, and Is, Fig. 127. 

Solution. If 6 is the deflection at the top during buckling the 
differential equations for the two portions of the deflection curve are 





dyi 

Eh e = P(d — yı), 
dyo 

El: e = P(ô — ya). 


By making use of our previous notations (s) the solutions of these 
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equations are reached: 


yı = 6+ C cos pw + D sin pix, 
ya = 6(1 — cos pox). 


- The constants of integration are obtained from the conditions: 


(Yi)z=1 = ô, (yiJents = (Ya)e=ts 

which give 
ô + C cos pil + D sin pil 
ô + C cos pil + D sin pile 


from which 


ô, 
5(1 — cos Pale), 


C= — D tan pil, p = S608 P cos pil 
sin pil; 


Since the two portions of the deflection curve have the same tangent 
at x = l, we have the equation: 
dpe sin pala = — Cpı sin pila + Dpı cos pila. 


Substituting for C and D the above values, we finally obtain the 
following equation for calculating Per: 


tan pyl tan pol, = Pr, 
pr 


In the particular case when 


l IP 
Pih = pa: = VEP 


we obtain 
1 [P 
tan (: i) I, 
i IP T 
2NEI 4 
and 
rE 
cr = PA ` 


This is the critical load for a column of constant cross section. 


36. Energy Method of Calculating Critical Compressive 
Loads.“—Euler’s formulas, given in article 35, were derived 








_. “See writer’s papers in Bulletins of the Polytechnical Institute in 
Kiev, 1910, and Annales des Ponts et Chaussées, 1913, Paris. 
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by solving the differential equation of the deflection curve for 
a compression member with certain end conditions. There 
are cases in which this equation is complicated and exact 
solution becomes difficult. We may then use an approximate 
method, based on consideration of the energy of the system. 
As a simple example consider a column built in at the bottom 
and carrying a load at the top (Fig. 118 (a) and (4)).. The 
straight form of equilibrium of the compressed bar is stable if 
the compressive force P is small, but unstable after P reaches 
its critical value, at which lateral buckling begins. This 
critical value of P may be found by comparing the energy of 
the system in the two cases: (1) when the bar is simply com- 
pressed, and (2) when it is compressed and bent. The strain 
energy in the bent bar is larger than that in the straight 
compressed form, because the energy of bending must be 
added to the energy of compression, which may be considered 
constant for small deflections. The potential energy of the 
load P must also be considered; the deflection of the bar is 
accompanied by a lowering of the point of application of the 
load P so that the potential energy of the load diminishes. 
Let U be the potential energy of bending and U; the decrease 
in the potential energy of the load. Then, if U; is less than U, 
deflection of the bar is accompanied by an increase in the 
potential energy of the system; this means that it would be 
necessary to apply some additional lateral force to produce 
bending. In such a case the straight form of equilibrium is 
stable. On the other hand, when U, > U, the deflection of 
the bar is accompanied by a decrease in the potential energy of 
the system and the bending will proceed without the applica- 
tion of any lateral force, i.e., the straight form of equilibrium 
is unstable. The critical value of the compressive force is 
therefore obtained when 


U = U.. (175) 


To calculate the magnitude of the critical load from. this 
equation we must obtain expressions for U and U}. From eq. 
(e) (p. 186), the deflection curve of the bar, when under the 
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action of a compressive load equal to the critical load (p/ 
= a/2), is 


y = 8 (1 — cos). (a) 

With this value for y, expression for the strain energy of bend- 
ing becomes 7 

I (ÈIN Je = ČT b 

u = Ler f (42) a= Gp Ee (2) 


The lowering of the point of application of the load during 
bending is (see p. 47) 





1 (BY ds = ËE. 
=f) m 0 
Therefore, p 
5°77? 
U, = PN = 161 . (d) 


Substituting (4) and (d) into the fundamental eq. (175), we 
have 


EIr’ 
Po = “4h? 


which coincides with eq. (166) obtained previously. 

In this case the deflection curve (2) was known and the 
exact solution for the critical load was obtained from eq. (175) . 
In cases where the deflection curve is unknown an approxi- 
mation to the critical load may be obtained by assuming a 
suitable curve (that is, one satisfying the conditions at the ends 
of the bar) for the deflection curve and proceeding in exactly 
the same manner as above. 

In order to show what accuracy can be obtained by using 
this method, the previous problem will be considered again. 
Assume, for instance, that in the case shown in Fig. 118 (4) 
the deflection curve is the same as for a cantilever loaded at 
the end by a transverse force Q. Then, from eq. (97) Part I, 
y = [0x/6EI](3/ — x). This is substituted into the ex- 
pression (4) for the strain energy U of bending, and into the 
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expression (d) for U;: 
LEI "(23)" gp = GP 
U=—5 Í (32) dx = SET’ 


_P l dy\? P QP 
U, = Pr = >t (2) de = E 





Substituting into eq. (175), Per = 2.5EI/2. Comparing this 
result with the exact formula (166) above, we see that the 
error arising from this approximation is only about 1 per cent: 

This error can be considerably reduced and a better ap- 
proximation obtained if we take for the strain energy of 
bending the expression: 


I l 
U = y Í Meds. le) 


Substituting in this expression 


M=PG-y) = P|- FFG) | 


-P| -5g-9] o 
we find 


_ Pè 
~ 2ET 3g 





The diminishing of the potential energy of the load P is 


y- 2. GP _3P è 
1 iş (EP 5 T 





Substituting into eq. (175), we obtain 


Pe Iyl _ 3P & 
2EI35 5 P’ 





from which 
2 EI EI 
Po = D Fe = 2.4706 F ` 
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The correct value is 


t? EI EI 
Por = 4 2 = 2.4674 FE . 


Hence the error of the approximate solution is only 0.13 per 
cent. In using expression (e), instead of expression (4), for 
strain energy we introduce in our calculations the deflection 
y of the assumed curve, instead of the derivative d?y/dx?. 
Since y is represented with a much better accuracy than 
d*y/dx? by the assumed curve, the second method of calcula- 
tion actually results in a better approximation for Per. 

The energy method usually gives a very satisfactory ap- 
proximation provided the assumed curve is properly chosen. 
Sometimes we can make a very rough assumption for the 
shape of the curve and still obtain a satisfactory result. For 
example, we might assume the deflection curve in the above 
example to be a parabola given by the equation 





bx? 
25E: 
Then 
t Medx =P? LN P28 8 
us [Ser ser, CE) e = aes! 
=P (BY ds = 2% 
U1= > n (2) dxs = 37 P. 
By substituting into equation (175), 
P28 8 26 
2ET15/~ 37° 
and 
EI 
Pop = 2.5 Re: 


A satisfactory approximation is thus obtained although the 
parabolic curve, which we assumed, cannot be considered as 
a very satisfactory one. It has an approximately constant 
curvature along the length while in the actual curve the 
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curvature is proportional to the bending moment. It is zero 
at the top of the bar and a maximum at the bottom. 
Applying the energy method with an assumed curve satis- 
fying the end conditions, we always obtain a value for the 
critical load which is higher than the true value. This follows 
from the fact that the actual deflection curve of a buckled bar 
is always the one that corresponds to the least resistance of the 
bar. Only by the merest chance will an assumed curve be the 
true curve of the least resistance. In almost every case the 
assumed curve will be different from this curve of least re- 
sistance, thus giving values too high for the critical loads. 


Problems 


1. Solve the problem shown in Fig. 121 assuming the deflection 
curve is the same as for a uniformly loaded beam with one end 
built-in and the other hinged. 

2. Solve by the energy method problem 7 of the preceding article 
(p. 197) assuming 4, = h = //2. 

Solution. Assuming that the deflection curve is a sine curve, 


TX 
a) 


y= bsin[ 


the bending moments for the two portions of the curve are 


ôP 
Mı = Py + 7 0- ~), 





Pox 


M: = (Pi + Py — 7 


The strain energy of bending is 
_ f Mèdx 4 f” Mèdx 
~ Jy 2E o 2El 

82 
~ 2Eh 











(pe + Pp hy PP.2) 
4 24 T 


& l l ‘al 
top| eit porte Pek - PaPa t Pd | 


The diminishing of the potential energy due to lowering of the 


Pee 


a 
de 
: 
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points of application of the loads P, and P is 


rf (ay BL (Sy a- 1 
U; = -f (2) dx + 2 A dx ax = 4l (Pi + 3P2). 


Substituting in equation (175) and using our previous notations, 
we obtain 


(Py + Poder = 
(ELA (m + 1) 


* (176) 
mim —i1 8 I mim—-iV 8m—1 
m2 m ) pl +f 2 +3 m yt m | 
3. Solve problem 8 of the preceding article by using the energy 


method. 
Answer. Assuming the deflection curve 











= 3/1 — cos ™ 
y \ al 








we obtain 
ETI, I 
2 . . 
Pe Pi hh [L \ h C7 
IIA Nh TSF 
37. Buckling of Prismatical Bars under the Ac- xb >} 


suming that under the action of uniform axial load |r k 
a slight lateral buckling occurred, Fig. 128, we can l 

obtain the critical value of the load by integrating [& f 
the differential equation of the deflection curve. x | 

The equation in this case is not as simple as we 
had before and its solution requires the use of 
Bessel’s function! An approximate solution can 
be readily obtained by using the energy method. 
As an approximate expression for the deflection curve let us take 


y= a(i cos) (a) 


which is the true curve for the case where buckling occurs under the 
action of a compressive load applied at the end. The bending 
moment resulting from that portion of the load above a cross section 


tion of Uniformly Distributed Axial Forces.——As- fe He 
n 


Fic. 128. 





18 See “Theory of Elastic Stability,” p. 115. 
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mn at that cross section is 
! 
M = f q(n — y)dé. 


Substituting equation (a) for y and setting 


r= (1 ~cos % ); 
2 


we obtain after integration with respect to £: 


M= — me Uf aay. 
; sgl x) cos > (rosing 


Substituting this in the expression for the strain energy of 
bending, we obtain 


_ f M’dx _ gpf 9 32 

= J) 22I ~ ET z+ 3,-%). (2) 
In calculating the decrease of the potential energy of the distributed 
load during lateral buckling, we note that, owing to the inclination 


of an element ds of the deflection curve at the cross section mn, 
the upper part of the load undergoes a downward displacement 


equal to 
2 
ds — dx = (2) dx 
2\ dx ? 





and the corresponding reduction in the potential energy is 


1fdy\¥ 
(2) gi — x)dx. 


The total decrease of the potential energy of the load during buckling 
then is 


_ ‘(dy\ wegf{r 1 
v=3 | (2) 0- ody = T(E) (c) 


Substituting expressions (4) and (c) into equation (175), we obtain 


PPP (1 4 9 32 Wg {I I 
2EI\6 ' we r’) 8 15), 
from which 
89E1 
Glee = H. 
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The exact solution for this case is 


783k EI 
De = p= (1.122/)? (178) 








Thus the error of our approximate solution is less 
than I per cent. 


Problems 


1. A prismatical bar with hinged ends, Fig. 129, 
is submitted to the action of a uniformly distributed 
load of intensity g and of a central compressive force 
P. Find the critical value of P by assuming for the 
deflection curve the equation: 





=ô ; TX 
y = əsin] 
Answer. 
p = PEL at 
BP 2 Fic. 129. 


38. Buckling of Bars of Variable Cross Section—A bar of 
variable cross section symmetrical with respect to the middle and 
having two axial planes of symmetry is shown in Fig. 
130. The middle portion is of uniform cross section 
with a smaller moment of inertia Jp. At the ends the 
cross section varies and the smaller moments of in- 
ertia follow the law: 


r=1(2), (a) 


in which x and a are distances from a certain fixed 
point (Fig. 130) and m is a number depending upon the 
type of column. When the middle portion is a solid 
cylinder and the ends are solid cones, I varies as the 
fourth power of x and m = 4 in eq. (a). When the 
column has a constant thickness in the direction per- 
pendicular to the plane of Fig. 130, the moments of in- 
ertia J with respect to axes parallel to the plane of the 
figure are proportional tox and m = I in eq. (a). When the column 
consists of four angles connected by lattices, as in Fig. 131, the cross 
sectional area remains constant and J can be taken proportional to 





Fic. 130. 
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x, Then m = 2ineq. (a). Calculations made for m = 1, 2, 3, 4, 
show !§ that the critical load within the elastic limit can be repre- 
sented by the equation: 7 


EI 
Por =a Pa (179) 


in which æ is a numerical factor depending upon the ratios A// and 
Lillo where Jı = Io(b/a)” is the moment of inertia of the end cross 
sections. Assuming the ends of the column hinged, the magnitudes 
of a for various proportions are given in the table. It can be seen 
that as the ratio A// or the ratio Jı/Io approaches unity the factor 
a approaches 7? and eq. (179) approaches eq. (167) for a pris- 
matical bar. 


TABLE 13.—Coerricient a IN Ea. (179) 















































Lll kil = o 0.2 0.4 0.6 0.8 I 

m= 1 6.48 7.58 8.68 9.46 9.82 T? 

or m=2 5.40 6.67 8.08 9.25 9-79 “ 

` m=3 5.01 6.32 7.84 9.14 9-77 “ 

m= 4 4.81 6.11 7.68 9.08 9-77 “ 

m= 1 7.0L 7.99 8.91 9.63 9.82 “ 

m=2 6.37 7.49 8.61 9.44 9.81 “ 

0.2 “ 
m= 3 6.14 7.31 8.49 9.39 9.81 

m=4 6.02 7.20 8.42 9.38 9.80 “ 

m=i 7.87 8.60 9-19 9.70 9.84 “ 

o m=2 7.61 8.42 9-15 9.63 9.84 “ 

4 m = 3 7.52 8.38 9.10 9.63 9.84 “ 

m=4 7.48 8.33 9.10 9.62 9.84 “ 

m= 1 8.60 9.12 9.55 9-74 | 9.85 < 

06 m= 2 8.51 9.03 9.48 9.74 9.85 , 

` m=3 8.50 9-02 9-47 9-74 9-85 j 
m=4 8.47 9.01 9-45 9-74 9.85 

m=1 9.27 9.54 9.69 9.83 9.86 “ 

o3 m=2 9-24 9.50 9.69 9.32 9.86 “ 

. m= 3 9.23 9.50 9.69 9.81 9.86 “ 
m=4 9.23 9.49 9.69 9.81 9.86 

I m? T? T? T? T? s 














16 See A. Dinnik, Bulletins of Engineers (Westnik Ingenerov), 1927 | 


(Russian). The numerical table below is taken from this paper. 
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As an example in the application of this table consider a wooden 
strut 6’ 6” long of rectangular cross section. The thickness of the 
strut remains constant and equal to ł in. The width varies ac- 
cording to a straight-line law and is 4 in. at the middle and 2.4 in. 
at the ends. Determine Pe if E = 1.2 X 10% In this case 
hji = o, m=1 and N/lp = 2.4/4 = 0.6. From the above table 
a = 8.60 and the critical load, from eq. (179), is 
1.2 X 108 X 4 X 3 
Pa = 8.605 arr L = 239 lbs. 

As a second example let us consider a pyramidal column (Fig. 131) 
whose square cross section consists of four angles 34 X 34 X # 
in. The outside width of the column at the ends is 12 in. and 
at the middle 204 inches. The length of the column is 65 feet. 
Determine the critical load for this column, taking for struc- 
tural steel E = 30 X 108 lbs. per sq. in. and assuming that 
the lattice bars are rigid enough to allow the application of 
eq. (179), derived for solid bars. The cross sectional area 
4=248 X 4 = 9.92 in; = 2.9 X 4+ 2.48 X 4X (6 
— 1.01)? = 269 in.4; Jo = 2.9 X 4 + 2.48 X 4 X (10.25 
— 1.01)? = 860 in. Taking I, : Io = 0.3, m = 2 approxi- 
mately and 4// = o, we find from the above table by inter- 





lp 





polation « = 7 approximately. Then, from eq. (179), ern 
30 X 10° X 860 _ ad 
Po = 7X 65? X 12? = 297,000 Ibs. Fic. 131 


39. The Effect of Shearing Force on Critical Load.—In 
the derivation of the critical load, the differential equation 
used for the deflection curve (see p. 186) neglected 
the effect of shearing force on the deflection. 
When buckling occurs, the cross sections of the 
bar are no longer perpendicular to the compres- 
sive force and there will be shearing forces. The 
effect of these forces may be found by use of the 
energy method developed in article 36. In using 
this method the energy of shear must be added 
to the energy of bending in calculating the strain 
energy U due to buckling. Let 4B (Fig. 132) 
represent a solid strut with hinged ends, buckled 
under the action of compressive force P. The 
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magnitudes of the bending moment and the shearing force at 
any cross section mn are 


M=Py; V= pË. (a) 


From previous considerations (see art. 66, Part I) the potential 
energy stored in an element of the bar is 


2 
au =- ee aldx 


where Æ is cross sectional area, 
ais coefficient depending on the shape of the cross 
section such that 
aV/GA is the magnitude of the shearing strain at the neutral 
axis (art. 39, Part I). 


Accordingly, the displacement of the section mn with respect 
to mını, due to this shear, is (a’/GA)dx, and the second member 
on the right side of (4) represents the potential energy of shear 
stored in the element. By using (a) and (4), the energy stored 
in the strut during buckling is 





t P?y?dx 1 aP? {dy X 
U= [Gert Scali) & W 
The decrease in the potential energy of the load P is 
2 d 
U =È ( BY as. A 


Assuming that the deflection curve of the buckled strut is a 
sine curve, 


y = bsin™, (e) 


and with this value in (c) and (d) 





Pl Pl an? 
U, = pi 


T 


2E + GA’ (4) ~ 
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Substituting in eq. 175 we obtain 
TEI I 
2 EI ar (g) 
GA È 
Comparison with Euler’s formula (167) shows that, due to the 
action of shear, the critical load is diminished in the ratio 


Poe = 





ET am (180) 
'T GAR 
Let 
2] ` GA 
ao = Pa 7 = Pas (4) 
then eq. (g) becomes 
Po — P. I P (181) 
+ = 
I P, 


For solid bars, Pa is very large in comparison with Pe, and the 
effect of the shearing force can be neglected. In the case of 
latticed bars, especially when spacing plates or battens only are 
used (Fig. 134, 4), Pa may become of the same order as Pa in 
which case the effect of shearing force can no longer be 
neglected. This will now be considered. 


40. Buckling of Latticed Struts.” —Latticed struts are 
used extensively in steel structures. Their resisting capacities 
are always less than those of solid columns having the same 


cross sectional area and the same slenderness ratio //k, and 


depend greatly on the spacing details such as lattice bars, 
spacing plates and battens. This lowering of the critical 
stresses is due principally to the fact that in the case of latticed 
columns shearing forces produce a much larger effect on 
deflections than in the case of solid bars. To calculate the 

17 See F. Engesser, Zentralblatt d. Bauverw., 1891, p. 483, and 1907, 
p. 609; L. Prandtl, V. D. I., 1907, and also writer’s paper in Bulletin of 
the Polytechnical Institute at Kiev, 1908. These papers discuss the 


problem of buckling of latticed struts in connection with the collapse 
of the Quebec bridge. 
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effect of shearing force on the critical load, eq. (181), which 
was derived for solid bars, can be adapted to latticed struts. 
As before, let P, be the critical load obtained from eq. (167); 
Pz in eq. (181) has, in the case of solid struts, a simple physical 
meaning, namely, that //Paz represents the additional slope 
y in the deflection curve produced by shearing forces. Pa has 
the same meaning also in the case of latticed struts, provided 
the number of panels is large. To determine Pz in any par- 
ticular case, therefore, we must investigate the lateral dis- 
placements produced by the shearing force. 

Consider first one panel of the latticed bar shown in Fig. 
133a. The displacement due to shear is that due to the 
elongation and contraction of the di- 
agonals and battens in each panel (Fig. 
133, 2). Assuming hinges at the joints, 
the elongation of the diagonal pro- 
duced by the shearing force V is 
Va/sin ¢ cos gEAg, in which 


g is the angle between the batten and 
the diagonal, 





is the tensile force in the diagonal, 
cos g 


a 
sin o 
Az is the cross sectional area of two di- 
Fic. 133. agonals. 





is the length of the diagonal, 





The corresponding lateral displacement, Fig. 1334, is 


Va 
sin y cos? ek Aa 





(a) 


The shortening of a batten and the corresponding lateral 
displacement (Fig. 133, ¢) is 


ô 


ô = 


= E (H) 


where 
b is the length of the batten, 


Ay is the cross sectional area of two battens. 





` element of the strut cut out 
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From (a) and (4), the angular displacement produced by the 
shearing force V is 





O ata y ML 
Y= "a T sin oco? vEX ' aEA 
Then using the above definition V/Pa = y, we find 
I I b 


Pa sine cos? gE Ag + aE, 





Substituting in eq. (181), 
rk I 


P EI i Z 
1+- (sa z cos’ p EA, T EZ.) 


If the sectional areas 44 and 4, are very small in comparison 
with the cross sectional area of the channels (Fig. 133, a), the 
critical load (182) may be considerably lower than that 
obtained from Euler’s formula (167). 

Equation (182) can be used also in the case represented in 
Fig. 133 (d) if the angle 9 is measured as shown in the figure 
and the member due to the deformation of the battens is 
omitted. 

In the case of a strut made with battens alone as in Fig. 
1344, to obtain the lateral dis- 
placement produced by the 
shearing force V, we must con- 
sider the deformation of an 





Poa = (182) 





by the sections mn and min. 
Assuming that the deflection 
curves of the channels have 
points of inflection at these sec- 
tions, the condition of bending 
will be as shown in Fig. 134 
(6).18 The deflection consists of 





Fic. 134. 





18 The tension and compression forces acting on the cords ‘are not 
shown in the figure. 
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two parts: the displacement ô, due to bending of the batten, 
and the displacement ô: due to bending of the channels. 
There are couples Va/2 at the ends of the batten and the 
angle 0 of rotation of these ends of the batten is (see eqs. 103, 
104, Part I) 

Va b Va b _ Vab 

2 3El 2 6E 12ET,”’ 


where 4 is the length of the battens and EI; is their flexural 
rigidity. The lateral displacement ô, produced by this 
bending of the battens is 


é= 








1” 24FI,- (e) 


The displacement ô, can be calculated from the cantilever 


formula: 
a 3 
r( 2 ) Va 


23EI, 48El," (2) 





6. = 


The total angular displacement produced by the shearing 





force V’ is 
ôtô: — Vab Va | 
~ a ~ 12F 1» 24ET,’ 
2 


then, since V/Pz = y, we obtain 


I ab a 


Pi > nEn © 24ET’ 





and eq. (181) for determining the critical load becomes 








Ely? I 
Po "BEL ab j (183) 
I+ PAWEL 4E 


where, as before, EJ n?//? represents the critical load calculated 
from Euler’s formula. It may be seen that when the flexurai 
rigidity of the battens is small the actual critical load is much 
lower than that given by Euler’s formula. 
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From equations (182) and (183) we note that in calculating 
critical loads for built-up columns the actual length of a 
column is replaced by a reduced length which is to be deter- 
mined in the case of a Jatticed column as shown in Fig. 133, 
from the equation: 


| TEI I b 
A= init P (a g cos? g EA + Ex) 


and, in the case of a batten-plate column as shown in Fig. 
134, from the equation: 


TEI ab a 
A= NE tog (ET, + ZET) 


When the reduced length of a built-up column is deter- 
mined, the allowable stress is obtained as for a solid column 
with the slenderness ratio equal to /,/k. If the design is made 
on the basis of the assumed inaccuracies (see art. 56, Part I), 
the proposed procedure results in a slightly higher factor 
of safety for built-up columns, which seems completely 
satisfactory. 

In the design of built-up columns the proper dimensioning 
of the lattice bars and batten plates is of great practical im- 
portance. As a basis for determining stresses in these details, 
an eccentricity in application of compressive forces should be 
assumed in the design of shorter columns.!® If the eccentrici- 
ties at the two ends are equal to e and are in opposite direc- 
tions, the compressive forces P form a couple of the magnitude 
2Pe which produces at the ends of the strut the shearing 
forces: 











2Pe 
Vay: 


(184) 


19 This question is discussed in more detail in the paper by D. H. 
Young, Proc. Am. Soc. Civil Eng., December, 1934, and another paper 
by the same author in Pub. Intern. Assoc. Bridge and Structural Eng., 
Ziirich, vol. 2, 1934, p. 480. See also “Theory of Elastic Stability,” 
p. 197. 
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The maximum value of V is obtained by substituting in this 
equation for P the maximum load which the column can 
carry. The eccentricity ¢ is usually taken as a certain portion 
of the core radius 7, say e/r = 0.3. The details should then 
be designed in such a way that the maximum stresses pro- 
duced in them by Vmax does not exceed the yield point stress. 

In the case of a compressed latticed member of a truss 
with rigid joints, some bending moments at the ends of the 
member are produced during loading of the truss. If the 
magnitudes M, and Mz of these moments are calculated from 
the secondary stresses analysis, the corresponding eccentricities 
eı = M,/P and e = M:/P in application of the compressive 
force P are known, and the magnitude of their algebraic sum 
must be substituted in equation (184) instead of 2e. 

41. Buckling of Circular Rings and Tubes under Ex- 
ternal Pressure.—Buckling of a Circular Ring. It is well 
known that a circular ring or tube can collapse due to external 
pressure alone; and if the flexural rigidity of the ring is 
insufficient, such a failure can occur at stresses far below the 








Fic. 135. 


elastic limit of the material. This phenomenon must be taken 
into consideration in such problems as the design of boiler 
tubes submitted to external pressure and reinforcing rings for 
submarines. 

The pressure at which the circular form becomes unstable 
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and buckling occurs is known as the critical pressure. Its 
value will be obtained by use of the general equation (95, p 
103) for the deflection curve. 

Assume that under external pressure the ring (Fig. 135) is 
buckled into an elliptical form as shown by the dotted line. 
Suppose that 

q is external pressure per unit length, of the center line, 
R is the radius of the center line of the ring, 
u is radial displacements during buckling, 
uo is radial displacement for the cross section 4, 
M, is bending moment at the cross section 4, 
No = q(R — uo) is longitudinal compressive force at the cross 
section 4. 

The bending moment at any cross section B of the buckled 

ring is 





M = Mo + qdOAD — 1 AB’. (a) 


Now, in the triangle ZOB, 
OB? = AB? + AO? — 2404D 


12B? — AOAD = 1(OB? — AO") 
= 3ER — u)? — (R - 4)" 


Since z is small in comparison to R, terms in 4? or uo” can be 
neglected, whence 


14B? — AOAD = R(uo — 4). 
Substituting this value in equation (a), we obtain 
M = M. — qR(u — u). 
Equation (95), page 103, becomes 


tu 
dg’ 


du qR? 
get" i +r) = 


R? 
— pM — Ruo — 4) ] 
oF MR? + qR? 
— ET ma. (b) 
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The general solution of this equation is 


. — MR? + gRèu 
u = Cisin pe + C: cos pe + ETIS e (o 





in which Cı and C, are constants to be determined from the 
conditions at the cross sections 4 and F of the buckled ring, 
and 


p= it FT (d) 


From symmetry, it follows that 


Ghas (Baars 
de e=0 > de } p=x}2 ` 


From the first of these conditions Cı = o and from the second, 


pr 


sin 5 =O (f) 
The smallest root of this equation is 
pr 
—_ = T 
2 
or 
p=2. 


Substituting this in (d), we ob- 
tain the value for the critical 
pressure % 


EI 
der = ae ` (185) 


Other roots of the eq. (f) 
such as pr/2 = 27, pr/2 = 37, 
etc., correspond to a larger 
number of waves in the buck- 
led ring and give greater values for the pressure g. Figure 
135 (4) shows, for instance, the buckled form for pr/2 = 27. 





Fic. 136. 





20 This problem was solved by M. Bresse, “ Cours de Mécanique 
Appliquée,” Part I, p. 334. Paris, 1866. 
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These higher forms of buckling are of interest in studying the 
stability of short cylindrical tubes with fastened ends. 

Buckling of a Circular Arch.—lIf a circular arch having 
hinged ends be submitted to uniform pressure, it can buckle as 
indicated by the dotted line in Fig. 136. The critical value of 
the pressure depends upon the magnitude of the angle a and 
may be calculated from the equation: #! 

2 
to = (4-1), (186) 

The problem of the buckling of a ring in the direction 
perpendicular to its plane has also been solved.” 

Buckling of Circular Tubes——The theory of buckling 
developed above for a circular ring can also be used in the 
case of a long circular tube submitted to uniform external 
pressure. Consider an elementary ring cut out of the tube 


_ by two cross sections unit distance apart. The moment of 


inertia of the cross section of this ring is 


1-8 





where / denotes the thickness of the wall of the tube. Since 
the cross section of the ring will not be distorted during 
bending, 

E 


I= p 





must be used instead of E. Equation (185), for calculating 
the critical pressure, becomes 
Ek? 
Pe = G ARE (187) 





2 See author’s paper on the stability of elastic systems, Bulletin of 
the Polytechnical Institute in Kiev, 1910. French translation, Annales 
des Ponts et Chaussées, 1913. See also E. Hurlbrink, Schiffbau, Vol. 9, 
p. 640, 1907-1908; E. Chwalla and C. F. Kollbrunner, “Der Stahlbau,” 
1937 and 1938; and the recent book by A. N. Dinnik, “ Buckling of Bars,” 
Moscow, 1939. 

2 See E. L. Nicolai, Zeitschr. f. Angew. Math. u. Mech., Vol. 3, 
p. 227, 1923. See also author’s paper, Zeitschr. f. Angew. Math. u. 
Mech., Vol. 3, p. 358, 1923. 
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This equation may be used as long as the corresponding 
compressive stress in the tube is less than the proportional 
limit of the material. Beyond the elastic limit the true 
critical pressure will be less than that obtained from (187) and 
the following equation may be used: * 








h TY.P. 
Per = R Trp. R? (188) 
1+4 E W 


in which oy.p. denotes the yield point of the material in com- 
pression. As the thickness reduces, the critical pressure 


approaches the limiting value £/3/4R°, which is slightly less 
than that given by eq. (187) and in all cases its value is less 


than Acy.p./R, i.e., less than the pressure corresponding to the 
yield point.” 

The failure of tubes under uniform external pressure de- 
pends very much upon the various kinds of imperfections in 
them. The most important imperfection is an initial ellipti- 
city, the limiting value of which in each type of tube is usually 
well-known from numerous inspection measurements. Hence 
it seems desirable to have a design formula in which this ini- 
tial ellipticity appears explicitly. To derive such a formula * 
let us assume that the initial deviation of the shape of the 
tube from the perfect circular form, indicated by the dotted 
line in Fig. 137, is given by the equation: 


U1 = Uy COS 29, (a) 


in which zo is the maximum initial radial deviation, which is 
considered small in comparison with R, and ¢ is the central 
angle measured as shown in the figure. The initial shape of 





2 See R. V. Southwell, Phil. Mag., Vol. 29, p. 67, 1915. 

24 Experiments on the collapse of short tubes by external pressure 
are described by G. Cook, Phil. Mag., p. 51, 1914. For bibliography 
on the subject by the same author see Brit. Assoc. Rep. (Birmingham), 
1913. 

25 See writer’s paper, Trans. A. S. M. E., Journal of Applied Me- 
chanics, vol. 1, 1933, p. 173- 
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the tube is then represented by the full line in Fig. 137. If 
on such a non-circular tube an external pressure p is applied, 
a further flattening of the tube occurs. Denoting the radial 
displacements corresponding to the later flattening by u: and 
considering an elemental ring of unit width, we obtain from 


equation (95): 





au I 
Te +u = — y MR (2) 
where 
ER 
D= 12(1 — p’) 


is the flexural rigidity of the elemental ring. Regarding the 
bending moment M, we see that owing to pressure p, the de- 
crease in curvature occurs in the portions 4B and CD of the 
elemental ring, hence M is positive there, while in the remaining 
portions of the ring the moment is negative. At points 4, 
B, C and D the bending moment is zero, and the interaction 
between the parts of the elemental 
ting is given by forces S tangential 
to the dotted circle representing the 
ideal shape of the tube.?* This circle 
can be considered as a funicular curve 
for the external uniform pressure p. 
The compressive force along this 
curve remains constant and equal 
to S = pR. Thus the bending mo- 
ment at any cross section is obtained 
by multiplying S by the total radial deviation uı + ə at this 
cross section. Then 
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M = pR(u: + uo cos 29), (c) 
and equation (4) becomes 
d2 
TF + u= — DPR us + uo cos 2¢) 





26 The action of forces S on the portion 4B of the ring is shown ir. 
the figure. 
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or 
duz 


d'ua ( x)= IR 
de T” 1+ pp) = — FPR cos 2¢. 


The solution of this equation satisfying the conditions of 
continuity at the points 4, B, C, and D is 





uz = e D cos 29, (189) 
in which pe is given by formula (187). It is seen that at 
the points 4, B, C and D the displacement u: and its second 
derivative vanish. Hence the bending moments at these 
points are zero, as was previously assumed. The maximum 
bending moment occurs at g = o and ¢ = r where 





f R 
Minx = R( “oP. ) = 2 . 
pR | uo T pa —> -_ (190) 
Der 


It is seen that for small values of the ratio p/p., the change 
in the ellipticity of the tube due to pressure p can be neglected, 
and that the maximum bending moment is obtained by multi- 
- plying the compressive force $ = pR by the initial deviation 


uo. If the ratio p/p., is not small, the change in the initial 


ellipticity of the tube must be considered, and equation (190) 
must be used in calculating M max- ` 

The maximum compressive stress is now obtained by 
adding the maximum compressive stress due to bending 
moment Mmax to the stress produced by the compressive force 


pR. Thus we find: 





_ PR , 6pRuo a 
Omax ~“ h + k . p? (d) 


The dangerous value of the pressure p is that value at which 
the yielding of the material begins. Denoting this value by 
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pr.r. and substituting oy.p. for dmax, we obtain 


R 
ov, = PEER q SprirRuo 1 (e) 


I— PY.P. 
Per ` 
from which the value of the dangerous pressure py.p. can be 


calculated if oy.p. and initial deviation xo are known. By using 
the notations 





R 
z5” and PEN, (f) 


the equation (e) for calculating py.p. becomes 





p’y.p. — K + (1+ 6mn)pe | pr.r. + Dorper =o. (191) 
From this equation the curves can be plotted giving the 
average compressive stress py.p.R/h as a function of R/h for 
various values of the ratio uo/R and for various values of oy.p. 
By using such curves, together with a proper factor of safety, 
the suitable wall thickness of a pipe can be readily calculated. 
It should be noted that the pressure py.p. determined in this 
manner is smaller than the pressure at which the complete 
collapsing of the tube occurs; hence by using py.p. as the 
ultimate value of pressure, we are always on the safe side. 

In our preceding discussion it was assumed that the length 
of the tube / is large in comparison with its radius, say 
IIR > 20. For shorter tubes, if the edges are built-in or 
supported, the value of per is larger than that given by equa- 
tion (187) and depends on the ratio //R. The theory of 
buckling of such tubes is more complicated,” since the tube 
subdivides during buckling in several waves along the cir- 


cumference and the number of these waves depends on the 
ratio //R.8 


* For discussion of this problem see writer’s “Theory of Elastic 
Stability,” p. 445. 

28 Some curves for calculating critical pressures on short tubes are 
prepared by the Research Committee on the Strength of Vessels under 
External Pressure, A. S. M. E., December 1933. 
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The problem of the buckling of tubes closed at the ends 
and submitted to uniform pressure on both the ends and the 
sides ? has also been solved.*° 





Fic. 138. | Fic. 139. 


42. Buckling of Rectangular Platés.—The problem of 
buckling of compressed rectangular plates is of a practical im- 
portance in discussing elastic stability of compression mem- 
bers built up of plates such as we often encounter in steel 
structures, Fig. 138. A failure of such members may be 
brought about by buckling of the web or of the sides, instead 
of by buckling of the member as a whole. For example, in 
the cases shown in Fig. 138 such buckling of the plates as is 
indicated by the dotted lines may occur if the thickness of the 
plate is not satisfactorily chosen. Since the length of a 
compression member is usually large in comparison with the 
cross-sectional dimensions, the problem reduces to that of 
buckling of a long compressed plate, Fig. 139. The short 
sides of the plate can be considered as simply supported; 
the conditions along the other two sides depend on the shape 
of the cross section. For example, if a tubular section, shown 
in Fig. 138c, has a square form, and the side plates are all of 
the same thickness, they have the tendency to buckle simul- 
taneously, and each side can be considered as a compressed 
rectangular plate, all four sides of which are simply sup- 
ported. In the cases shown in Figs. 1384 and 138%, the 








29 We have such a condition in the investigation of the stability of 
the hull of a submarine between two reinforcing rings. 

30 See paper by R. v. Mises in Festschrift von Prof. A. Stodola, 
Zürich, 1929. 
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lower edges of the vertical webs are free and the upper are 
elastically built-in. 

Rigorous solutions of the buckling problem for various 
conditions along the longitudinal sides of a plate such as 
shown in Fig. 139 have been worked out.” We give here only 
the values of the critical stresses obtained from these solutions. 


Rectangular plate supported on four sides under uniform com- 
pression in the direction of the x axis (Fig. 139) buckles by sub- 
dividing into squares or rectangles which approximate squares. 

The critical value of the compressive stress is given by the 
equation: % 


Sor = Bse, (192) 
in which 
rE 
* = Tab =H’ (193) 


h is the thickness of the plate, 4 its width. 
mb \? 
B = (4 + z) (a) 


denotes a coefficient depending upon the magnitude of the ratio a/b 
and the integer m, the number of waves into which the plate divides 
in buckling. This later must be so chosen as to make $ a mini- 
mum. Several values of this coefficient are given in table 14. 





31 First experiments in which the question of buckling of the thin- 
walled structures was discussed were made by William Fairbairn and 
were described in his book, “Britannia and Conway Tubular Bridges,” 
London, 1849. 

32 See “Theory of Elastic Stability,” 1936. 

33 The solution of this problem is due to G. H. Bryan; see London 
Math. Soc. Proc., Vol. XXII, p. 54, 1891. Other cases of buckling of 
rectangular plates were considered by the writer. See author’s papers: 
(1) On the stability of compressed plates, Bull. of the Polyt. Inst. in 
Kiev, 1907; (2) Z. f. Mathematik und Physik, Vol. 58, 1910; (3) Der 
Eisenbau, Vol. 12, 1921; Proceedings Am. Soc. C. E., Vol. 55, 1929, 
p. 855. See also H. Reissner, Zentralbl. d. Bauverw. (Berlin), p. 93, 
1909. 

% It may be seen that this minimum is equal to 4 and occurs when 
a = mb, i.e., when the plates subdivide during buckling in squares. 
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TABLE 14.—CONSTANTS FOR CALCULATING CRITICAL COMPRESSIVE STRESS FOR 
SIMPLY SUPPORTED RECTANGULAR PLATES 

















alb = o4 0.6 0.8 1.0 1.2 1.4 1.6 
B= 8.41 5.14 4.20 4.00 4.13 4-47 4.20 
Oer = 22,800 14,000 11,400 10,900 11,200 12,100 11,400 

ajb = 1.8 2.0 2.2 2.4 2.7 3 
= 4.04 4.00 4.04 4.13 4.04 4.00 
Ter = 11,000 10,900 11,000 11,200 11,000 10,900 








For longer plates (a/b > 3)8 = 4 is always a good approxi- 
mation. The values of øse given in the above table are calculated 
on the assumption that E = 30 X 108 lbs. per sq. in., y = 0.3 and 
hlb = 0.01. The critical stress for any other value of the ratio /d 
can be obtained by multiplying the tabular values by 10*(/?/2*). 
To illustrate, consider a long steel plate having a yield point stress 
of 40,000 lbs. per sq. in.; suppose we wish to determine the value of 
the ratio ġ/4 at which the critical stress is equal to the yield point 
stress. Assuming 6 = 4 and using Table 14, 

2 


k . 
Ter = 10,900 X 104 z = 40,000 Ibs. per sq. in., 


from which 
4 
A 


For larger values of the ratio 4/h failure occurs by buckling at a 
compressive stress smaHer than the yield point of the material. 


= 52.2. (b) 


TABLE 15.—Constant Ê FOR CALCULATING CRITICAL COMPRESSIVE STRESS FOR A 
RECTANGULAR PLATE WITH THREE SUPPORTED EDGES 
AND THE Fourtu (y = $) FREE 








alb=]| os| 10] 12 | 14 | 16 | 18 | 20 | 25 | 3.0 | 40 | 50 








B = |440] 1.440] 1.135 | 0.952 | 0.835 | 0.755 | 0.698 | 0.610 | 0.564 | 0.516 | 0.506 





Under such condition the critical stress and not the yield point of 
the material must be taken as the basis for determining working 
stress. 

Three Sides of the Plate Supported and the Fourth Free. If one 
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of the longitudinal edges such as y = 4 (see Fig. 139) is free, the 
previous equation (192) can be used for calculating the critical 
values of the compressive stress, taking the values of the coefficient 
8 from the table 15. 

Two Opposite Sides Simply Supported, the Third Built-In, and 
the Fourth Free. The sides x = o, x = a in Fig. 139 are considered 
as simply supported and side y = oas built-in. The same equation 
(192) can be used. The values of the coefficient B are given in 
Table 16. 


TABLE 16.—Constant B FOR CALCULATING CRITICAL COMPRESSIVE STRESS FOR A 
RECTANGULAR PLATE with Two Opposire SIDES SIMPLY SUPPORTED, 
THE Taird BuiLt-IN, AND THE Fourtu (y = 4) Free 








| 
ajb= |1x0] 1.1] 1.2] 1.3 | 5.4] 1.5 11.6] 1.7] 1.8] 1.9] 2.0/2.2) 2.412.612.8| 3 





B= 1.701.56|1.47|1.41)1.36j1.341.33|1-33|1-34|1-3611.38|1.45|1.4711.41|1.36|1.34 





For larger values of the ratio a/b, a good approximation is 
B = 1.33. 

Two Opposite Sides Simply Supported and Other Two Built-In. 
The sides x = o and x = a are considered simply supported. The 
corresponding values of the coefficient $ in eq. (192) are given in 
the table below: 


TABLE 17.—CONSTANT 6 FoR CALCULATING CRITICAL COMPRESSIVE STRESS FOR A 
RECTANGULAR PLATE, Two Opposite Sipes or WHICH ARE 
SIMPLY SUPPORTED, AND Two Oruers Buitt-In 











alb= | 04105 | 06} 07 | 08 | og |] ro | 1.2 | 4] 1.6 | 1.8 | 27 





B= | 9.44 | 7.69 | 7.05 | 7.00 | 7.29 | 7.83 | 7.69 | 7.05 | 7.00 | 7.29 | 7-05 | 7.00 


Rectangular Plate Supported on 
Four Sides and Submitted to the 
Action of Shearing Stresses Uniformly 
Distributed along the Sides (Fig. 140). 
The critical value of the shearing 
stress which may produce buckling of 
the plate is 





Ter = Boe. (194) 





35 Such condition we have when the two opposite sides of the com- 
pressed member, shown in Fig. 138c, are very rigid dnd only the other 
two may buckle. 
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The values of the numerical coefficient 8 are given in the table 
below. 


TABLE 18.—Constant 8 ror CALCULATING CRITICAL STRESS FoR A RECTANGULAR 
PLATE SUPPORTED ON Four SIDES AND SUBMITTED TO 
THE Action or A UNIFORM SHEAR 














This table can be used in choosing the thickness of the web of a 
plate girder. Near the supports the shearing force is the most 
important factor. Therefore the part of the web between two 
stiffeners may be considered as a rectangular plate with supported 
edges, subjected only to the action of shearing stresses. For 
instance, if the distance between the stiffeners is 5 ft., E = 30 X 10° 
lbs. per sq. in. and u = 0.3, the following values of critical stress in 
lbs. per sq. in. are obtained for girders of thickness 4 and depth 4 by 
using the above table: *° 














TABLE 19 
b h = 3/8” h = 7/16" h= 1/2" h = 9/16" 
5 9,980 13,600 17,700 22,400 
7 7,730 10,500 13,700 17,400 
10" 6,990 9,510 12,400 15,700 





The necessary thickness of steel plates to be used in the built-up 
compression members whose sections are shown in Fig. 138 can be 
obtained from Tables 14-19. If the sides of the hollow section 
(Fig. 138, ¢) are considered to be long rectangular plates simply 
supported, the critical compressive stress is then 


re E ) 
Gor = 400 = Te (c 








36 More data regarding the buckling of the web and design of stiffeners 
are given in the writer’s papers, Proc. Am. Soc. C. E., Vol. 55 (1929), 
p- 855, “Engineering,” Vol. 138, p. 207, 1934. See also E. Chwalla, 
Reports Second Congress International Assoc. for Bridge and Structural 
Eng., Berlin, 1936; “ Der Stahlbau,” 1936, Heft, 21 and 22. 
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Taking, for instance, 4/4 = 0.01, we find 
Ter = 10,900 lbs. per sq. in. 


This stress is far below the proportional limit of structural steel. 
If the longitudinal edges of the same plate are assumed to be built in, 


we find 


Cer = Jde = h 10,900 = 19,100 lbs. per sq. in. 


In cases (a) and (4) (Fig. 138) the compressed vertical steel 
plates may be considered as long plates built-in 37 along the upper 
edge and free along the lower edge. The critical stress is therefore 


er = 1.330 = HT (a) 


Again the stability of the plate depends on the magnitude of the 
ratio 4/h. Assuming that the yield point of structural steel is 
30,000 Ibs. per sq. in., the value of 4/h which makes e. equal to 
this stress is, from (d), 


b BEZI 30 X 108 
A N12 X 30,000 x ogi 35- 


Consequently, if 4/h > 35, the critical stress becomes less than 
yield point of the material. This fact must be considered in 
choosing the magnitude of working stress. The stability of the 
plate can be increased by reinforcing the free edge of the plate. 

In all the above cases it was assumed that the critical stress is 
below the proportional limit. For stresses beyond the proportional 
limit our equations give exaggerated values of the critical stresses.** 





43. Buckling of Beams without Lateral Supports.—It is well 
known that, in the absence of lateral supports, I beams loaded in 
the plane of the web may prove to be insufficiently stable in a 
lateral direction. If the load is increased beyond a certain critical 
limit, such beams buckle sidewise, and further loading causes them 





37 This assumption gives an upper limit for the critical stress. The 
true critical stress will be somewhat lower, due to the fact that the fasten- 
ing of the upper edge is not absolutely rigid. 

38 This question is discussed in “Theory of Elastic Stability,” p. 384, 
1936. 
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to collapse. The energy method may be used to determine this 
limit. 

As an illustration consider a beam 4B (Fig. 141) of narrow 
rectangular cross section with a central concentrated load P acting 
in the longitudinal vertical plane of symmetry. If this force is 

















Fic. 141. 


small, the deflection of the beam is in the vertical plane only and this 
plane form of bending is a stable one. If the beam is deflected 
sidewise by a lateral force, this deflection disappears with the 
removal of the force and the beam returns to its initial form. If P 
is increased, a limiting value is reached at which the plane form of 
bending becomes unstable. The beam then buckles sidewise and 
large lateral deflections may occur with a very small increase of the 
load. This limiting value of P is called the critical load. It is 
determined by considering the potential energy of the system. Any 
lateral deflection of the beam is accompanied by an increase of the 
strain energy. Since after a small lateral buckling we have not 
only the strain energy of bending in the vertical plane, which may be 
considered unchanged, but also strain energy of bending in the 
lateral direction and strain energy of twist. At the same time, the 
potential energy of the load diminishes, because sidewise buckling 


39 The collapse of girders as a consequence of sidewise buckling is 
illustrated by the bridge disaster near Tarbes, France. See La Revue 
Technique, November 15, 1897. The lateral buckling of beams of a 
narrow rectangular cross section was discussed by L. Prandtl, Disserta- 
tion, Niirnberg, 1899, and A. G. M. Michell, Phil. Mag., Vol. 48, 1899. 
Buckling of I beams was discussed by the writer; see Bulletin of the 
Polytechnical Institute, St. Petersburg, Vols. 4 and 5, 1905, 1906. See 
also Annales des Ponts et Chaussées, 1913, and Transactions Amer. Soc. 
C. E., Vol. 87 (1924), p. 1247. The practical application of the theory 
is discussed by E. Chwalla, “Die Kipp-Stabilitat gerader Trager mit 
doppelt-symmetrischem I-Querschnitt,” Berlin, 1939. 
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is accompanied by a lowering of its point of application. Let Ui 
denote this decrease in the potential energy of the load, U the strain 
energy due to bending in the lateral direction, and Uz that due to 
twist. Then the critical load is determined by eq. (175) (p. 200), 
which becomes 

U+ U,= Uy. (a) 


We must now calculate the quantities entering into this equation. 
The bending moment in the vertical plane at any cross section a dis- 
tance x from the left support (see Fig. 141) is Px/2. In calculating 
sidewise buckling, the bending moment with respect to the zı axis 
(Fig. 141, c) must be considered. This moment is equal to (Px/2)¢, 
in which ¢ denotes the small angle of twist, variable along the 
length of the beam. Then for small lateral deflection *#° we have 
the following differential equation: 


ElL: 75 = - = ¢. (b) 


The corresponding strain energy of bending is 


if dy p? l 
U = Er, f (2) dx = art Leds. (c) 


The strain energy of twist is (see eq. 210, Part I) 


U: = cf (By a (a) 


in which the torsional rigidity C for a rectangular cross section is 
obtained from eq. (156), Part I. 

Let us consider now the lowering of the point of application of 
the load P due to the lateral deflection. Take two symmetrically 
situated elements dx of the beam (Fig. 141, and c) and consider the 
effect of the bending in the plane xy, of these two elements only. 
The angular deflection due to this bending is equal to — (d?y/dx?)dx. 
As this bending occurs in the plane xy, inclined at an angle ¢ to the 
horizontal (Fig. 141, ¢), it causes a lowering of the load P equal to 
— xo(d*y/dx?)dx.. The total lowering of P due to such bending of 
all the elements of the beam in buckling is therefore 


l Ey 
ô= — xe Ta 
Í e dx? dx, 
4° Tn this case it is legitimate to take d?y/dx? for the curvature instead 
of dy/dx? 
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or, using eq. (4), 
P. : 2 2d: 
ô= Al x edx. 
Hence 
P 7 2 
u= P= ser f xLedx. (e) 


Substituting (c), (d) and (e) in eq. (a), we find 


l 2 
Si . f) 
f we edx 
0 


By taking for the angle of twist y a suitably chosen function of x to 
satisfy the end conditions we obtain an approximate value of the 
critical load from eq. (f). Assume, for instance, that 


Pe = 





. 
g=asingy: (2) 


This function is zero at the ends of the beam, where the angle of 
twist is zero, and is a maximum at the middle (x = J). Substituting 
(g) in eq. (f), we find *# 
_ 17.2VCEI, 
nn?) (195) 


The critical value of the load thus depends upon the product of the 
torsional and lateral flexural rigidities of the beam. 

It was assumed that the load P is applied at the centroid of the 
middle cross section of the beam. If the point of application is at a 
distance a above the centroid, the right side of eq. (195) must be 
multiplied by [1 — 1.74(¢/2/) VEL,/C].” 

If the load is uniformly distributed along the central axis of the 
beam (Fig. 141), its critical value is 


8. CEL, 
(29) er = DE (196) 


For a cantilever of length / loaded at the center of the free end, the 








41 A more detailed investigation shows that the error of this approxi- 
mate solution is about 14 per cent. Hence eq. (195) is accurate enough 
for applications. 

4 See writer’s paper in Annales des Ponts et Chaussées, 1913. See 
also “Theory of Elastic Stability,” p. 254, 1936. 
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critical load is 


oIVCEI, 
Por = tr ° (197) 


In the case of an I beam, the equations for the critical loads have 
the form obtained above for a beam of narrow rectangular cross 
section except that the numerical factor in the numerator on the 
right side is not a constant but depends upon the magnitude of the 


expression: 43 
C fay 
T EL (3) ' #) 


For instance, if an I beam is supported as shown in Fig. 141 and 
uniformly loaded along the central axis of the beam, the critical 
value of the total distributed load is 


E z 
(qDe = oe . (198) 





Q 


The magnitudes of the coefficient £ for various values of the ratio æ 
are given in the table. 


TABLE 20.—CriticaL STRESSES, IN TERMS OF THE CONSTANT @, FOR y = 0.000! 
AND E = 30,000,000 Las. per Sq. In., Untrorm Loap 
(STRESSES IN Pounps PER SQUARE Incn) 





























a= oI | I 2 4 6 8 12 
B= 143.0 53.0 42.6 36.3 33-8 32.6 31.5 
Cor = 8,520 9,950 11,300 13,600 15,600 17,300 20,300 
Corl = 5,510 6,810 8,070 10,300 12,200 13,800 16,800 
Cer! = 13,200 14,500 15,800 18,000 20,000 21,500 24,500 
a= 16 20 32 50 70 go 100 
B= 30.5 30.1 29.4 29.0 28.8 28.6 28.6 
Cer = 23,000 25,200 31,200 38,600 45,300 51,000 53,700 
Cor = 19,400 21,600 27,600 35,000 41,600 47,400 50,000 
Cer’ = 27,200 29,400 35,300 42,600 49,200 55,100 57,600 

















It will be seen that as a increases the constant 8 approaches the 
magnitude given before for a beam of rectangular cross section. In 
the third line of the table the magnitudes of the corresponding 





8 Torsional rigidity C of I-beams is discussed in art. §1, p. 275. 
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values of the critical bending stresses are given, calculated on the 
assumption that the quantity 


Y=7 (3) = 0.0001. (k) 


Here J,/J, is the ratio of lateral and vertical flexural rigidities, and 
h/2/ is the ratio of the depth of the beam to its span. For any other 
proportions of the beam the critical stresses are obtained by multi- 
plying the figures of the third line by the number toy. 

The fourth and the fifth lines of this table give the critical stress 
when the load is applied to the upper or to the lower flange of the 
beam respectively. All calculations are made assuming perfect 
elasticity of the material. Consider as an example a structural 
beam of the following dimensions: 


Length 2/ = 20 ft. 
Depth 4 = 24 in. 
Flange width 4 = 7 in. 


2,087 lb. X sq. in. 
42.7E lb. X sq. in. 


Principal rigidity ET, 
Principal rigidity EZ, 


Thickness of web ô = 0.5 in. 
Mean thickness of flanges ô = 3(0.60 + 1.14) = 0.87 in. 
Area of section 4 = 23.3 sq. in. 


Using eq. (256), p. 275, 
C = G(2b8 + 1h8,8) = 4.076. 
Then, from eq. (4), assuming E = 2.6G, 


a = 3.67, 
and from eq. (k), 
— — 47-7 —6 
Y = 9,087 X 100 205 X To". 
Table 20 gives, by interpolation, for a = 3.67, 
Ger = 11,300 + 4(13,600 — 11,300)1.67 = 13,200 lbs. per sq. in. 


This is the critical stress for y = 0.0001. The critical stress in 
the example considered will be 13,200 X y X 10* = 26,900 lbs. per 





“4 For more detailed investigation of this subject, see the writer’s 
paper, Trans. Amer. Soc. C. E., Vol. 87, 1924, p. 1247, and “Theory of 
Elastic Stability,” Chapter 5. See also E. Chwalla, “ Die Kipp-Stabilitat 
gerader Trager,” Berlin, 1939. 
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sq. in. The load corresponding to this stress must be considered as 
the ultimate for the beam. This numerical result shows that side- 
wise buckling may occur at stresses far less than the ultimate stress 
of the material under direct compression and even less than the 
elastic limit. This fact must be considered and the critical stress 
instead of yield point must be taken as the basis for determina- 
tion of working stresses. For instance, with a factor of safety of 3, 
the working stress will be equal to 26,900/3 = 8,970 lbs. per sq. in. 


CHAPTER V 
DEFORMATIONS SYMMETRICAL ABOUT AXIS 


44. Thick Walled Cylinder.—If a circular cylinder of con- 
stant wall thickness is submitted to the action of uniformly 
distributed internal and external pressures, the deformation 
produced is symmetrical about the axis of the cylinder and 
does not change alongitslength. In the following we consider 
a ring cut from the cylinder by two planes perpendicular to 
its axis a unit distance apart (Fig. 142). From the condition 
of symmetry, there are no shearing stresses on the sides of 
an element of this ring, such as mnm,n, (Fig. 142) which is 
bounded by two axial planes and two concentric cylindrical 
surfaces. Let øe, denote the normal hoop stress acting on 
the sides mm, and nm, of the element, and e, the normal 
radial stress on the side mn. This stress varies with the 
radius r and changes by an amount (de,/dr)dr in the distance 
dr. The normal radial stress on the side m7 is consequently 


o, + are dr. 





Summing up the forces on the element in the direction of 
the bisector of the angle dy gives us the following equation 
of equilibrium: ! 


ordo + odrde — (o + dr dr ) (r + dr)de =0, (a) 
or, neglecting small quantities of higher order, 


Ti — o, — r&r =o. (5) 





This equation contains two unknowns, the stresses o; and or. 
The second equation necessary for the determination of these 
quantities is obtained from a consideration of the deformation 





1 The weight of the element is neglected here. 
236 





DEFORMATIONS SYMMETRICAL ABOUT AXIS 237 


of the cylinder. The deformation is symmetrical with re- 
spect to the axis and consists of a radial displacement of all 
points in the wall of the cylinder. This displacement is 
constant in the circumferential direction but varies along the 
radius, i.e., it is a func- 
tion of the radius. If 
u denotes the displace- 
ment of a cylindrical 
surface of radius 7, 
then the displacement 
for a surface of radius 


r+dris 


d6, 
Vay 





du 
u + P Fic. 142. 
Hence an element such as mamn undergoes a total elonga- 


tion in the radial direction of (du/dr)dr, and the unit elonga- 
tion in the radial direction is therefore 


& = (c) 


The unit elongation of the same element in the tangential 


direction is equal to the unit elongation of the corresponding 
radius, i.e., 


€& = 


218 


(d) 


From eqs. (38), p. §2, Part I, the expressions for the stresses in 
terms of the strains are 





1—we\ adr BY 


__£E u- du 
a= =a (#+«$)- 


The normal stresses ø, and e; are evidently not independent, 
as they can be expressed in terms of one function u. By 


Or = 


E du £) 
(199) 
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substituting expressions (19g) into eq. (4), we obtain the fol- 
lowing equation for determining u: 


du idu u 


hd Tri pO (e) 





The general solution of this equation is 
C. 
u= Cr+, (f) 


which can be verified by substitution. The constants C, and 
Cz are determined from the conditions at the inner and outer 
surfaces of the cylinder where the pressures, i.e., the normal 
stresses o;, are known. Substituting (f) into eqs. (199), we 
obtain 


I 








I 


o, [aa +a- at], (h) 


[aa +0) + 54 | (K) 


I — p re 








Ot I p 
If p; and po denote the internal and external pressures respec- 
tively, the conditions at the outer and inner surfaces of the 
cylinder are 


(Or) nab = — Po and (+) rma = — Pi (2) 
The sign on the right side of each equation is negative because 
normal stress is taken as positive for tension. Substitution 


of expression (A) for o, in eqs. (/) gives two equations for 
determining the constants C, and Cz, from which 








I — pap; — Pp T+u@i(p; — 
E fog > Q=- Bog (m) 


With these values for the constants in eqs. (4) and (k) the 
general expressions for the normal stresses o, and o; become ? 


Ci = 





* This solution appeared first in the paper by Lamé and Clapeyron, 
“Mémoire sur l’équilibre intérieur des corps solides homogènes,” Mé- 
moires présentés par divers savans, Vol. 4, 1833. 
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_ @pi— Fp (pi — DEPP 








= PTP rP — a) ? 
o = Sb = Hoe | (Bi — pee (200) 
t BB g ro — a) ` 


It is interesting to note that the sum of these two stresses 
remains constant, so that the deformation of all elements in 
the direction of the axis of the cylinder is the same, and cross 
sections of the cylinder remain plane after deformation. 

Let us consider the particular case po = o, i.e., the cyl- 
inder is submitted to internal pressure only. Then eqs. (200) 


become 
api %2 
"= a(i - in), (201) 
a i %2 
a RW Pp E +5) (202) 


These equations show that ø, is always a compressive stress 
and ø; a tensile stress. The latter is maximum at the inner 
surface of the cylinder, where 


i 2 %2 
(si) max 7 pile + 2) . (203) 


(¢1) max is always numerically greater than the internal pres- 
sure and approaches this quantity as 4 increases. The min- 
imum value of ø, is at the outer surface of the cylinder. The 
ratio 





(a1) max — a? + oe 


(o t) min 2a? 


increases with increase in the thickness of the wall of the 
cylinder. For a comparatively small thickness there is not 
a great difference between the maximum and minimum values 
ofc; Taking, for instance, $ = 1.14, (01) max exceeds (@2) min 
by only 103 per cent. We should then make no very great 
error if we assume the tensile stresses ø; uniformly distributed 
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over the thickness of the wall and use the equation: 


_ pia 


O = 
t b—-a’ 


which coincides with equation on page 162 given for thin cyl- 
inders. The shearing stress is maximum at the inner surface 
of the cylinder where 


rman Oo A 42h). Pr 


2 Pa pa 





When only an external pressure acts on the cylinder, p: = 9, 


and eqs. (200) give 


pe a 
o=- TUT P) (204) 
Dob? 2 
Oo, = TREE I + . (205) 
In this case o, and s; are both compressive stresses and a; is 


always numerically greater than oy. The maximum com- 
pressive stress is at the inner surface of the cylinder, where 





2p? 
Coa = — Fe (206) 





It is interesting to note that as the ratio b/a of the radi of 
the cylinder is increased, this maximum compressive stress 
approaches twice the value of the external pressure acting on 
the cylinder, namely, — 2Do. 

Let us consider now the deformation of the cylinder. Sub- 
stituting expressions (m) for the arbitrary constants in eq. 


(f), we find 


I- ap, — & 1 + u lpi — ) 
“= pt er + E Bear (207) 








This gives the radial displacement of any point in the wall of 
the cylinder. In the particular case of a cylinder submitted 
to internal pressure only, po = ©, and the radial displacement 


Pa (x) ‘ 
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at the inner surface, from eq. (207), is 





api È + E 
(u)r = T Poe + n) . (208) 
When the cylinder is submitted to external pressure only, 
pi = o, and the radial displacement at the outer surface is 


b 2 + 
(u) = — o oiT n) : (209) 


The minus sign indicates that the displacement is towards 
the axis of the cylinder. 

45. Stresses Produced by Shrink Fits.—If it is necessary 
to produce contact pressure between a hub and a shaft or 
between two rings mounted one inside the other, it is usual 
practice to make the inner radius of the outer part smaller 
than the outer radius of the inner part and to assemble the 
structure after a preliminary heating of the outer part. After 
cooling, a contact pressure between the two parts is produced, 
which is called the shrink-fit pressure. The magnitude of this 
pressure and the stresses produced by it can easily be calcu- 
lated with the equations of the previous article. Assume, 
for instance, that the external radius of the inner cylinder in 
an unstressed condition is larger than the internal radius of 
the outer cylinder (Fig. 143) by the amount 6. Then, after 
assembly, a pressure p is produced between the cylinders; its 





magnitude is found from the condition that the increase in 
the inner radius of the outer cylinder plus the decrease in 


242 STRENGTH OF MATERIALS 


the outer radius of the inner cylinder, produced by p, must 
be equal tod. Hence, from eqs. (208) and (209), 


bp (Be bp (BAR )- 





from which 





{210) 


Es (P — aA (e — 2) 
2= 7 ' 


P(e — a) 


Equations (201) and (202) then give the stresses in the outer 
cylinder and eqs. (204) and (205) the stresses in the inner 
cylinder. Usually the stresses to be considered in design are 
those at the inner surface of the outer cylinder. These 
stresses are 


_ pe +2) 


o fe or = — p. 
t ZH’ r P? 


The maximum shearing stress at this surface is (see eq. 7, 


p- 240) y 
pe 


t MAX = c — B 


or, substituting expression (210) for p, 


Esel — a?) 
Tmax 7 EGET (211) 


In the particular case of a solid shaft and a hub we have a = o, 
from which 


p=- e-e, (212) 


ES 
Tmax — Ob > (213) 


i.e., the maximum shearing stress is the same 
as in a simple tie rod which undergoes a unit 
elongation equal to 6/. 

The above discussion assumed that both 
cylinders have the same length. In dealing with a hub anda 
shaft (Fig. 144) the projecting portions of the shaft resist com- 





Fic. 144. 
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pression which results in an increased pressure near the faces 
of the hub as indicated by the shaded areas.’ 

If a built-up cylinder, such as represented in Fig. 143, is 
subjected to internal pressure, the stresses produced by this 
pressure are the same as in a cylinder with a solid wall of the 
thickness c — a. These stresses are superposed on the shrink 
fit stresses. The shrink fit produces a tangential compressive 
stress at the inner surface of the cylinder which reduces the 
maximum tangential tensile stress at this point produced by 
the internal pressure so that a more favorable stress distribu- 
tion may be obtained than in the case of a solid tube (see 
problem 2, p. 244). This is one reason why cylinders built 
up of several tubes are used in cases of very high internal 
pressures, such as are found in guns. 

A distribution of initial stresses analogous to those de- 
scribed above in the case of built-up cylinders can also be 
obtained in a solid tube by applying a high internal pressure 
sufficient to produce permanent set in the inner part of the 
tube. After removing this internal pressure some stresses 
remain in the tube due to the permanent set, so that the 
inner part is then in a state of compression, and the outer in 
a state of tension.! 


Problems 


1. Determine the tangential stresses at the inner and outer 
surfaces and at the middle thickness of the wall of a cylinder with 
inner radius 4 in. and outer radius 8 in. submitted to an internal 
pressure p; = 30,000 lbs. per sq. in. 

Answer. From eq. (202): (o:)r-4 = 50,000 lbs. per sq. in.; 
(0i) = 27,500 lbs. per sq. in.; (e) = 20,000 Ibs. per sq. in. 





3 An experimental investigation of shrink fit stresses is given in a 
paper by A. Huggenberger, Technische Blatter, Schweiz. Lokomotiv. 
und Maschinenfabrik, Winterthur, 1926. A further discussion of shrink 
fit stresses see in the paper by W. Janicki, “Schweiz. Bauz.,” Vol. 88, 
P. 93, 1926 and Vol. 90, p. 127, 1927. See also papers by J. W. Baugher, 
Trans. A. S. M. E., Vol. 52, 1930, and O. J. Horger and C. W. Nelson, 

Journal of Appl. Mech.,” Vol. 4, p. 183, 1937 and Vol. 5, p. 32,.1938. 

4 A further discussion of this question see in art. 71. 
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2. Determine the stresses in a built-up steel cylinder (Fig. 143) 
submitted to an internal pressure pi = 30,000 lbs. per sq. in. if 
a = 4in; b = Gin; c = 8 in; and the shrinkage 6 = 0.005 in. 

Solution. Determine first the initial stresses in the cylinder due 
to shrinkage. From eq. (210) 


_ 30 X 10° X 0.005(6 — 4?)(8? — 6) 
E 6 X 2 X 6(8? — 4’) 
The tangential stresses produced by this pressure in the inner, 
cylinder, from eq. (205), are 


= 4,050 lbs. per sq. in. 








2p% 2X 4,050 X & , 
(o)ra = — Roe pg = — 14,600 lbs. per sq. in., 
B 2 
(on) r=” = wee = — 10,500 lbs. per sq. in. 


The stresses for the outer cylinder, from eq. (202), are 


pte) 4.05006 + 8) 
(o2) 6"? = Cn B = 82 — 6 
2p _ 4o50 X 2X 6 


(omen =a 8—6 


= 14,500 lbs. per sq. in., 





= 10,400 lbs. per sq. in.; 


the distribution of initial stresses e; over the thickness of the wall is 
shown in Fig. 143 (Ż) by the dotted lines mu and mmm. The stresses 
produced by the internal pressure are the same as in the previous 
problem and are represented in the figure by the dotted line ss. 
Superposition of the two stress distributions gives the distribution 
represented by the shaded area. It may be seen that, due to 
assembly stresses, the maximum stress when the cylinder is sub- 
mitted to internal pressure is reduced from 50,000 to 42,000 Ibs. 
per sq. in. 

3. Referring to Fig. 143 find the shrink fit stresses e: atr = 6 in. 
andr = roin. ifa=4in,5=8in,c=12in. Usea shrinkage 
factor ô/b = 0.001, and take E = 30.108 lbs. per sq. in. 

Answer. 

(Ti) = — 13,500 lbs. per sq. in. 
(o) = 13,750 lbs. per sq. in. 


4. For the hub and shaft in Fig. 144 find the uniform pressure 
p if the radius of the shaft is 6 in., and the outer radius of the hub 
is 12in. The initial difference in diameters between hub and shaft 


is 0.012 in. Take E = 30.108 lbs. per sq. in. 
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46. Rotating Disc of Uniform Thickness.—When a 
circular disc rotates about the axis of symmetry perpendicular 
to the disc the inertia forces set up stresses which become 
considerable at high speeds. These stresses are distributed 
symmetrically with respect to the axis of rotation and may 
be calculated by the method indicated in article 44. It is 
assumed that the stresses do not vary over the thickness of 
the disc and this thickness is taken equal to unity. The 
equation of equilibrium of an element such as mnm4n, in 
Fig. 142 is derived by adding to the forces which were con- 
sidered in article 44 the inertia force acting on the element 


y or? 





drdð. (a) 


Here y is the weight per unit volume and w the angular 
velocity of the disc. The remaining notation is the same as 
in article 44. The equation of equilibrium is now 








_ do, yar? 
or Or dpr — z = Q. () 


By substituting for the stresses their expressions as functions 
of the displacement u (eqs. 199, p. 238), we obtain the follow- 
ing equation: 


au 1 du u yar 
ge T zg pt — p’) cE = 0. (214) 








The general solution of this equation is obtained by adding 
any particular solution of it to the solution of the corre- 
sponding homogeneous equation (see eq. 238). S 

particular solution is 1 A p. 238). Such a 


u= G u Wer, 
(I B?) gE 8 
Then, using the notation 
-a — u 
N (1 p’) gE > (c) 
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the general solution of eq. (214) is 
3 
u=- N +0r+®, (d) 


in which, as before, Cı and C are constants which must be 
determined in such a way as to satisfy the conditions at the 
edges of the disc. For a disc with a hole at the center (Fig. 
142) and with no forces acting on its edges, these conditions 
are 


(Fr)raa = O; (cr) = O. (e) 


The general expression for o, is obtained by substituting ex- 
pression (d) into the first of eqs. (199) (p. 238) which gives 


E l — EE Neta) GAG | (A 





Cr = 
r I—p 


When r = a, r = 4, this must be zero, as stated in eqs. (e). 
Making this substitution, we obtain the following equations 
for calculating Ci and G: 


I 
~3T ye 4+ Wa-( aQ o, 
8 ° (g) 
I 
35+ ne +a +a hp o 


from which 


3+u . 23 t# 2N, h) 
Omg TANs Gm gra gin | 


The general expression for u is obtained when these values 
are put into eq. (d). Substituting this expression for u into 
eqs. (199) (p. 238), we find: 


252 
n-en (eter E) (215) 
+ ; 1 + 3u a): 
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Replace N by its value (eq. c) and let 
5a; J=x; boxe, (k) 


Equations (215) and (216) then become 


yu? + 2 
E +a), (217) 
_Ygte _it34,,@ 
n= (+e pete +S). (218) 


It will be seen that the radial stress e, becomes zero at the 
edges, where x = I or x = a, and that it is positive for other 
values of x and becomes maximum at the points 


n= a= ff, 


Le, where 
r= Vab, (1) 
with this value for r, eq. (217) gives 
23 + 
(67) max = Ti (1 — a). (219) 


The tangential stress ø; is maximum at the inner edge of the 
disc, where x = a. From eq. (218) we then obtain 


(o1)max = g 4 I Tyee (220) 


It can be seen that (0:)max is always larger than (o;) max. 
In Fig. 145 the values of the parentheses of eqs. (217) and 
(218) are plotted as ordinates for values of x as abscissas; 
the full lines represent the case a = 4, i.e., the inner radius 
is one fourth the outer radius. The dotted lines represent 
the values of the parenthesis of eq. (218) for other values of a. 
Equation (220) shows that the stress (¢;)max at the inner edge 
varies with æ according to a parabolic law. This is shown by 
the curve mm in Fig. 145. 
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It is interesting to note that when the inner radius is 

very small, i.e., æ approaches zero, there is a very sharp 

change in the stress o, near 

ds rae the hole. This 4s shown by 
the curve mpgq, for which 


y? 3 te . (221) 
&§ 4 

For the other extreme case, 
when the inner radius ap- 
proaches the outer radius of 
the disc, œ approaches unity, 
and eq. (220) becomes 


(si) max — 





ye 

Fie. 145. (oi) max = gZ ` 

This coincides with eq. (15), Part I, which was obtained for a 

thin rotating ring. It will be seen that, in the case of the disc 

with a hole at the center, the maximum stress does not change 

very much with the radius of the hole; the value for a very 

thin ring is only about 20 per cent higher than that for a 
very small hole. 

In the case of a solid disc u = o for r = 0; hence the 
constant Cz in the general solution (d) must be taken equal 
to zero. The constant Cı is found from the condition that 
c, = o at the outer edge of the disc. Then, from the second 
of eqs. (g), 

C = 3 tue 

8(1 +u) 
This value of Cı, and zero for Cz, are introduced into the 
general expression for the displacement u (eq. d) which is then 
substituted into eqs. (199) (p. 238). In this way we obtain 





NB. (m) 


WZFE ye 
= Eg (1 — x”), (222) 
ye 3 + H( _ 1+ 3H ) 
oe “3 (1 pre M Lh, (223) 
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where, as before, x = 7/2. Both stresses are always positive 
and increase with decrease of x, i.e, as we approach the 
center. At the center x = o and 


3+ 
oe (224) 





(Ti) max = (G+) max = 


Comparing this with eq. (221), we see that, due to stress 
concentration, the stress at the edge of a small central hole 
is twice as great as that at the center of a solid disc. The 
variation of the stress e: along the radius of a solid disc is 
represented in Fig. 145 by the dotted line p194. 

The equations derived above for rotating discs are some- 
times used also for comparatively long cylinders,’ for instance 
for rotors of electric machines. In large machines the per- 
ipheral velocities are very large. The above discussion shows 
that the stresses produced by inertia forces are proportional 
to the square of the peripheral velocity and are therefore of 
primary importance in such cases. Hence, for a material of a 
given strength and for a given angular velocity of the rotor, 
there is a definite limit to the diameter of the rotor beyond 
which it is dangerous to go. In discussing working stresses 
for such rotors it is important to note that very large forgings 
are likely to have defects in the material at the center, which is 
exactly the place of maximum stress produced by inertia 
forces. To eliminate uncertainties it is a usual practice now to 
bore a central hole along the axis of the rotor. Although the 
maximum stress is doubled, due to the presence of the hole, 
this is compensated for by the possibility of investigating the 
soundness of the material inside the forging. It is also usual 
to run the rotor at a certain overspeed ê during the pre- 
liminary tests, so that the stresses around the hole may exceed 
the yield point. After stopping the rotor, the stresses will 
not disappear completely, due to a permanent set of the mate- 
rial at the hole. The inner portion of metal, which has 





Stress distribution in thick discs is discussed in “Theory of Elas- 
ticity,” p. 319. 
è In electric machines usually 20 per cent above service speed. 
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yielded, is compressed by the outer, and the outer is kept 
in tension by the inner.” The conditions are similar to those 
in a thick cylinder, overstressed by internal pressure (p. 243)+ 
The residual stress, produced at the hole by overstressing, is 
opposite in sign to that produced by inertia forces; hence 
overstressing produces a favorable effect on the final distri- 
bution of stresses in the rotor.® 

It is important to note also that the equations for stresses 
obtained above (see eqs. 217, 218) contain besides v only 
ratios such as a and x; hence for a given material and periph- 
eral velocity, the stresses are equal in similarly situated points 
of geometrically similar rotors. This may simplify the calcu- 
lations of stresses in geometrically similar discs. It is also 
used in establishing the strength of large discs from tests on 
models. 


In the previous discussion it was assumed that the edges of the 
discs are free from external forces. If there are tensile or com- 
pressive forces uniformly distributed around the edges of the disc, 
the stresses due to them are found by using the theory of thick 
cylinders (article 44). These stresses (see eqs. 200) can be repre- 
sented in the following form: 


(n) 


in which & and z are constants depending upon the dimensions of 
the disc and the magnitude of the external forces acting at the 
edges. Stresses (7) are to be superposed upon the stresses (217) 
and (218) and the total stresses may then be represented in the 





7 This question is discussed by C. Honegger, Brown Bowery C. 
Mitteilungen, November, 1919. 

8 Residual stresses in rotating discs dué to yielding of metal were 
investigated by A. Nadai and L. H. Donnell; see Trans. Amer. Soc. Mech. 
Engrs., Applied Mechanics Division, 1928. See also H. Hencky, 
Zeitschr. f. Angew. Math. u. Mech., Vol. 4, 1924, p. 331, and F. Laszlo, 
Zeitschr. f. Angew. Math. u. Mech., Vol. 5, 1925, p. 281. 
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following form: 


B 
Or = A + z — Biw*r?, 





22 
a= A- È Bott oes) 
t z > 
in which 
-Y3Tte, _ vit 3e 
A=, 8 p B= 8g 3 (226) 


and 4 and B are constants of integration which may be calculated 
in each particular case by using eqs. (200), (217), (218). With the 
notation: 

s = o + Bor, 


` t= o, + Bor (227) 


and 


w = 5> (228) 
eqs. (225) become 


s = A + Bw; t= A — Bw. (229) 
If s and ¢ are known for any point of the disc, their magnitudes for 
any other point can easily be obtained by using the following 
graphical method.” Let sı and 4 denote the magnitudes of s and ¢ 
for the point where w = w (see Fig. 146). Then the magnitudes se 
and f of s and ¢ for any other point where w = wz are obtained 
from the intersection of the vertical 
line through w with the straight 
lines sisq and ff, which have their 
point of intersection on the vertical 
axis of the coordinates (w = o) and 
are equally inclined to this axis. 
These lines represent equations 
(229) graphically. They have the 
common ordinate 4 on the axis 
w = o, and have equal and opposite 
slopes (+ B). This graphical construction is very useful in cal- 


culating stresses in rotating discs of variable thickness as we shall 
see later. 






152 


4 
i 
t 
1 
| 
{ 
i 
! 


t 
4 
o w, A 





Fic. 146. 





_ °This method was developed by R. Grammel, Dinglers Polytech- 
nical Journal, Vol. 338, 1923, p. 217. 
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Problems 


1. Determine the stresses due to centrifugal forces in a rotor 
with 26” outer radius and 4” radius of inner hole. The outer 
portion of the rotor is cut by slots 10” deep, which take the windings 
(Fig. 147). The rotor is of steel and makes 1,800 revolutions per 
minute. The weight of the windings in the slots is the same as that 
of the material removed. 

Solution. Because of the radial slots, the part of rotor between 
the outer and the 16 inch radii can support no tensile hoop stresses. 
The centrifugal force due to this rotating ring is transmitted as a 
radial tensile stress across the surface of the 
cylinder of 16 inch radius. The magnitude 


of this stress is 
I 7= 26 y I ya? 
= — ~ —_ I 
Po 2T X 16 r=16 g” raV pais x 16 Z 
26 2 168 
anf rdr = yer re ’ 
16 g 6 





with y = 0.284 lb. per cubic inch, g = 32.2 
X 12 inch sec.; this gives 





Fic. 147. Po = 75334 lbs. per sq. in. 


The maximum tangential stress at the inner edge produced by the 
tensile stress po is, from eq. (206), 


2X 16? . 
of = 7,334 X yT 15,700 lbs. per sq. in. 


The maximum tangential stress at the same edge due to the mass 
between the 16 inch and 4 inch radii, calculated as for a rotating 
disc (eq. 220), is e:” = 5,580 lbs. per sq. in. The total maximum 
circumferential stress at the inner edge is then (¢)max = of + o” 
= 16,700 + 5,580 = 21,300 Ibs. per sq. in. 

2. A steel ring is shrunk on a cast iron disc (Fig. 143). Deter- 
mine the change in the shrink fit pressure produced by inertia forces 
at 3,600 r.p.m., if a = 1”, b = 5”, ¢ = 10”, Es = 30 X 108 lbs. per 
sq. in., Ee.. = 16 X 108 lbs. per sq. in., ys = 0.284 lb. per cubic in., 
Ye.¢, = 0.260 lb. per cubic in. ` 

Solution. Let po be the increase in pressure between the ring 
and the disc. The arbitrary constants in eq. (/) for the outer ring 
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are determined by the equations; 








E 3TA 
5- P Net GDG- U- Dah- o, 
5- 8 NP + (+a) - naz |= — Po 


When we apply eq. (f) to the inner disc, for which the arbitrary 
constants are denoted by C’ and Cx and N’ is the constant defined 
by eq. (c), we obtain the equations for determining C’ and Cy’; 











E 344, 
r NEGD = = WCF | = -po 

E 3 +H ay () 
i =,| - 8 Na+ + wc’ -—G -9&3 | =o 


From equations (p) and (7), the four constants Ci, Co, Cy’ and Cy can 
be found as functions of po. The magnitude of po is now found 
from the condition that, at the surface of contact, the radial displace- 
ments of the disc and of the ring are equal. Using eq. (d), the 
equation for determining po is therefore 


— 8 C 8 , Cy 
Not Cb+ p= -N e+ G+ >. (s) 


The numerical calculations are left to the reader. 

3. Find the change in pressure p calculated for problem 4 of 
the preceding article if the shaft and the hub rotate at 1,800 r.p.m. 
Y = 0.284, E = 30.108 Ibs. per sq. in. ; 


_ 47. Rotating Disc of Variable Thickness.—In the case of a 
disc of variable thickness the problem of determining stresses 
becomes more involved." We will now discuss an approximate 
method of solving this problem, based on the replacement of the 
actual profile by a system of discs of uniform thickness (Fig. 148).44 





1° The general equation for this case, together with a consideration of 
the different methods of its solution, can be found in the well-known 
book by A. Stodola, “Dampf- und Gasturbinen,” 6th ed., pp. 312-340 
Roe A rotating disc of conical profile was considered by H. M. Martin, 
Vapineering, Vol. 115, p. 1, 1923; by B. Hodkinson, Engineering, 
Von 16, p, 274, 1923; and A. Fischer, Zeitschr. d. Oesterr. Ing. u. Arch. 
ke eines, Vol. 74, 1922, p. 46. See also the book by I. Malkin, “ Festig- 
eitsberechnung rotierender Scheiben,” Berlin, 1935. 
rot This method was developed by M. Donath, “Die Berechnung 
otierender Scheiben und Ringe,” 1912, Berlin. Itis described in English 
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The stresses in the separate discs are calculated by the equations 
given in art. 46. We must then consider conditions at the bound- 
aries between these discs, that is, at sections such as 2, 3, 4 (Fig. 
148), where abrupt changes in the thickness occur. If y andy + Ay 
denote the thickness of the discs on opposite sides of the section 
under consideration, the corresponding change Ag, in the magnitude 
of the radial stress o, is found from the equation: 


ory = (o, + Ac.) (y + Ay), 


in which it is assumed, as before, that the stresses are uniformly 


distributed over the thickness of the disc. Then 
Ay 
Ao, = — y+ ay Or (a) 


The change Ao; in the tangential stress at the same section is found 
from the condition that the unit circumferential elongation is the 
same on both sides of the section. Hence 


ot — uor = (o: + Aor) — ulo, + Ac), 


from which 
Ao, = pAo;. 
From eqs. (227), 
As =A Ay 
s = Ao, = — — oy, 
yt 4y (230) 


At = Ao: = pôs. 


Equations (226), (227), (228) and (230) together with the graphical 
solution given in Fig. 146 are sufficient for the calculation of a disc 
of a variable thickness. 

Consider, as an example, the disc represented in Fig. 148, 
rotating at a speed of 3,000 r.p.m. All the dimensions are given in 
the table below. Assume that the centrifugal forces applied at the 
outer edge, for instance centrifugal forces due to the blades in the 
case of a turbine disc, are such that at the outer edge 


(c,)1 = 1,420 lbs. per sq. in. 


by H. Hearle in Engineering, Vol. 106, 1918, p. 131. Further develop- 
inent of the method was given by R. Grammel, loc. cit., p. 251, and the 
numerical example given below is taken from this paper. See also the 
paper by M. G. Driessen, Trans. Amer. Soc. Mech. Eng., 1928, Applied 
Mechanics Division; R. Grammel, Ing. Arch., Vol. 7, p. 136, 1936; 
R. G. Olsson, Ing. Arch., Vol. 8, p. 270 and p. 373, 1937; A. Held, Ing. 


Arch., Vol. 10, p. 339, 1939. 


` 


TABLE 21. 


Srress CALCULATION IN Rotatinc Discs 
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and that u = 0.3; y = 0.283 lb. percubicinch. Then from eqs. (226) 
2 om lbs. . 2 = Ibs. 
Biv? = 30.0 43 Ba = 17.3 ni 


The first eight columns of the table above are filled from these data 
and from Fig. 148. 

We begin the stress calculation from the outer edge of the disc, 
where (,)1 is given. The magnitude of the tangential stress (s+) 











Axis of rotation 





Fic. 148. 


at the outer edge is usually unknown and an arbitrary magnitude 
must be assumed for a beginning. The simplest assumption is to 
take (¢;)1 so as to make s and ¢ (see eq. 227) equal, in which case 


(or). = (fr) + Bier? — Burry, 
or, by using the figures in the fifth and sixth columns of the table, 
(e) = 1,420 + 11,620 — 6,680 = 6,360 Ibs. per sq. in. 
Now, from eqs. (227), 


sı = (c) + Biw'r? = 1,420 + 11,620 = 13,040 lbs. per sq. in., 
f = (s) + Ber? = 6,360 + 6,680 = 13,040 lbs. per sq. in. 


Since sı = 4, the s and ¢ straight lines coincide in the construction 
explained in Fig. 146. In Fig. 149 in which s and ¢ are taken as 
ordinates and w = 1/r* as abscissa these lines are represented by the 
line a-a parallel to the w axis. The length of this line, corresponding 
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to the radial distance 1-2 of the disc (Fig. 149), is determined from 
the figures in column 4 of the table. From this we obtain for 
section 2 (Fig. 148) 


s2 = h = 13,040 lbs. per sq. in.; 
then by using eqs. (227), 


(or)2 = s2 — Bwr? = 13,040 — 9,410 = 3,630 Ibs. per sq. in., 
(ai) = h — Bwr? = 13,040 — 5,420 = 7,620 lbs. per sq. in. 


At section 2 an abrupt change in the thickness of the disc takes 
place. To take this into account, we use eqs. (230) together with 
the figures in column 8 in the table. Then 


(-5P5") 
y+ ay” 


= 1.50 X 3,630 = 5,450 lbs. per sq. in., 





(As)2 = (Ac,)z 


I 


(Af)e = (Acre = (As): = 0.3 X 5,450 = 1,640 lbs. per sq. in. 








Fic. 149. 


These quantities are added to the ordinate of the point a in Fig. 
149 which gives points 4 and c; the lines 44 and cc are then con- 
structed as explained in Fig. 146. In this manner s; and ¢s are 
found for section 3. By repeating the above process all the data 
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necessary for the third section are obtained, and so on. By this 
method we may compute all the values in the upper lines in columns 
nine to twelve of the above table. 

Due to the fact that the stress (o,)1 at the periphery of the disc 
was taken arbitrarily, the conditions at the inner edge will usually 
not be satisfied, and the stress (¢,)) obtained by the above method 
will not be the stress which actually exists there. In order to 
satisfy the condition at the inner edge, an additional calculation is 
required. We assume (¢;)1 = 0, w = o, and take an arbitrary value 
for (o;)1 (in the calculations (e:)ı was taken 710 lbs. per sq. in.) and 
obtain the corresponding stress distribution in the same manner 
as before. For this case, from eqs. (227), s = o, and = o} The 
results of these calculations are given in columns nine to twelve in 
the lower lines, and the corresponding constructions, in Fig. 149, 
by the lines # and s’. The solution which satisfies the actual 
condition at the inner edge of the disc is obtained by combining 
the above two stress distributions as follows: Let (¢,)y) and (0,)9’ be 
the radial stresses at the inner edge of the disc, obtained by the 
first and the second calculations respectively, and (e+)? denote the 
actual stress at the inner edge. Then the solution for the actual 
condition is obtained by superposing on the first stress distribution 
the stresses of the second distribution multiplied by 


— (Er)? — (c,)o . 
(or) 


The average stresses at the sections at which the thickness changes 
abruptly may be calculated as follows: 


e= (oF Van (o +9 ‘), 
op = («+t )ta( +2). 


The results of such calculations for the case when the radial stress 
at the inner edge is zero are given in the last two columns of the 
above table and are represented by the two curves in Fig. 148. 


48. Thermal Stresses in a Long Hollow Cylinder.—When the 
wall of a cylinder is non-uniformly heated, its elements do not 
expand uniformly, and mutual interference sets up thermal stresses. 
In the following the distribution of the temperature is taken to be 
symmetrical with respect to the axis of the cylinder, and constant 
along this axis. The deformation of the cylinder is then sym- 
metrical about the axis and we may use the method developed in 











DEFORMATIONS SYMMETRICAL ABOUT AXIS 259 


art. 44. A ring is cut from the cylinder by two cross sections 
perpendicular to the axis, unit distance apart. During deformation 
such cross sections can be assumed to remain plane if taken suffi- 
ciently distant from the ends of the cylinder,” hence the unit 
elongations in the direction of the axis are constant. Let the z 
axis be the axis of the cylinder, w the displacement in the direction 
of the z axis, and the other notation the same as in article 44 and 
Fig. 142. Then the unit elongations in the three perpendicular 
directions are 


dw 
€ = Pa = const., 
du 
€& = ar (a) 
u 
€;-— 7° 
r 


These elongations can be represented as functions of the stresses 
2, om cn and the thermal expansion. Let œ denote the coefficient of 
linear expansion and ¢ the increase in temperature, which varies with 
the radial distance r. From eqs. (43) (see p. 62, Part I) the elonga- 
tions are 


e= F EO toi) + at, 


= GN pto) + at ® 
a= GR oe + 0) + at, 


Using the notation A for unit increase in volume, 





A= etet a= M (atoto) tg © 
From this and eqs. (4) we find 


E ( u ) atE 
0: = & + A 


























It+up I — 2u I — 2u 
E H ate 

n= hetra) - (@) 
E u tE 

a= rper) ea 





12 At the ends the stresses in the direction of the axis of the cylinder 


are zero and the stress distribution is more complicated. 
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These values are substituted into the equation of equilibrium of the 
element mamn in Fig. 142 (eq. (4), p. 236) 


do, Or — OF 
i +7 =o (e) 





and give, after using eqs. (a), 


u idu u itp dt 
dr rd rP it—p ar 





(231) 


This equation determines the displacement w for any particular 
distribution of temperature. It may be written in the form: 


d Ite dt, 
dr ae u) 1 a 


Integration with respect to r gives 











d 
z” = 
A second integration gives the solution: 
rite, [(" I 
u= E Paine + Cr + Gt, (A) 


in which C, and Cz are constants of integration which must be 
determined in such a manner as to satisfy the conditions at the 
surfaces of the cylinder. If these surfaces are assumed to be free 
from external forces, Cı and C are determined from the conditions 


(or) rma = O; (orb = O. (g) 


A general expression for ø, is obtained by substituting e = du/dr 
and es = u/r into the second of eqs. (d) and taking u from eq. (f), 
which gives 

















__£ tty of Ci C 
o= (H i atrér + 5 +e e): (A) 
From eqs. (g) we obtain 
2 b 
G = E Z f atrdr, 
1—pP—@ Ja ` (k) 
— b 
c, = EtA- m) E [trd ne, 


I-yp B æ 
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With these values substituted in expression (4) the general expres- 
sion for ¢, becomes 


E I r 72 — a b 
Z -| - A, J atrdr + Pe a — SS asrar | - (232) 


The general expression for o; is obtained from the equation of equi- 
librium (e) which gives 


do, E r 
0: = o tr = f atrdr 


2 + 2 
+a os f atrdr — at |. (233) 


When the distribution of the temperature over the thickness of the 
wall is known, we can evaluate the integrals of eqs. (232) and (233) 
and obtain o, and c: 

Let us consider the case of a cylinder with a thin wall at the 
temperature ¢; on the inner surface and zero on the outer.'3 For 
thin walls the stationary distribution of the temperature over the 
thickness is practically linear; hence 


pan (1-5=*). (234) 


When this is substituted into eqs. (232) and (233) and the integration 
is performed, we obtain 


_ Eat; a ( a B — æ 
o= peal TTU a)Tj 9 
Eat; a a E — æ 
“sat posal ti (i)a) e 


The tangential stresses at the inner and outer surfaces are 
P ——Lat OET 
Orme = FG (ba) C N 


Eat; aè B — 
(01) rab =G — mb —a) To E +i — (: +5 )5=4 =|: 


B Any temperature condition at the surfaces of the cylinder may be 
obtained by superposing on this a uniform heating or cooling, which does 
not produce stresses. 





Or = 











Cr 
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These equations may be represented in a simpler form by using 


b 
~= I+, (4) 


a 


where m is small for a thin cylinder. With this notation the above 
eqs. become 


Eat; m 
(Ci) rma = -al th (237) 


Eat; m 
(C) r= = 3G- 5 ( I on) : (238) 


In the case of a very thin wall, the second term in the parenthesis of 
these equations is negligible and the equations coincide with that 
derived for a non-uniformly heated plate (see eq. 122). 

When the thickness of the wall is not small, the stationary 
temperature distribution is no longer a linear function of r but may 
be represented by the function 


ti b 





t = — loge = - (239) 
log. z . 
With this expression for ¢ eqs. (232) and (233) become 
+= Eat; [ | b a ( =) | b 
r= ————5 | — loge — 5 —5 (1 - 5 ox. |, (240) 
2(1 — u) log, É r =- æ 72 a 
> Eot; [ 1-1 b a ( 4 =) l b (241) 
: 5 ——] 1 zlog- -zalt og |; 241 
a(i — a) log. r P-@ r? a 


The maximum c; occurs at the inner or outer surface of the cylinder. 
Substituting in the above equation r = a andr = 4, 





Eat; 2b b 
(01) pa = rs ( I BP am ge OB *) ; (242) 
2(I — y) log. > 
Eat; 2 
(Ct) = 2 ( I~ y s 2 logs ) ' (243) 


b 
2(1 — p) loge = 


In the above discussion only c, and o; were considered and it was 
shown that these quantities do not depend upon the elongation e, 
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in the direction of the cylinder. o, may be calculated from the 
first of eqs. (d). Substituting e = du/dr, e = u/r, and using eq. 
(f) for u and eqs. (k) for the arbitrary constants, we find the general 
expression for ø, to contain the constant elongation ez in the direc- 
tion of the axis of the cylinder. If we assume that the cylinder can 
expand freely, we calculate the magnitude of e, from the condition 
that the sum of the normal forces over the cross section of the 
cylinder perpendicular to the z axis is equal to zero. As a result of 
this calculation the following final expression for ø is obtained: 


Eat; b 2a? b 
n = — |1- 2 loge 7 — p z lobe 7 - (244) 


2(1 — p) log. z 





It may be seen that at the inner and outer surfaces of the cylinder 
the stress øz is equal to e} A more detailed discussion of thermal 
stresses in cylinders has been made by C. H. Lees.4* Charts for 
rapid calculation of stresses from eqs. (240), (241) and (244) are 
given by L. H. Barker."® 

In the case of a disc without a hole at the center and of a uni- 
form thickness, which is assumed small in comparison with the 
radius 4 of the disc, the radial and the tangential stresses are given 
by the following expressions: 


b r 
anak (Z f rr- irar), (n) 
1 fè r [F 
o= aE( -itg f rart f rar) (n) 
BY 0 r? 0 


In each particular case when the temperature ¢ is known as a certain 
function of r, the integrals entering in these expressions can be 
readily evaluated and the thermal stresses obtained. 

Thermal stresses are of great practical importance, especially in 
the case of large cylinders, such as steam turbine rotors, heavy 
shafts or large turbine discs. In all these cases the heating or 
cooling must be made gradual in order to reduce the temperature 


14 See C. H. Lees, Proc. Roy. Soc., Ser. A, Vol. ror (1922). 
18. H. Barker, Engineering, Vol. 124 (1927), p. 443. The numerical 


example given below is taken from this paper. 
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gradient in a radial direction.'* Thermal stresses are also impor- 
tant in Diesel engines.1” 


Problems 


_ L Determine the thermal stresses in a cylinder having 24 = 3/8 
in, 26 = 1% in, Ea/(1 — u) = 615, if the inner temperature is 


#; = — 1°C. and the outer temperature is zero. 
Solution. From eqs. (242) and (243) 


(i)a = (62)raa = 420 lbs. per sq. in., 
(oi) = (¢2)2 = — 194 lbs. per sq. in. 
c, maximum, from eq. (240), occurs at r = 0.3 in. and is equal to 


87 lbs. per sq. in. The distribution of the stresses over the thickness 
of the wall is shown in Fig. 150. 








Fic. 150. 


eee 


A discussion of thermal stresses in cylinders in which the tempera- 
ture varies along the axis is given by A. Stodola, loc. cit., p. 253, Appendix. 
See also G. Eichelberg, Forschungsarbeiten, nr. 220, 1923, and nr. 263. 
For thermal stresses in discs, see H. Quednau, V. D. I., Vol. 72, 1928, 
p- 522. The same problem is discussed in “Theory of Elasticity,” p. 366, 
1934. 
u See R. Zulzer, “Temperature Variation and Heat Stresses in Diesel 
Engines,” Engineering, Vol. 121 (1926), p. 447; A. Nagel, “The Transfer 
of Heat in Reciprocating Engines,” Engineering, Vol. 127 (1929), p. 282, 
and W. Nusselt, V. D. I., Vol. 70 (1926), p. 468; J. N. Goodier, Journal 
Appl. Mech., Vol. 4, p. 33A, 1937. 





CHAPTER VI 


TORSION 


49. Shafts of Non-Circular Cross Section.—In the first 
part of our book (see p. 261, part I) the problem of torsion 
of circular shafts was considered. Formulas for maximum 
stress and for the angle of twist for rectangular 
shafts also were given. There are several other 
shapes of cross section of a twisted shaft for which 
the problems of stress distribution and of the angle 
of twist are solved. In the following only some 
final results, which may be of practical interest, 
are given. 





Elliptical Cross Section1—The maximum shearing stress takes 
place at the ends of the minor axis, Fig. 151, and is 


6M, 
kb —] Tmax = E . (245) 


T The angle of twist per unit length is 


2M iT 
/_ d o= e (246) 


Fie. 152. where Z, = (1/64) (4k + 2A) is the polar mo- 
ment of inertia of the cross section (see appendix, Part I, p. 347), 
and 4 = rbhj4 is area of the cross section. 

Equilateral Triangle——-The maximum shearing stress occurs at 
the middle of the sides (points m in Fig. 152) and can be calculated 
from the equation 








20M 
Tmax = B f . (247) 
The angle of twist per unit length is 
_ M: 46.2M; 
° = C6Gl, VG (248) 








1 The solution of this problem and of the following is due to Saint 
Venant, Mém. des Savans étrangers, Vol. 14, 1855. The derivation of 


the given formulas can be found in “Theory of Elasticity,” see p. 234. 
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Regular Hexagon? —For this case 


-M 
Tmax T 0.217A4d° (249) 
Me 
~ 0.13342G’ (250) 


where d is the diameter of the inscribed circle and 4 the cross 
sectional area. 
Regular Octagon.8—For this case 


— oM 

Tmax T o agAd’ (251) 
-M 
~ 0.13042G’ (252) 


where 4 and d have the same meaning as in the previous case. . 
Trapezoid.*—In the case of an isosceles trapezoid approximate 
values for the maximum stress and the angle of twist are obtained 
by replacing the trapezoid by an eguivalent rectangle, which is ob- 
tained as indicated by the dotted lines in Fig. 
153. From the centroid C of the trapezoid are 
drawn perpendiculars, BC and CD, to the lateral 
sides, and then verticals are drawn through B 
and D. Equations (155) and (156) given in Part 
Fie. 153. I (see p. 270), if applied to the rectangular cross 
section thus obtained, give approximate values 
of Tmax and @ for the trapezoid in Fig. 153. 





For any solid (non-tubular) shaft an approximate value 
for the angle of twist is obtained by replacing the cross section 
by an equivalent elliptical one of the same area 4 and the same 
polar moment of inertia Jp. Then the approximate value for 
0 is given by formula (246). 


50. Membrane Analogy.’—This analogy establishes cer- 
tain relations between the deflection surface of a uniformly 





2 See C. Weber, Die Lehre von der Drehurgsfestigkeit, Berlin, 1921. 
3 See C. Weber, ref. 2. 

4 See C. Weber, ref. 2. . 

5 This analogy was developed by L. Prandtl; see Phys. Zeitschr., 
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loaded membrane and the distribution of stresses in a twisted 
bar. Imagine a homogeneous membrane with the same out- 
line as that of the cross section of the torsional member sub- 
jected to uniform tension at the edges and submitted to a 
uniform lateral pressure. It can be shown that the differen- 
tial equation of the deflection surface ê of this membrane has 
the same form as the equation which determines the stress 
distribution over the cross section of the twisted bar. If S$ 
is the tensile force per unit length of the boundary line of the 
membrane, p the lateral pressure per unit area, and 0 the angle 
of twist per unit length of the bar, then the two above- 
mentioned equations are identical if 


P _ 460. (a) 


If this condition is fulfilled, the following relationships hold 
between the surface of the membrane and the distribution of 
shearing stresses in twist: (1) The tangent to a contour line at 
any point of the deflected membrane gives the direction of the 
shearing stress at the corresponding point in the cross section 
of the twisted bar. (2) The maximum slope of the membrane 
at any point is equal to the magnitude of the shearing stress at 
the corresponding point in the twisted bar. (3) Twice the 
volume included between the surface of the deflected mem- 
brane and the plane of its outline is equal to the torque of the 
twisted bar. 

All these statements can be readily proved in the case of 
a circular shaft. Let Fig. 154 represent the corresponding 
circular membrane uniformly stretched by the forces S and 
loaded by uniform pressure p acting upwards. Considering 
a concentric portion mn of a radius r of the membrane, Fig. 





1903, p. 758; Jahresberichte d. Deutsch. Math. Ver., Vol. 13 (1904), 
p. 31. For further development see the papers by A. A. Griffith and 
G. I. Taylor, in Proc. Inst. Mech. Eng., 1917, p. 755, and in Technical 
Report of the Advisory Committee for Aeronautics, Vol. 3 (1917-1918), 
PP. 920, 938, 950. See also “Theory of Elasticity,” p. 239. 

6 Tt is assumed that deflections are small. 
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1544, we observe that the total pressure on that portion is 
ar’p. This pressure is balanced by the tensile forces $ uni- 
formly distributed along a circle of the radius r and having 
that direction tangent to the deflected membrane. Denoting 
by w the deflections of the membrane, we obtain 


Trp = — wr a 
and 
dw pr 


Substituting in this equation the value of p/S given by the 
formula (a), we obtain 


dw 

-7 7 Gor. (e) 
On the right side of this equation we have the known expres- 
sion for the torsional stress in a twisted circular shaft (see 
equation (4), p. 263, Part I). Hence the slope of the deflected 
membrane gives us the required 
g A aaa a magnitude of the torsional stress. 
: The maximum slope of the mem- 
A | ” | la |8 brane at each point is in the direc- 
| | tion of the meridian; hence the 
torsional stress in the shaft at each 
point has that direction perpendic- 
ular to the radius. This conclusion 
again agrees with the result of the 
elementary theory of torsion. To 
determine the torque which pro- 
duces the stresses given by the 
equation (c), let us calculate the volume included between the 
deflected membrane, Fig. 1544, and the plane of the boundary 
AB. The integration of equation (c) gives the deflection sur- 

face of the membrane: ` 






Fic. 154. 


G6 


w = 7 @ — 7’), 
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and the required volume is 
a 4 
V = f“ arraro = Go TE = 5 Gol. 
o 4 2 


Comparing this with the usual formula for torque (see eq. 147, 
Part I), we conclude that in the membrane analogy the double 
volume gives the magnitude of the torque. Hence all three 
statements made above regarding the analogy can be readily 
proved in the case of a circular shaft. 

In other cases the shape of the surface of the deflected 
membrane is easily visualized for a given cross section of the 
shaft; consequently qualitative conclusions are readily drawn 
concerning the stress distribution in torsion. For instance, 
with a rectangular cross section (Fig. 1554), the corresponding 
surface of the deflected membrane is as represented by the 
contour lines. The stress is inversely proportional to the 
distance between these lines; hence it is larger where the lines 
are closer to each other. The maximum stress occurs at 
points m-m, where the slope of the membrane is largest. At 
the corners a, b, c, d, where the surface of the membrane 
coincides with the plane of the contour aécd, the slope of this 
surface is zero; hence the shearing stress at these points is zero. 





Fic. 155. 


Consider now the case of a narrow rectangular cross 
section (Fig. 1554). The deflection surface of the uniformly 
loaded membrane at some distance from the short sides of 
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the rectangle can be considered cylindrical. With this as- 
sumption, each strip mm of the surface behaves like a uni- 
formly loaded cord and its maximum deflection is given by 
equation: 


c 
8 = oy (2) 
or, using eq. (a), 
c 
ô = 4 Ga. (c) 


The maximum stress is equal to the slope at points m-n. 
This slope is 46/c, for a parabolic curve; hence 
46 
Tmax = = cGé. (d) 
The corresponding torque is twice the volume enclosed by the 
membrane. Neglecting the effect of the short sides of the 


rectangle on the deflection of the membrane and calculating 
the volume as for a parabolic cylinder of length 4, we find 


M,= 2-5 ibe = = bes. (e) 
G from which 
T 
M, 
0 = H. 
| n t ThAG (253) 
b of Substituting in equation (d), we obtain 


x M, 
ia l Tmax = Tè (254) 


G 

Fic. 156. These formulas coincide with formulas (155) 
and (156) given in Part I (see p. 270) if the 

rectangle is assumed to be a very narrow one. 


If instead of a narrow rectangle we have a narrow trapezoid, 
as shown in Fig. 156, an approximate solution is obtained by 
assuming that the surface of the deflected membrane at a sufficient 
distance from the narrow sides is a conical one. The double vol- 
ume corresponding to an element mm of the cross section is obtained 
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as in equation (e) above and is equal to 

3 Coeds, o (f) 
where ¢ is the variable width of the cross section given by the 
equation: 


Cg — Ci 


c=at+ 7 x. (g) 





Substituting this in expression (f) and integrating the result, we 
obtain the torque: 


. b bG6 
M, = f 1 Gods = — (cı + c) (cÈ + c2). 
0 3 12 


The angle of twist then is 
Mi 


Zla + ce) (er + c2)G 





0 = (255) 


When cı = ca = c, this formula coincides with formula (253) ob- 
tained for the narrow rectangle. 


In more complicated cases in which the form of the deflec- 
tion surface of the membrane cannot easily be obtained 
analytically, this surface can be investigated experimentally 
by using soap film for the uniformly stretched membrane 
and measuring the slope of its surface by optical methods. 
For this purpose the apparatus shown in Fig. 157 has been 
used.” The aluminum plate with two holes—one circular 
and the other of the required shape—is clamped between the 
two halves of the cast-iron box 4. The lower part of the box, 
having the form of a shallow tray, is supported on leveling 
screws. By pumping air into this portion of the box, the 
deflection of soap films covering the above mentioned holes 
is produced. The mapping of contour lines of the soap film 
surfaces is done by using the screw B passing through a hole 
in a sheet of plate glass sufficiently large to cover the box in 
any possible position. The lower end of the screw carries a 





T See the paper by G. I. Taylor and A. A. Griffith, loc. cit., p. 267. 
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hard steel point, whose distance from the glass plate is ad- 
justable by the screw. The point is made to approach the 
film by moving the glass plate until the distortion of the image 
in the film shows that contact has occurred. The record is 


ae apa yee 





Fic, 157. 


made on a sheet of paper attached to the board E, which can 
swing about a horizontal axis at the same height as the steel 
recording point D. To mark any position of the screw it is 
only necessary to prick a dot on the paper by swinging it down 
on the recording point. After the point has been made to 
touch the film at a number of places, the dots recorded on the 
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paper are used for drawing a contour line. By adjusting the 
screw B, this can be repeated for as many contour lines as 
may be required. When these lines have been mapped, the 
yolume and the corresponding torque can be obtained by 
summation. The slopes and the corresponding stresses are 
obtained by measuring the distances between neighboring 
contour lines. A better accuracy for measuring slopes can 
be obtained by projecting a beam of light onto the surface of 
the film and measuring the angle of the reflected ray. To 
establish the relation between the measured slope and the 
stress, the films covering the two holes mentioned before are 
compared at the same air pressure. Since both films have 
the same ratio p/S, the corresponding two shafts have the 
same values of G@ (see equation (a)). Hence, by measuring 
the slopes of the two soap films we can compare the stresses 
in the shaft of the given cross section with those in a circular 
shaft of known diameter under the condition that they have 
the same angle of twist 8 per unit length and the same shearing 
modulus G. The corresponding ratio n of the torques is 
determined by the ratio of the volumes between the soap 
films and the plane of the plate. This ratio gives, evidently, 
the ratio of the torsional rigidities of the two shafts. Regard- 
ing stresses for a circular shaft, 
the stress can be readily calcu- 
lated at any point for any given 
torque Ma. The stress 7, pro- 
duced at any point of the non- 
circular shaft by the torque nM 
is obtained by multiplying the 
stress to in a chosen point of 
the circular shaft by the experi- 
mentally determined ratio of 
the maximum slopes at the 
two points under consideration. 
Figure 158 represents an ex- 
ample of contour lines obtained for a portion of the -beam 
(wooden wing spar of an airplane). From the close grouping 
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of the contour lines at the fillets of the reéntrant corners 
and at the middle of the upper face, it follows that the 
shearing stresses are high at these places. The projecting 
parts of the flange are very lightly stressed. The maximum 
stress in the middle portion of the web is practically constant 
along the side of the web and equal to that in a narrow 
rectangle for the same angle of twist. 


-e 
(a) Fa ° — &) 


Fie. 159. 


51. Torsion of Rolled Profile Sections.—Equations (253) 
and (254), derived for a narrow rectangular cross section, can 
be used also for approximate solutions in other cases in which 
the width of the cross section is small. For instance, in the 
case of the cross sections of equal thickness shown in Fig. 
159 (a) and (4) the angle of twist is obtained from equation 
(253) by putting in this equation for 4 the developed length 
of the center line, namely, = gr in the case of section repre- 
sented in Fig. 159 (a) and 6 = 2a — c in the case represented 
in Fig. 159 (4). The maximum stress for the first of these 
two sections will be obtained from equation (254). For the 
angle section (Fig. 159, 4) the maximum stress is at the re- 
entrant corner. This maximum stress is obtained by multi- 


plying the stress given by equation (254) by a factor larger 


than unity; the magnitude of this factor will be discussed later 
(see article 60, p. 329). 

These conclusions follow from the membrane analogy 
discussed in the preceding article. The reader may have 
anticipated from that discussion that if the thickness ¢ of the 
cross section shown in Fig. 159 (a) is small in comparison with 
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the radius r, the parabolic curve shown in Fig. 155 (6) and 
defining the deflection of the film can still be used with a suffi- 
cient accuracy. In such a case the maximum slope of the 
film and the corresponding maximum stress for the cross 
section in Fig. 159 (a) will be approximately the same as for 
a narrow rectangle. 

In the case of a channel section (Fig. 159, c) the angle of 
twist is obtained by subdividing the cross section into the 


~ three rectangles shown in the figure and substituting, in equa- 


tion (253), 41¢13 + 24e¢23 instead of b. Then 


_ 3M: . 
` 0 = (byes + 2b2625)G (256) 





To calculate the stress, which occurs at the middle of the 
sides 42 of the sections of flanges, it is only necessary, as seen 
from equations (253) and (254), to multiply @ by c2G; then 


_ 3M: + ca . 
T= Ace + 2boc.3 (257) 


The same approximate equations can be used also in the case 
of the twist of I beams °? with a constant thickness of the 
flanges (Fig. 160, a). 

In the case of an I beam with sloping flanges, Fig. 160 (4), 
we denote by c the thickness of the flange at the edges 
and by cs the largest thickness of the flange defined by the 
equation: 

Cs = Co + $4. tana. 


Using, then, equation (255) for flanges, we conclude that the 
angle of twist 8 is obtained from equation (256) by substituting 





8 The deflection surface here is no longer cylindrical, but if ¢ is small 
in comparison with z, the curvature of the film in the tangential direction 
is small in comparison with that in the radial direction and can be 
neglected. 

? The maximum stress occurs at the reentrant corners and will be 
discussed later (see art. 60, p. 329). 
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in it the quantity 
le + c3) (c2? + c3) 
instead of cz. 
The maximum stress usually occurs at the fillets and is of 
a localized character. Its magnitude will be discussed in 
art. 60. Considerable stress may also occur at the points m, 
Fig. 160 (4), at the middle of the outer surfaces of the flanges. 


PT 
(a) (b) 
Fic. 160. 


This latter stress is obtained, as before, by multiplying the 
angle of twist 0 by csG, where cs is the maximum thickness of 
the flange. 

It should be noted that in the derivation of equation (256) 
the formula for an infinitely narrow rectangle was used, and 
that the action of the narrow sides of the rectangle in Fig. 155 
on the magnitude of the volume bounded by the soap film 
was entirely neglected. Owing to the presence of the narrow 
sides, the volume will evidently be somewhat diminished. 
At the same time at the corners of the channel section, Fig. 
159 (c), where two rectangles come together, a larger deflection 
of the soap film should be expected than for a single rectangle, 
and this added deflection will cause some increase in the 
volume. Thus two factors, which were neglected in the 
derivation of equation (256), are acting in opposite directions 
and to some extent neutralize each other, so that equation 
(256) is sufficiently accurate—especially for thin-walled 
sections.© 








10 The experiments with torsion of thin-walled I beams were made 
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For the cases of torsion of rolled I beams and channels in 
which the thickness of the flanges is not small and is varying 
along the width of the flange, a more elaborate formula for 
torsional rigidity has been developed, which is in a very 
satisfactory agreement with experiments." 


d 
Problems k 
1. Find the ratio of the angles of h 
twist of a seamless and of a split circular 
thin tube of equal geometrical dimen- y = 


sions (Fig. 161) under the action of equal 
torques. Fic. 161. 

Solution. By using equations (151), Part I, and (253) we 
obtain for a seamless and for a split tube respectively 


32M, 
0 = ; 
4 dit , 
rtd I — PA G 
A 3M: 








EAT 
2 2 
The ratio of the angles of twist is 


6 2 (d — do)? 


For very thin tubes (4? + d) ~ 2d? and the ratio of angles of 
twist is 





by the writer, Bulletin of the Polytechnical Institute, St. Petersburg, 
Vol. 5, 1906. They showed a satisfactory agreement with equation (256). 
A very extensive series of torsional tests of rolled beams were made by 
A. Föppl, Sitz. Berichte d. Bayer. Akad. d. Wiss., 1921, p. 295, and “ Der 
Bauingenieur,” Vol. 3, 1922, p. 42. Some correction factors for equation 
(256) were suggested on a basis of these experiments. 

4 The experiments on a basis of which that formula was derived 


were made by Inge Lyse and B. G. Johnston, Lehigh University Pub- 
lication, Vol. 9, 1935. 
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2. Determine the angle of twist per inch of a channel (Fig. 
159, ¢) if M; = 20,000 lbs. ins., 4, = Io in., ġe = 3.5 in., c1 = 0.4 in., 
c = 0.6 in., G = 12 X 108 Ibs. , per sq. in. 

Solution. 

3 X 20,000 


= (10 X 0.43 + 7 X 0,6?)12 X 108 





= 0.00233 radians per in. 


3- Determine the ratio of the maximum shearing stresses of the 
tubes discussed in problem 1 if the torques are equal for both tubes. 

4. Determine the torsional rigidity C for the I beam considered 
on p. 275 if the sloping of the flanges is considered as explained 
on p. 276. 


52. Torsion of Thin Tubular Members.—In discussing 
the torsion of thin tubular members the membrane analogy 
again can be used to advantage." In this case the outer and 
inner boundaries of the cross section are to be located in 
different horizontal planes with the membrane connecting the 
boundaries, as at mn in Fig. 162. If the thickness of the tube 
is small, the curvature of the membrane may be neglected, 
ie, the lines mn may be considered 
straight. The slope of the membrane 
surface is then constant over the thick- 
ness of the wall and is equal to 6/A, 
where 6 is the difference in the levels of 
the two boundaries and + is the thickness 

Fic. 162. of the tube, which may vary along the 

circumference of the cross section. The 

membrane analogy indicates that in this case the shearing 

stresses are uniformly distributed over the thickness of the 
wall and are given by the slope 





r=}. (a) 


The stress along the circumference is therefore inversely 
proportional to the thickness of the wall. The volume 
included between the surfaces mm and nn is calculated by 





£2 Torsion of tubular members was discussed by R. Bredt, V. D. I., 
Vol. 40, p. 815, 1896. See also T. Prescott, Phil. Mag., Vol. 60, 1920. 
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using the center line of the ring cross section, indicated by the 
dotted curve in the figure. If 4 is the area bounded by this 
line, the volume mmun is 46 and, from the membrane analogy, 
we obtain 


-M, = 244. (b) 
From eqs. (4) and (4) we then find 
M, 
T= 24} . (258) 


This equation may be used in calculating the stresses in 
tubular members under torsion if the thickness of the wall is 
small, variation in thickness is not abrupt, and there are no 
reentrant corners. 

The angle of twist 0 per unit length of a tubular member 
may be calculated by considering the strain energy of torsion. 
The strain energy per unit length of the tubular member is 


£ hds 
U = f 2G ° 
where s is the length of the center line of the ring cross section 
shown in Fig. 162 by the dotted line. Substituting expression 


(258) for 7 in this equation and equating the strain energy to 
the work done by the torque, we obtain 


ds _ I 
“E TE 3 M, (c) 


-S A -ml rds. (259) 


In the case of a tube of uniform thickness 7 is constant and 
eq. 259 becomes 








from which 





TS 

0 = 22G : (260) 

From this equation the angle of twist can be readily calculated 

as soon as the dimensions of the cross section are given, and 
7 is determined by using formula (258). 
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Equation (259), derived from a consideration of the strain 
energy of a twisted tubular member, can be obtained also 
from the membrane analogy. Considering the equilibrium 
of the plane #-n in Fig. 162, we conclude that the pressure 
pA * acting on this plane is balanced by the tensile forces $ 
acting in the membrane. The tensile force Sds, acting on an 
element ds of the boundary, has a small slope equal to 7; 
hence the vertical component of this force is rSds, and the 
condition of equilibrium of the plane 7-7 is 


pd = | rSds. (a) 
0 


Observing that the tension S in the membrane is constant and 
that p/S = 2G9 (see eq. a, art. 50), we find from equation (d): 


R I ("nds = 260, 
0 


Solving this equation for 0, we obtain formula (259), given 
above, for the angle of twist. 


Sometimes the torsional stresses in a tubular member with 
intermediate walls, as in Fig. 163 (a), must be calculated. The 
boundary of the cross section in this 
case is formed by the three closed curves. 
In applying the membrane analogy these 
curves are to be located in three dif- 
ferent horizontal planes, nm, pp, and 
mm, as shown in Fig. 163 (4). The 
soap film connecting these three curves 
forms a narrow surface, the cross sec- 
tions of which are shown by the lines 
mn, np, and pm. Assuming again that 
the wall thicknesses—/1, 42, and As—are 
small, and neglecting the curvature of 
the membrane in the directions normal to the boundaries, we con- 
sider that the lines mn, np, and pm are straight. In such a case 








13 In the case of thin-walled members the area 4 bounded by the 
dotted line can be considered instead of the area of the plane n-n. 
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the slopes of the membrane, giving the stresses in the wall of the 
tubular member, are: 


m=? T= yo (e) 


61 — be fury — hote 
hs ~ hs . (f) 





T3 = 


The magnitude of the torque producing these stresses is obtained 
by doubling the volume of the space mnnppm in Fig. 163 (4). If 
we denote the areas bounded by the dotted lines in Fig. 163 (a) 
by 4, and 42 this torque is 


M: = 2(A181 + 4282), (g) 
or, by using equations (e), we obtain 
M: = 2Ahit1 + 2Azhzra. (A) 


Further equations for the solution of the problem are obtained by 
applying equation (259) to the two closed curves indicated by the 
dotted lines in Fig. 163 (a). Assuming that the portion BCD of the 
wall has a constant thickness 4; and that the portions DEB and 
DB have the constant thicknesses fz and hs, respectively, equation 
(259) becomes 


Tisi F 7353 = 260A, (4) 
T252 — T7353 = 2G0 Az. (j) 


Here sı, s2, and s; are the lengths measured along the dotted lines 
BCD, DEB and DB, respectively. In applying the integral (259) 
to the closed curves BCDB and DEBD, we are passing the portion 
DB of the length ss in the two opposite directions. Hence the 
second terms on the left sides of equations (#) and (j) appear with 
opposite signs. The angle of twist 0 on the right side of the equa- 
tions (7) and (j) is evidently the same as the angle of twist of the 
entire tubular member. The four equations (f), (4), (i) and (j) 
contain the four unknown 7, 72, 73 and 0, which can be easily 
calculated. Eliminating 6, we obtain for shearing stresses the 
following formulas: 


_ hase + hoss Ai + Ae) 
1 = M! 
15 Mi: Tmin + hnd? + inked F doy? ®© 
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. A3sido + Ays3(Ay1 + Aa) (D 
2L hrhss24:? + hahzsi Ae + Ayhos3( Ar + A2)?] , 





T} = Mi 


_ M AyseAy — hosi Ae 3) 
m= ‘ 2LAhsse4 2 + hohgside + hithoss( At + A»)? | (n 





If the wall DB of the cross section in Fig. 163 (a) is the plane of 
symmetry of the cross section we have 


S1 = Say Ay = ho, and Ay = As, 


and equation (m) gives r = 0. Thus in this case the torque is 
taken entirely by the outer wall of the tube, and the intermediate 
web remains unstressed.'* 

To obtain the angle of twist @ for the tubular member, we have 
to substitute the calculated values of stresses in equations (2) or (J). 
Thus the torsional problem for a tubular member, such as is shown 
in Fig. 163, can be readily solved with a sufficient accuracy provided 
the wall thickness is small in comparison with the general dimen- 
sions of the cross section. 


53. Torsion of Thin-Walled Members in which Some Cross 
Sections are Prevented from Warping.—In our previous dis- 
cussion of the twist of I beams and channels (p. 275) it was 
assumed that the torque was applied at the ends of the bar 
and that all cross sections were completely free to warp. 
There are cases, however, where the conditions are such as to 
cause one or more cross sections to remain plane and the 
question arises as to how such prevention of warping affects 
the angle of twist and the distribution of stresses. For bars of 
solid cross sections, such as ellipses or rectangles such con- 
straint produces only a negligible effect on the angle of twist © 
if the cross-sectional dimensions are small in comparison 
with the length of the bar. With I beams, channels and other 
thin-walled members the prevention of warping of the cross 
sections during twist is accompanied by a bending of the 





14 The small stresses corresponding to the change in slope of the 
membrane across the thickness of the web are neglected in this derivation. 
. : . . Srat 

15 For the discussion of this question see “Theory of Elasticity, 


p. 273. 
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flanges and may have a considerable effect on the angle of 
twist, depending on the rigidity of the flanges. A simple case 
of this is an I beam which is twisted by a couple applied at 
the middle and supported ! at the ends (Fig. 164). From 





Fic. 164. 


symmetry, the cross section mn must remain plane during 
twist and the consequent rotation of this cross section with 
respect to the end cross sections is accompanied by bending 
of the flanges. The end torque is balanced at any cross 








Fic. 165. 


section partially by shearing stresses due to the twisting and 
partially by shearing stresses due to the bending of the 
flanges.” Figure 165 (a) represents half of the beam shown 
in Fig. 164. The middle section mu remains plane due to 





16 Supports are such that the ends of the beam can not rotate about 
a longitudinal axis but are free to warp. 

1 See paper by the author, Bull. Polyt. Inst. S. Petersburg, 1905- 
1906, and Ztschr. f. Math. u. Phys., Vol. 58, 1910, p. 361. See also 
K. Huber, Dissertation, Miinchen, 1922, and C. Weber, Ztschr. f. angew. 
Math. u. Mech., Vol. 6, 1926, p. 85. Further discussion of the problem 
for various shapes of thin-walled members is given by A. Ostenfeld, 
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symmetry and we may consider it as built in, with the torque 
applied at the other end of the beam. Let ¢ be the angle of 
twist for any cross section of the beam. Then dg/dx = @ is 
the angle of twist per unit length of the beam. That part of 
the torque M,’ which is balanced by the shearing stresses 
due to torsion is determined from the equation: 


Me = C0, (a) 


in which C is the Torsional Rigidity of the bar (see p. 270, 
Part I). In order to determine the portion M,” of the torque 
which is balanced by the shearing forces in the flanges due to 
bending, we must consider the bending of a flange (Fig. 165, c). 
Denoting by A the distance between the centroids of the flanges 
(Fig. 165, 4), the deflection at any cross section of the upper 
flange is 


_ he 
z=? (2) 


and by differentiation we obtain: 


dz hdo hd’ 
de ad dx (c) 





Now, if we denote by D the flexural rigidity of one flange 
in the plane xz and observe that z is positive as shown (Fig. 
165, c), the expression for the shearing force in the flange due 
to bending becomes 
dM dz _ Dh d’0 


Y= Ge ~ Page a dt @) 


Considering the positive direction of V (as shown in Fig. 
165, c), we therefore have 


M" = -Vh = -= S (e) 





Laboratorium f. Baustatik d. techn. Hochschule, Kopenhagen, Mit- 
teilung Nr. 6, 1931. The case of rectangular tubular members was dis- 
cussed by H. Reissner, Zeitschr. f. Flugtechnik u. Motorluftschiffahit, 
Vol. 17, 1926, p. 385 and Vol. 18, 1927, p. 153. 
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and the total torque is 


oy Di? d8 
M: = M, + M. = 0 - Fa" (261) 


In our case, M; is constant along the length / of the beam, 
and the general solution of equation (261) is 


M cosh (=) 
T I 


-— K IP Q) 
cosh ( 5 ) | 


DR 
a= O° (g) 








8 = 


in which 


Since the flexural rigidity D and torsional rigidity C are both 
measured in the same units (lbs. in.?), equation (g) shows that 
a has the dimension of length and depends upon the propor- 
tions of the beam. 

If we know the portions M; and M,” of the total torque 
M, may be calculated for any cross section from equations 
(a) and (e). For the built-in section x = o, 6 = o, and we 
obtain, from (a), M: = 0. Hence at this point the whole 
torque is balanced by the moment of the shearing forces due 
to bending in the flanges, and we have V = — M,/h. For the 
other end x = J, and from equation (f) 


M, — . 
= a’ 7 a(i) ° 


If the length of the beam is large in comparison with the cross 
sectional dimensions, / is large in comparison with a, and the 
second term in the parenthesis of equation (4) becomes neg- 
ligible; hence @ approaches the value M,/C. 

Equation (d) gives the shearing force in the flanges, and 
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from this the bending moment in the flange is 
M = TF (i) 


or, substituting equation (f) for 0, and using notation (g), 
l—x . l= x 
sinh (= ) sinh ( ) 
Me Dh M, a M, a 


E h(E) E a A 


For the bending moment at the built-in end we find 








l 
Minax = 7M: tanh (5) - (k) 


When / is several times larger than a, tanh (Z/a) approaches 
unity, and we can use 


_ aM, 
M max = R’? (2) 


i.e., the maximum bending moment in the flange is the same 
as that in a cantilever of length a, loaded at the end by a 
force M,/h. For a very short beam / is small in comparison 
with a, tanh (//a) approaches //a, and we have, from equa- 
tion (k), 


Ml 
A (m) 





M max = 


Take, as an example, a 12” standard I beam with a cross-sec- 
tional area of 9.26 sq. in. Replacing the cross section by the equiva- 
lent cross section shown in Fig. 166 consisting of three rectangles 
having the same cross sectional areas of flanges and web ! and using 
equation (256), we find 


C = 1/3(10.91 X 0.353 + 2 X 5 X 0.5443)G = 0.692G. (n) 


The magnitude of D is obtained "° by taking half of the moment of 





18 A somewhat better approximation for-C can be obtained by taking 
account of sloping of the flanges as explained on p. 276. 

19 The moment of inertia of the cross section of the web is neglected 
here. 
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inertia of the standard cross section about the vertical principal 
axis and multiplying it by Æ. Then D= (9.5/2)+ E = 4.75E, and 
we obtain from equation (g) . 
O 
= 


from equation (/), is approximately three 

times the torque M:, provided the beam is 

long enough to make tanh (l/a) approach 1. Fic. 166. 

For instance, for //a = 2, l approaches 64, O 
tanh (l/a) = 0.96, and the error of the above calculation is 4 
per cent. 


naen x 26 75 X2 
= Z- 0.692 T 2 T299. (0) | 
Hence if the beam is loaded as in Fig. 164, /2" 035° 
the maximum bending moment in the flange, a 
0.544" 


To calculate the angle of twist g we use equation (f). 
Recalling that @ = dy/dx, integrating equation (f) and ad- 
justing the constant of integration to make g = o when x = o, 
we obtain 
l—-«x 


a ) aanl - (p) 
gee) 





a sinh ( 





e=; let 
C cosh 


Substituting x = / in this equation, the angle of twist at the 


end is 
(p) = a ( — a tanh (£) - (4) 


The second term in the parenthesis represents the effect of the 
bending of the flanges on the angle of twist. For long beams 
tanh (//a) ~ 1 and equation (q) becomes 


OEA ©) 


The effect of the bending of the flanges on the angle of twist 
is therefore equivalent to diminishing the length / by the 
quantity a. 

The method developed above for a constant torque may 
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also be used when the torque varies along the length of the 
beam. It is only necessary to substitute in equation (261) in 
place of M; its expression as a function of x. 





Fic. 167. 


In the preceding discussion of torsion of an I beam, Fig. 
165, it was concluded from symmetry that its cross sections 
are rotating with respect to the center axis of the beam. 
Hence only bending of the flanges has to be considered. It is 
seen also that this bending does not interfere with the simple 
torsion of the web since at the points of junction of the web 
and flanges the bending stresses in the flanges vanish. In the 
case of non-symmetrical cross sections or cross sections with 
only one axis of symmetry the problem becomes more compli- 
cated since not only bending of flanges but also that of the 
web will be produced during torsion. As an example of such 
a kind, let us consider the case of torsion of a channel, Fig. 167. 
It was already shown (see p. 51) that in this case each cross 
section rotates with respect to the center of twist O which is on 
the horizontal axis of symmetry of the cross section at a 
distance (see p. 53) 

e = PHt/4l, (s) 


from the middle plane of the web. From this it follows that the 
deflections of the flanges and of the web in their respective 
planes are 


A 
z= +59 and -~ y= eg, (À 


where ¢, as before, is the small angle of twist. It is assumed 
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that the thickness of the flanges and of the web are small so 
that the stresses due to bending of these parts in the directions 
perpendicular to their surfaces can be neglected. In such a 








— oo 


Fig. 168. 


case the action between the upper flange and the web is repre- 
sented only by shearing stresses (rzz)o shown in Fig. 168. 
These stresses produce bending and compression of the flange. 
If S is the magnitude of the compressive force in the flange at 
a distance x from the built-in end, we have 


l 
Ira) = — a and S=t f (raad. 


The magnitude of the force S is now determined from the 
condition that the strain és in a longitudinal direction at the 
junction of the web and the flange is the same for both these 
parts. Calculating the curvatures of the deflection curves 
from the expressions (¢), we find that this condition is repre- 
sented by the equation 


do 
e= eTe 





h_hde b S 
a ade 2T WE’ (u) 
from which, using expression (s), and using notation J, 
= ¢,43/12 + bdth?/2, we obtain 

_ Eht de 

=B, det (2) 
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Having this expression for S we can readily calculate the 
shearing stresses in the web and the flanges and also the por- 
tion M” of the torque balanced by these stresses. Let us 
begin with the shearing stresses in the web. Taking two 
adjacent cross sections mn and mn, Fig. 169 (a), and con- 


ip >| pee 





nledx—ln, @) (b) ©) 
Fic. 169. 


sidering in the usual way the equilibrium of the shaded ele- 
ment, we obtain the equation 


Trylidx — ÍS ax + ae : £ ds =0 

in which Q is the moment with respect to z axis of the shaded 
portion of the cross section of the web, Fig. 169 (4), J.’ 
= t,/°/12 is the moment of inertia of the cross section of the 
web with respect to z axis and M is the bending moment in 
the web taken positive if producing tension at the upper edge 
and equal to 


M = EI, ee = Sh. 


The expression for the stresses Ts, then becomes 


~ #(, 9). 

Tu = hda T IF 
Observing that the variation of Q along the depth of the cross 
section follows the parabolic law, we find that the distribution 


of Te is such as given by the shaded area in Fig. 169 (c) and 
that the resultant shearing force in the web vanishes. This 
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latter conclusion should be anticipated, since the shearing 
forces in the web and in the two flanges must balance the 
portion M: of the torque and this is possible only if the 
shearing force in the web vanishes and the shearing forces in 
the two flanges form a couple. 





Fic. 170. 


In calculating shearing stresses Tez in the flange, Fig. 170 
(a), we observe that at a cross section mn there are acting a 
compressive force S and a bending moment ” 


M=DS5%.°. (w) 


Considering the equilibrium of the shaded element between 
the two adjacent cross sections we then obtain 


a aM, Qi | 
f = + dx dx L =o 
where Q; and J; are to be calculated for the flange in the same 


manner as Q and J,’ for the web. Substituting for M its 
expression (w) we obtain 


_ id§b—-z E dip hQ. 
Tz = pt dx b t de 2 








trek + a dx 





The two terms on the right-hand side of this equation are 
represented in Fig. 170 (4) by the shaded areas of the triangle 
and of the parabolic segment respectively. The sum of these 
two areas multiplied by ¢ gives the total shearing force in the 


2 D = F1b3/12 denotes, as before, the flexural rigidity of the flange 


_ in its plane, 
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flange which is # 

bds th Bo 

ode T E a4 ded 

or substituting for S its expression (v) and setting 0 = de/d% 
we obtain 


V 





_ EPM ( , Hit) ae 
24 41, j) dx? (*) 
Hence the torque balanced by the shearing forces in the 
flanges is 





„o _ DR hit \ d0 

Mi = —Va=-7E (r+). O 
This expression, instead of the expression (e) obtained for the 
I beam, should be used in calculating the angle of twist of the 
channel shown in Fig. 167. Hence all the conclusions ob- 
tained for the I beam can be used also for the channel if the 


quantity a? given by expression (g) is replaced by the quantity 


_ Dk nh 
e= aet E) 





The method used in discussing torsion of a symmetrical 
channel, Fig. 167, can be applied also in the more general 
case of a non-symmetrical channel section, Fig. 171. We 
begin with determination of the center of twist O. Assuming 
that the channel is built in at one end and loaded at the other 
end in such a way that the bending without twist occurs in 

the plane of the web, we find in the usual 

R, regi manner (see p- 53) the shearing forces Ry, 
=> R and F acting in the flanges and in the 
web of the channel. The resultant of 
these forces must pass through the center 
of twist O (see art. 8). Another line pass- 
bel Re ing through the same point is obtained, if 
we assume that the channel is bent in the 
Fie, 171. horizontal plane and calculate again the 








2 The positive direction for V is as shown in Fig. 165 (c). 
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three corresponding shearing forces in the flanges and in the 
web. The point of intersection of the resultant of these 
latter forces and the previously determined resultant of the 
forces Ri, Ra and V is the required center of twist O of the un- 
symmetrical cross section. Having this center and proceed- 
ing as before (see eqs. (¢)), we express the deflection curves 
of the flanges and of the web by the angle of twist g. The 
tension compression forces Sı and $z in the flanges are now 
determined from the conditions that at the junctions the 
longitudinal strain e, is the same for the web as for the ad- 
jacent flange. When the forces Sı and Sz are calculated, the 
distribution of shearing stresses can be found as in the above 
discussed case of a symmetrical channel, and it can be shown ” 
that the shearing force in the web vanishes and the shearing 
forces R in the two flanges give a couple balancing the portion 
M: of the torque. 


Problems 


1. A cantilever of a `| section, Fig. b 
172, built in at one end is twisted by 
a couple M; applied at the other end. t 
Find the angle of twist and the maxi- A è 
mum bending moment in the flanges. è 

Solution. In this case the center ‘ 
of twist coincides with the centroid C o) b) 
of the cross section. There will be no 
bending of the web. The forces $ are 
identical in this case for both flanges and the distribution of shear- 
ing stresses is such as shown in Fig. 172 (4). The shearing force in 
the web vanishes and the equal and opposite shearing forces V in 
the flanges equal 


Fic. 172. 





Ehf — _—30t ) Boe 
+ 12 2bt + Ai J dx 
form a couple so that 
ro y, — DR aie) ae 
Mi =- Vh= — ~~ oh + ht) de 





2 The calculations are given in the paper by A. Ostenfeld, loc. cit., 


P. 283. 
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where D is the flexural rigidity of one flange. The angle of twist 
and the maximum bending moment in the flanges are calculated 
from eqs. (k) and (/) in which, for this case, 


2. PE 3h 
a (a abt + Ah 


2. Solve the preceding problem assuming that 
b, . > . . 
F i the cross section is as shown in Fig. 173. 
Answer. The shearing forces in the flanges 
are 





dy 

Vout Dd Fe 
where 
_ Ende d bèto 
k— a D=- h—d byt 
Fic. 173. The torque M,” taken by the bending of flanges is 
‘ut Be 
Mi: = Ddh ae ° 


The value of 4 to be substituted in eqs. (k) and (/) is obtained from 
the equation 


_ Dah 


a 


3. Solve the problem 1 for the cross 
sections shown in Fig. 174. 

Answer. In both these cases the @ 
center of twist O is at the junction of 
the flanges. Rotation with respect to 
this point does not produce any bending of flanges in their planes 
and the entire torque is transmitted by the torsional stresses alone. 








54. Torsional Buckling of Thin-Walled Compression Mem- 
bers.—From the discussion of art. 51 it may be concluded that 
the torsional rigidity C of thin-walled open sections decreases 
as the cube of the wall thickness while the flexural rigidities 
are decreasing in a smaller proportion. Hence a thin-walled 
member is more flexible in torsion than in flexure. If such 
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a member is submitted to the action of an axial compression 
a torsional buckling may occur at a smaller load than the 
Euler load discussed in art. 35. The ap- 
proximate magnitude of the load at which 
this torsional buckling occurs may be read- 
ily obtained by using in each particular case 
an equation, equivalent to equation (261) 
of the preceding article, defining the tor- 
sion of a thin-walled member one of the 
cross sections of which is prevented from 
warping. As an example let us consider 
here a column of a channel cross section, 
built-in at the bottom and centrally loaded 
at the top (Fig. 175, a). If the column 
buckles sidewise as indicated in the figure 
by the dotted lines, the vertical compres- 
sive force P gives, in each cross section, 
a component Pdy/dx acting in the plane 
of the cross section and passing through 
its centroid. The action of this force 
can be replaced by the bending action of an equal force passing 
through the shear center O, Fig. 175 (4), and the torque 





Fig. 175. 


M, = PË = op = Po (a) 
in which c denotes the distance of the shear center O from the 
centroid of the cross section and ¢ is the angle of twist. If 
the compressive force P is several times smaller than the Euler 
load for the buckling of the column in the xy plane the above 
mentioned bending action may be neglected and only the 








23 The torsional buckling was discussed by H. Wagner, Technische 
Hochschule, Danzig, the 25th Anniversary Publication, 1904-1929. See 
also H. Wagner and W. Pretschner, Luftfahrtforschung, Vol. 11, 1934, 
p.174; and R. Kappus, Luftfahrtforschung, Vol. 14, 1937, p. 444. English 
Translation of the later paper see in Tech. Mem. No. 851, 1938, Nat. 
Adv. Com. Aern. Regarding experiments with torsional buckling see 


paper by A. S. Niles, Tech. Notes No. 733, 1939, Nat. Adv. Com. Aern, 
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torsion considered.” In such a case equation (261) can be used. 
Substituting for M, expression (a) and for M,” expression (y) 
derived for a channel section, we obtain 
Di? hh? \ d0 
CPE = C -=F(: a) 
or 
do 
Të + ke =o (b) 
where 
_ eP- C 
kar] À 
2 4l, 


k2 





Since the lower end of the column is built in and there is no 
bending moment acting on the flanges at the top, the end 
conditions for 0 are 


O= (FZ) =o (a) 


To satisfy the first of these conditions we take the solution of 
the equation (4) in the following form: 


6 = Asin kx. (e) 


This solution will satisfy also the second of the conditions (d) 
if we put 





T T 
ki = D? k = al . (f) 
Substituting for k? its expression (c) we obtain 
a DÆ th C 
Por = 7P c(t 25) +5: (262) 


The first term on the right side of this equation is due to local 
bending resistance at the built-in end, and the second, inde- 
pendent of the length /, is due to torsional resistance. 

If instead of a channel we have a thin-walled open section 





24 If this force is approaching the Euler load a more elaborate analysis 
is required as shown by R. Kappus, footnote 23. 
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of some other shape we have only properly to change the 
first member in expression (262) as explained in the preceding 
article. Ina particular case of a „L section or of an angle, Fig. 
174, the center of twist O coincides with the point of junction 
of flanges, and there will be no bending of flanges in their 
respective planes during torsion. Hence the first term in the 
expression (262) vanishes, and we obtain 


Po = (263) 


E` 

It should be noted that in the discussion of the preceding 
article the thickness of the flanges was assumed as very small 
and the flexural rigidity of the flanges in the direction perpen- 
dicular to the flange was neglected. If that rigidity is taken 
into consideration, an additional term on the right side of the 
expression (263) appears, the magnitude of which for an angle 
with equal legs is 7?26E/12(1 — y?)4/%. This is the sum of 
the Euler loads calculated for the two flanges. It rapidly 
decreases as the length / increases so that expression (263) 
has a satisfactory accuracy for long columns. Having the 
value of the torsional buckling load for a column with one end 
built-in and the other free, we readily obtain the buckling load 
for a member with hinged ends by substituting, as usual, 
lj2 for 1. In this way we obtain for a channel member with 
hinged ends, from expression (262) 


t? Dh? tih? C 
P= ee (1+ SF) 45 (264) 


e 





23 A more accurate formula for torsional buckling of an angle with 
equal legs was derived by the writer, considering each flange as a longi- 
tudinally compressed rectangular plate. See Bull. of the Polyt. Inst. 
Kiev, 1907, and also Ztschr. f. Math. u. Phys., Vol. 58, i910. It seems 
that that problem was the first case in which the torsional buckling was 
discussed. The fundamental equation (261) was given by the writer in 
1905, loc. cit., p. 283. The extension of this equation on channel sections 
was given by C. Weber, loc. cit., p. 283. The application of the equation 
in studying torsional buckling is due to H. Wagner, Technische Hoch. 
schule, Danzig, the 25th Anniversary Publication, 1929. 
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It may be seen from the formula that the first term on the 
right side, dealing with bending of flanges, diminishes as the 
length / increases so that for comparatively long members the 
stability is practically controlled by the second term in 
expression (264). 

The formula was developed by assuming that the cross sec- 
tions at the ends of the member are free to warp. Any con- 
straint preventing free warping of the end cross sections will 
result in an increase of the first term in formula (264). If 
the ends are built-in the length //2 instead of / must be sub- 
stituted in formula (264) and we obtain for this case 





_ 4m? DP? hh? C 
Po = 4 (i E)E (265) 
It is interesting to note that the formula 
C 
Pu = a 


which is obtained for the critical load if the bending resistance 
can be neglected follows at once from the energy considera- 
tion. Since during torsion the cross sections rotate with 
respect to their shear centers, the center line of the member 
becomes a helix, the tangent to which makes an angle 6c with 
the initially straight axis of the member. Due to this angle 
the compressive forces P come together by an amount 6?c?//2. 
Equaling the corresponding work to the strain energy of 
torsion we obtain 


plge = Ë] 
2 2 


which gives 


Pa =Ê. 


c 


_ 55 Longitudinal Normal Stresses in Twisted Bars.—In discuss- 
ing torsion of circular shafts (art. 58, Part I), it is usually assumed 
that the distance between any two cross sections of a shaft remains 
unchanged during torsion. It will be shown now that this assump- 
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tion is very accurate for such material as steel in which the maximum 
shearing strain during torsion is very small. But for a material 
such as rubber the maximum shearing strain during torsion may be 
considerable. Then the change in distances between the cross 
sections of the shaft during torsion must be taken into account if 
we wish to get the correct values of stresses. 
The same conclusion holds also for steel 
torsional members of a narrow rectangular 
cross section or of thin-walled cross sec- 
tions such as shown in Fig. 159. 

Let us begin the discussion with the 
case of a solid circular shaft and assume 
first that the distance between the two 
consecutive cross sections, Fig. 176, re- 
mains unchanged during torsion. If yis 
the shearing strain at the surface of the shaft, the elongation of the 
longitudinal fiber ac is obtained from the triangle acc; as follows: 





Fic. 176. 





Expressing y by the angle of twist per unit length 0, we obtain 


Ifd 
a= an| 14 (EY 


and the unit elongation of the fiber ac is 


ac — ae, I 1 
= 2 272 — 
€ = = y = eg = . a 








The corresponding tensile stress is 


= — s, —— s 


Omax = Emax 


For any other fiber at a distance r from the axis of the shaft, the 
unit shear is less than y in the ratio r : d/2 and the tensile stress is 


ar \? 2r? T?max 
o= om (7) = ER G2 ° (2) 


The assumption made that the distance between the cross sections 
remains unchanged during twist brings us therefore to the conclusion 
that a longitudinal tensile force, producing tensile stresses (4), should 
be applied at the ends to keep its length unchanged. If no such 
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force is applied, but only a pure torque, the twist will be accom- 
panied by some shortening of the shaft. Let eo be the corresponding 
unit shortening. Then instead of equation (4) we obtain 


ar? Etmax? 
c= > 


2 œ ~ oF. (c) 





The quantity es is determined from the condition that the longi- 
tudinal force corresponding to the stress distribution (c) should be 
equal to zero. Dividing the cross section into elemental rings and 
making a summation of forces corresponding to stresses (c), we 
obtain ?6 


ae 42 ( ar? Etma 
Í 2rrodr = an f (z a ~ ak) rar 


from which 





Tmax? 


4G? 





€) = 
and the stress distribution, from equation (c), becomes 


ETmax f 872 
c= T (a), (266) 


The maximum stress occurs at the outer surface, where r = d/2, 
and we obtain 





Cmax = 4@ . (267) 


At the center of the cross section we obtain a compressive stress of 
the same amount. 

It is interesting to note that the stress ø is proportional to tmax?; 
hence the importance of this stress increases with increasing Tmax 
ie., with increasing angle of twist. For such material as steel 
Tmax 1s always very small in comparison with G and the magnitude 
of dmax is therefore small in comparison with Tmax, and can be 
neglected. But for such material as rubber Tmax may become of the 
same order as G and omex will no longer be small in comparison with 
Tmax and must be taken into consideration. 

If, instead of a circular cross section, we have a narrow rec- 








6 It is assumed that the cosines of the angles between the fibers and 
the axis of the bar can be taken equal to unity. 
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tangular one, it can be shown ” that even for such materials as steel 

the stresses ¢ may become of the same order of magnitude AS Tmax: 

If the longer side of the cross section, 4, is large in comparison with 

its shorter side, c, the maximum elongation of the most remote fiber 

due to twist alone is, from equation (a), with 4 substituted for d, 
RB 


Emx = y 8. 
For any fiber at distance y from the axis, the elongation is less, in 


the ratio (2y/4)2.. Combining this elongation with the longitudinal 
unit contraction eo, we obtain 


c= 8(**—«)- (a) 


The constant eo is determined, as before, from the condition that 
the tensile longitudinal force is equal to zero; hence 


l2 bin / ge ge B 
[cody = cB (En-«)a=ce(E- 7 -«b)=0 








—b/ —b/2 
from which 
ao RP 
rane 
and we obtain, from (d), 
Ee B 
= —_ 2 — — . 
=a ( =) (e) 
The maximum tensile stress for the most remote fiber (y = 6/2) is 
Eee 
Omax = 12 ° (A) 
The maximum compressive stress at the center (y = o) is 
Ene 
Omin = — ° (g) 
24 





27 See paper by Buckley, Phil. Mag., 1914, p- 778. See also C. 
Weber, “Die Lehre der Verdrehungsfestigkeit,” Berlin, 1921, and also 
his paper in A. Foeppl, Festschrift, Berlin, 1924. 
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To compare these stresses with Tmax, Equations (253) and (254) can 
be used. For a very narrow rectangular section we obtain 





Tmax 
° = cG (A) 
Substituting this in expressions (f) and (g), we obtain 
Etmax? B ET max? ag 
max = 5G: S Omin = ~ ne R (268) 


It is seen that when ż/c is a large number the stresses 
max aNd Gmin May not be small in-comparison with 
Tmax. The distribution of the stresses (see eq. e) is 
shown* in Fig. 177. These stresses have the direc- 
tion of longitudinal fibers of the twisted strip, and 
are inclined to the axis of the strip at an angle Oy. 


Their projections on the plane perpendicular to the 
axis of the bar are 


Fe By 
ve dy =P (z -2) (k) 


The component (&) of stress o per element cdy of the 
cross section gives a moment, with respect to the axis 
Fic. 177. of the bar equal to 


Ee By 
a (> — 2) eydy. 


Hence the torque resulting from the stresses ø is 


2/2 Ee By Ech 
a 3 oe, = 3 
S., 2 (> =) ody 360 0" 








Combining this torque with that due to the shearing stresses and 


determined from equation (253), we obtain the following expression 
for the total torque: 


I I I 1 E% ` 
=- 3 . — 508 — —— — — f? . 
Mı = 7 eG b+ % Ecto =iweof it Gae) (269) 





# This stress distribution takes place at some distance from the ends. 
Near the ends a more complicated stress distribution, than that in ex- 
pression (e), is produced and such as to make the ends entirely free from 
normal stresses. This kind of stress distribution is discussed in “Theory 
of Elasticity,” p. 152. 
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It can be seen that in the case of a very narrow rectangular cross 
section and comparatively large angles of twist the stresses ¢ may 
contribute an important portion of the torque since this portion, 
represented by the second term in equation (269), varies ae while 
the portion due to the shearing stresses r varies as 0. vi en the 
magnitude of the torque is given, the corresponding angle of twist 6 
is found from equation (269). The maximum shearing stress Tmax 
is then calculated from equation (4) and Gmax, min from equations 
(268). Take, for example, b =4 in, ¢ = 0.05 in, E/G = 2.6, 
G = 11.5 X 108 lbs. per sq. in. and M; = 3% X 15,000 lbs. ins. 
= so lbs. ins. If the normal stresses o be neglected, equation (254) 
gives Tmax = 15,000 lbs. per sq. in. and equation (253) gives 


Tmax 
0 = = 0.0261. 
cG 





Taking into consideration the longitudinal stresses and using equa- 
tion (269), we obtain 


0.0261 = (1 + 2,2208), 
from which @ = 0.0164; 


Tmax = 0 + c © G = 9,430 lbs. per sq. in.; 


2 £2 . 
= Erme á = 10,700 lbs. per sq. in. 
12G? ¢ 


Omax 

It can be seen that for such a large angle of twist of a thin metallic 
strip the normal stresses ¢ are of the same order as the shearing 
stresses 7 and can not be neglected in calculating the angle of twist. 
From the above given discussion it may be concluded that a 
uniform longitudinal tension will have some influence on the angle 
of twist of a thin rectangular strip. Assume, for example, that a 
uniform longitudinal tensile stress oo is applied to the strip which 
was just considered. In such a case the equation for calculation 


€9 is 
2 TA 
e(t — e ) = ably 


and we obtain 
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The expression for longitudinal stress e then becomes 


and the corresponding torque is 


+b/2 Ech® oft 
8y - cydy = —— owe, 
f. ey” Jay 360 P + 12 





For the total torque, instead of equation (269), we then obtain 


I 1 Eb ta È 

M, = — bë ee Lo 2 
t TOET TI (270) 
It is seen that when 4/c is a large number, i.e., in the case of a thin 
strip, the tensile stress may reduce considerably the angle of twist 6. 


56. Open Coiled Helical Spring. 
—In the previous discussion of 
helical springs (see p. 271, Part I), 
it was assumed that the angle a be- 
tween the coils and the plane per- 
pendicular to the axis of the helix 
was very small. This angle neg- 
lected, the deformation is only a 
twisting of the wire. Inopen coiled 
springs the angle œ is no longer 
small and the deformation pro- 
duced by the axial loads P consists 
of both twist and bending (Fig. 
178). At any point < the tangent 
to the helical center line of the 
spring is not perpendicular to the 





lo) force P and this force produces at 
the cross section 4 of the wire the 
Fic. 178. bending moment about the axis 71 


and torque. P is resolved into two 
components: P cos a and P sin a, respectively perpendicular to 
and parallel to the tangent at 4. At this cross section the com- 
ponent P cos a produces the torque 


M: = PR cos a, (a) 


where R is the radius of the helix, and the component P sin æ 
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produces the bending moment 
M = PRsina. (2) 


The maximum combined stress is (see p. 277, Part I): 


6PR 
-$ (m+ EME) =" ! 
ad? rd 





(1 +sina)» (271) 


Omax 


in which d is the diameter of the wire. The maximum shearing 


“stress is 29 


16PR 


was 


6 —— 
Tmax = = M? + Mè = (272) 
Let us consider now the deflection of the spring on the assump- 
tion that it is fixed at the upper end and loaded by an axial load P 
at the lower end. An element ds between two adjacent cross 
sections at £ is twisted by the torque M: through the angle 


PR cos a 
dge=—G T, ds. (c) 
Due to this twist the lower portion of the spring rotates about the 
tangent at 4 through the above angle dg. This small rotation 1s 
represented in the figure by the vector 7 along the tangent, which 
is taken in such a direction that between the direction of the vector 
and the direction of rotation there exists the same relation as between 
the displacement and the rotation of a right hand screw. The 
small rotation n may be resolved into two components: (1) a rota- 
tion 7 cos a about a horizontal axis, and (2) a rotation n sin a about 
a vertical axis. The latter rotation does not produce any lowering 
of end B of the spring and so need not be considered here. The 
discussion of the lowering of the end B of the spring due to the 
rotation 2 cos a follows the same form as that for a close coiled 
spring. Due to this rotation point B is displaced to B, (Fig. 178, ¢) 
and we have BB; = ABncosa. The vertical component of this 


displacement is 


BB, = BB,» =; = Rn cos a. (d) 


29 If the diameter d of the wire is not very small in comparison with 
the diameter 2R of the helix this value must be multiplied by the correc- 
tion factor, which, for a < 20°, can be taken to be the same as for close 
coiled springs (p. 272, Part I). A further discussion of this subject is 
given by O. Géhner, V. D. L., Vol. 76, 1932, p. 269. 
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The total deflection of the end B due to twist is the summation of 
elements such as given by eq. (d), or 


c 
ô = f Rn cos a, le) 
B 


in which the summation is taken along the total length of the spring 
from the lower end B to the upper fixed end C. 

The deflection due to bending may be calculated in the same 
manner. The angular deflection due to the bending of the element 
ds by the moment M (eq. 4) is 


PR sin 
do, = <r ds. (A 


The corresponding rotation of the lower portion of the spring is 
shown in the figure by the vector nı. In the same manner as above 
it may be shown that only its horizontal component nı sin a con- 
tributes to the vertical displacement of the end B and that the 
magnitude of this displacement is 


c 
ô: = f Rm sin a. (g) 
B 
By adding (e) and (g), the total deflection of the end B becomes 
c 
ô = ĝi + ô: = Rf (n cosa + n sin a). 
B 
Substituting equation (c) for n and equation (f) for nı we obtain 
Cf cosa  sin?a 
= 2 
ô= PR f ( GI, + EI ) 4s, 


or, noting that the expression in the parenthesis is constant and 
denoting the length of the wire of the spring by s, we have 














ô = PRes( 


cova sina ) 


Gr, ET (273) 


If the diameter d of the wire is not small in comparison with 
2R, the torsional rigidity GZ, in equation (273) must be multiplied 
by the correction factor 
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The same factor can be used also for a spring with a square cross 
section. 

Equations (271), (272), and (273) give us the complete solution 
to the problem of an open-coiled helical spring submitted to the 
action of an axial force.*! 

The extension of the spring is accompanied by rotation of the 
end B with respect to the vertical axis of the helix. To determine 
this rotation, let us again consider the deformation of the element 
ds in Fig. 178 (a). Due to torsion of this element there will be 
rotation of the lower portion of the spring by an angle: %2 





Due to bending of the same element producing the angular change 
m, Fig. 178 (a), the rotation of the lower, portion of the spring with 
respect to the vertical axis is 

Mds 


— nı COSa& = — -EF COS a. 


EI 


Hence the total rotation about the axis of the helix of the lower 
portion of the spring due to deformation of an element ds, is 


(“a Moe) 
ds . 





GI, EI A) 


The sum of these elemental rotations equals the total angle of 
rotation ¢ of the end B with respect to the fixed end C of the spring: 





GI, EI 


` (mis Meia) 
g=s 


. I I 
= sPR sina cosa (z — z) (274) 


where s is the total length of the spring wire. 
In the case of other forms of cross section of the wire, the corre- 








3 O, Göhner, loc. cit., p. 305. 

3 The theory of helical springs was developed by St. Venant; see 
C. R., Vol. 17, 1843, p. 1020. A series of particular cases was discussed 
by Thompson and Tait, Nat. Phil., 2d part, p. 139; I. Perry, Applied 
Mechanics, New York, 1907, p. 613; and G. W. Shearer, Engineering, 
Vol. 93, 1912, p. 206. 

32 A circular cross section of the wire is assumed. 
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sponding value of torsional rigidity C instead of GZ, must be sub- 
stituted in equation (274). 

Axial Torsion —Let the vector 4D represent 
the torque M, applied at the end B of the spring, 
Fig. 179. The bending and the twisting mo- 
ments acting on the element ds at 4 are 


M = M, cosa, M: = Mz sin a. 


The rotation of the end B of the spring around 
the z axis due to deformation of the element ds is 


M: . M 
ds (Fi sin « + Broos ) 








-am.( 


sina cosa 
GI, * EI 


The total rotation of the end B of the spring 
with respect to the z axis produced by the torque 
Fic. 179. M, is 











(275) 


sin?a | cos? =) 


e= sM. ( GI, | EI 


Since the tensile force P produces rotation ¢ of the end B of 
the spring, it can be concluded from the reciprocity theorem (p. 330, 
Part I) that the torque M, will produce the elongation of the spring. 
The magnitude ô of this elongation is obtained from the equation: 


Pi = M, 
from which 
M, . 
s= ŽE o = MsR sina cosa ( ap = g)” (276) 


Axial Bending—Sometimes we have to consider pure bending 
of a helical spring in its axial plane, Fig. 180. Let Me, represented 
by vector 4B, Fig. 180 (6), be the magnitude of the bending couples 
in yz plane. Considering an element ds of the spring at a point 4, 
defined by the angle 6, we resolve the vector 4B into two com- 
ponents: AC = Me cos 0, and AD = M,sin6. The first component 
represents a couple in the plane tangent to the cylindrical surface 
of the radius R, which produces bending of the wire in that plane. 
The second component represents a couple acting in the axial plane 
of the spring, and can be resolved into torque, Me sin 8 cos a, and 
bending moment in the plane of the coil, Ms sin@ sina. Hence the 
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element ds undergoes bending by a combined bending moment 
equal to 





VM cos? 6 + M sin? @ sin? a, (j) 
and twist by a torque equal to M, sin 0 cosa. The strain energy of 
the element then, assuming a circular cross section, is 

M,?(cos? 0 + sin? 6 sin? a) 4 Mè sin? 6 cos? a 
ZET 2GI, ” &) 


Substituting ds = Rd6/cos a, and integrating from 6 = o to = 2m, 
where z is the number of coils, we obtain 
anR [= + sin? a) Mè cos? a 
cos q 2E1 + 2G, ` 





au = as | 





Q) 


The angular deflection of one end of the spring with respect to the 





Fic. 180. 


other is //p, where / is the length of the spring, Fig. 180 (a), deter- 
mined from the expression 


. 2rRa . 
l= ssina = ——: sina, 
cos @ 
and p is the radius of curvature of the deflection curve. Equating 
the work done by the bending couples M, to the strain energy (/), 
we obtain 





M, l 
—.-=U, 
2 p 
from which 
I I 1 + sina costa 
=Ma Al 2EI 2GI, | Í (277) 
Hence the quantity 
sin 
B = — 0t (m) 


1+sin?a costa 


2EI 2GIp 





310 STRENGTH OF MATERIALS 


must be taken as the flexural rigidity in the case of an axial bending 
of helical springs of circular cross section. If the angle ais small, we 
can assume with sufficient accuracy that sin? a = o and cos? a = 1. 
Substituting also sina = //s, we represent the 

A P. flexural rigidity of a helical spring by the formula: 





2EIl I 

x Be E) (278) 

Se r+ 

l f 2G 
In considering bending of a helical spring by 
_t a lateral load, Fig. 181, we have to take into ac- 
h count not only deflections produced by bending 
T moment but also deflections produced by shearing 


(zi force. Assuming that the end O of the spring is 

Fic. 181. fixed and that a is small, we obtain the deflection 

6, of the upper end 4 of the spring produced by 

the bending moment action from the usual cantilever formula by 
substituting the value (278) for flexural rigidity. Hence 


PPB s E 
= So an (ta) K 
In discussing the effect of shearing force on the deflections, let us 
consider the distortion of one coil in its plane ® produced by the 


shearing force V, Fig. 182. The bending mo- 
ment produced by V at any point < is VR sin 9, 








and the corresponding strain energy of one coil is R 
Y- tf" M?Rd@ _ V?R x ° A 
o 2E 2EI Vie 
. . . 4 
The relative displacement e then is —F 
dU «VR vo 
e= OV EI ` Fic. 182. 


Dividing this displacement by the pitch 4 of the helix, we obtain 
the additional slope y of the deflection curve produced by the 
shearing force action: 





3 The angle @ is assumed small in this discussion. 
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This expression must be used instead of the expression aV/AG in * 
the formulas for deflections produced by shear action in solid beams 
(see art. 39, Part I), if it is required to adapt these formulas to the 
calculation of lateral deflections of helical springs. In the case 
shown in Fig. 181 the shearing force is constant along the length / 
and equal to P; hence the deflection due to shear is 





Adding expressions (7) and (p) and assuming s = 27Rv, we obtain 

anPPR 4. E 4 3R? 
3EL \' ToGT P 

The last term in the parenthesis represents the effect of shear action. 


It is negligible if the radius R of the helix is small in comparison 
with the length 7.34 


ô = 64 + be = (279) 





31 Lateral buckling of helical springs under axial compression is dis- 
cussed in “Theory of Elastic Stability,” p. 165. 


CHAPTER VII 
STRESS CONCENTRATION 


57. Stress Concentration in Tension or Compression 
Members.—In discussing simple tension and compression it. 
was assumed that the bar has a prismatical form. Then for 
centrally applied forces the stress is uniformly distributed over 
the cross section. A uniform stress distribution was also 
assumed in the case of a bar of variable cross section (see Fig. 
14, Part I), but this is an approximation which gives satisfac- 
tory results only when the variation in the cross section is 
gradual. Abrupt changes in cross section give rise to great ir- 
regularities in stress distribution. These irregularities are of 
particular importance in the design of machine parts subjected 
to variable external forces and to reversal of stresses. Irregu- 
larity of stress distribution at such places means that at certain 
points the stress is far above the average and under the action 
of reversal of stresses progressive cracks are likely to start 
from such points. The majority of frac- 
tures of machine parts in service can be 
attributed to such progressive cracks. 


To illustrate the stress distribution in a 
bar of variable cross section under tension, 
let us consider a symmetrical wedge of a 
constant thickness 4 loaded as shown in Fig. 
183. An exact solution has been found for this Fic. 183. 
case! which shows that there is a pure radial , 
stress distribution. An element in the radial direction at a point 
A is in a condition of simple radial tension. The magnitude of this 
radial tensile stress is given by the equation 


P cos 8 
or =k hr 
1 See paper by A. Mesnager, Annales des Ponts et Chaussées, 1901. 


See also I. H. Michell, London Math. Soc. Proc., Vol. 32 (1900) and 
Vol. 34 (1902). The problem is discussed also in “Theory of Elasticity, 


P- 93, 1934. 








(2) 
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in which 6 is the angle between the x axis and the radius O, ris the 
distance of the point 4 from O and k = 1/(a + 3 sin 2a) is a factor 
depending on the angle 2a of the wedge. 

The distribution of normal stresses ¢, over any cross section mn 
perpendicular to the axis of symmetry of the wedge is not uniform. 
Using eq. (17) (see p. 36, Part I) and substituting r = a/cos 0 in 


£ _ eq. (4) above, we find 


kP cos! 0 
= 20 =. 
Os = or COS? 0 ah (b) 


This shows that the normal stress is a maximum at the center of the 
cross section (0 = o) and a minimum at 0 = œ. The difference 
between the maximum and minimum stress increases with the 
angle a. When æ = 10°, this difference is about 6 per cent of the 
average stress obtained by dividing the load P by the area of the 
cross section mn. Analogous conclusions may be drawn for a 
conical bar. It may be shown that the distribution of normal 
stresses over a cross section approaches uniformity as the angle of 
the cone diminishes. 


This discussion shows that the assumption of uniform 
distribution of normal stresses over a cross section of a non- 
prismatical bar gives satisfactory results if the variation in 
cross section along the bar is not rapid. 

However the conditions are quite different when there are 
abrupt changes in the cross section. Then the distribution 
of stresses at the place of variation is very far from being 
uniform and results obtained on the assumption of uniform 
stress distribution are entirely misleading. Several examples 
of abrupt change in cross section are discussed in the subse- 
quent two articles. 


58. Stresses in a Plate with a Circular Hole.—If a small circular 
hole? is made in a plate submitted to a uniform tensile stress o, a 
high stress concentration takes place at the points mu (Fig. 184, a). 
The exact theory è shows that the tensile stress at these points is 
equal to 3s. It shows also that this stress concentration is of a very 
localized character and is confined to the immediate vicinity of the 
hole. If a circle be drawn concentric with the hole and of com- 








i 2 The diameter of the hole is less, say, than $ of the width of the 
plate. 


3 This theory was given by Kirsch, V. D. I., 1898. See also “Theory 


.of Elasticity,” p. 75, 1934- 
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paratively large radius c, as shown in Fig. 184 (a) by the dotted 
line, it can be assumed that the stress condition at the circum- 
ference of this circle is not materially affected by the presence of 
the hole. Let Fig. 184 (4) represent a circular ring cut out of the 
plate by a circular cylindrical surface of radius c. At each point 
of the outer surface of this ring we apply vertically directed stress 
of magnitude ø sin g, i.e., equal to the stress on the corresponding 
elemental area 4 of the plate (see eq. 16, Part I); then the stresses 
in the ring will be approximately the same as in the portion of 
the plate bounded by the circle of radius ¢ (Fig. 184, a). In this 
manner the problem of the stress 
distribution near the hole in a plate 
is reduced to that of an annular 
ring of rectangular cross section 
subjected to known vertical forces 
of intensity o sin g continuously 
distributed along its outer bound- 
ary. This latter problem may be 
solved by using the method dis- 
cussed on p. 8r. Considering one 
quadrant of the ring, the stresses 
acting across the cross section mn 
are reduced to a longitudinal ten- 
Fie. 184. sile force No at the centroid of the 
cross section and a bending couple 
Mo. The longitudinal force can be determined from the equation 
of statics and is 








No = oc. (a) 


The moment M, is statically indeterminate and is calculated by 
use of the theorem of least work. Equation (88), p. 84, is used for 
the potential energy, in which the longitudinal force and the bend- 
ing moment at any cross section of the ring, determined by the angle 
e (Fig. 184, 4), are 


N=cc co? g; M=Mo+oc(1—cos o| Ea cos g) + É sos e] 


— oc (-— t) (1—cos ¢), (4) 


where / is the depth of the rectangular cross section. Then 


dU [Mee E MES 
dM, Jy AEe h AE ® 


4 The thickness of the plate is assumed to be unity. 
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from which, after integration, 
200? 3 h I ea R, ; 
My =] 1-32-23 ( 1) +4 Se » | (c) 


Here, as before, R is the radius of the center line and e the distance 
of the neutral axis from the centroid of the cross section. 

The stress at the point 7 of the cross section mn of the ring 
consists of two parts: (1) the tensile stress produced by the longi- 


tudinal force Np and equal to 
No oc 
1 = hh? (d) 
and (2) the bending stress produced by Mp which is, from eq. (66), 








_ Mh, Gm) see, a), ©) 


g: = = 
2 Aea Aea 2ea 


in which a is the radius of the hole. 

The distance e is calculated by use of eq. (70) for various 
values of the ratio c/a and then the quantities o1 and o2 are deter- 
mined from eqs. (d) and (e). The maximum stress is 


Omax = 91 + on. 


The results of these calculations are given in the table 22 below. 











TABLE 22 
cla = 3 4 5 6 8 10 
deh... 2. eee 0.1796 | 0.2238 | 0.2574 | 0.2838 | 0.3239 | 0.3536 
CT A 1.50 1.33 1.25 1.20 1.14 LII 
CT A 2.33 1.93 1.83 1.83 1.95 2.19 
Omax... nannaa 3-83 3.26 3.08 3-03 3-09 3-30 








Comparison of the figures of the last line of the above table with 
the exact solution omax = 30 for a small hole shows that for 
5 < c/a < 8 the results of approximate calculation agree closely with 
the exact solution. When c/a < 5, the hole cannot be considered 
as very small, but has a perceptible effect on the distribution of 
stresses along the circle of radius ¢ (Fig. 184, a), in which case our 
assumption regarding the distribution of forces along the outer 
boundary of the ring (Fig. 184, 4) is not accurate enough. The 
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deviation from the exact theory for c/a > 8 is due to insufficient 
accuracy in the elementary theory of curved bars for the case where 
the inner radius is very small in comparison with the outer one. 
Taking any point in the cross section mn, Fig. 184 (4), at a 
distance 7 from the center of the hole the normal stress at that 


point is 
2 at 
“(2+ $452) A 


r 


where ¢ is the uniform tensile stress applied at the ends of the plate. 

This stress distribution is shown in Fig. 184 (a) by the shaded areas. 

It is seen that the stress concentration is highly localized in this 

case. At points 7, i.e., at r = a, we 

of} have Smax = 30. The stresses de- 

crease rapidly as the distance from 

this overstressed point increases; at 

a distance from the edge of the hole 

equal to the radius of the hole, i.e., 

for r = 24, we obtain from expres- 

sion (f) the normal stress equal to 

Izzo. The stress decreases rapidly 

also with the increase of the angle 

la (b) P, Fig. 184 (4), and for ¢ = x/2, 

Fie. 185. i.e., for the cross section parallel to 

the applied tensile stresses ø we find 

at the edge of the hole a compressive stress in the tangential direc- 

tion of the magnitude equal to the tensile stress « applied at the 
ends of the plate. 

If, instead of tension, we have compression of the plate, Fig. 
185 (a), we have only to change the sign of stresses obtained in our 
preceding discussion, and we conclude that there will be a compressive 
stress of the magnitude 30 at points z and a tensile stress of the 
magnitude o at points m. In the case of a brittle material such as 
glass which is very strong in compression and weak in tension the 
cracks usually start at points m as shown in Fig. 185 (b). 

Having the stresses for simple tension or compression and using 
the method of superposition, we readily obtain the stress concen- 
tration for the cases of combined tension or compression in two per- 
pendicular directions. For example, in the case shown in Fig. 186(4) 
we find that the tangential stress at points 7 is 30, — oz and at 
points m the stress is 302 — oy. In the particular case of pure shear 
we have 





= — 0y =T 
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and we obtain for points z the stress — 4ø and for the points m the 
stress + 40; thus in this case the maximum stress is four times larger 
than the stresses applied at the edges of the plate. Such a condition 
of high stress concentration we obtain in the torsion of a thin-walled 
circular tube with a small circular hole in it, Fig. 186 (4). If the 





Fic. 186a. Fic. 1864. 


applied torque has the direction indicated in the figure, the maxi- 
mum tensile stress, four times larger than the shearing stresses 
applied at the ends, is produced at the edge of the hole at the points 
marked by plus signs. At the points marked by the minus signs, 
there will be a compressive stress of the same magnitude. 

The approximate method of calculation stresses at a circular hole 
described above can also be used for the case of a hole with a bead 
(Fig. 187). This calculation, worked out * for 4/f, = 11, ¢/2@ = 0.01, 
gave the following values of the ratio omex : ø for various values of c/a: 


cla = 4 5 6 

Omax/o = 2.56 2.53 2.56 
In the range considered, the ratio omax/o varies 
but slightly with c/a, so further calculations 
are made for the case c/a = 5 only. The 
influence of the cross sectional area of the 
bead on the omax can be studied by varying the | 
dimension 4 of the bead. If 4, = 24a denotes 
the decrease in cross section of the plate due to 
the hole and 4, = (b — 4:)¢ the cross sectional 
area of the bead, the ratio omax/s for several 
values of the ratio 42/41 is given below: 


je 





A4; = 0.10 0.20 0.30 O40 0.50 
Omax/o = 2.53 2.17 1.90 1.69 1.53 Fic. 187. 





5 Discussion of this problem is given in the author’s paper, Journal 
of the Franklin Institute, Vol. 197, p. 505, 1924. It is assumed that 


the entire cross section of the bead is effective. 
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The above figures can be used also in the case of other shapes of 
bead cross section provided the dimension ¢ of the bead in the radial 
direction can be considered as small in comparison with the radius 
a of the hole. Take, for instance, a wide plate in tension, 75 in. 
thick, with a circular hole of 40 in. diameter. Let the edge of the 
hole be stiffened with two angle irons 4 X 4 X yin. In sucha 
case 42/4, = 0.40 and the above table gives gmax : o = 1.69. 


59. Other Cases of Stress Concentration in Tension 
Members.—There are only a few cases in which, as in the 
case of a circular hole, the problem on stress concentration is 
solved theoretically. In most 
cases our information regarding 
maximum stresses at points of 
sharp change in cross section 
is obtained from experiments.’ 
In our further discussion we 
shall limit ourselves to the final 
results of some theoretical and 
experimental investigations, 
which may be of practical 
significance. 

In the case of a small e/liptical hole in a plate’ (Fig. 1882) 
the maximum stress is at the ends of the horizontal axis of 
the hole, and is given by the equation: 





Fic. 188. 


oma = 0 (1 +25) (a) 


where ø is the tensile stress applied at the ends of the plate. 
This stress increases with the ratio a/ż, so that a very narrow 
hole perpendicular to the direction of tension produces a very 
high stress concentration. This explains why cracks perpen- 





ê Various experimental methods of determining maximum stress are 
described in articles 63. See also E. Lehr, “Spannungsverteilung in 
Konstructionelementen,” 1934. 

7 See G. Kolosoff, Dissertation, 1910, St. Petersburg; see also C. E. 
Inglis, Engineering, Vol. 95, 1913, p. 415, and Trans. Inst. of Naval 
Architects, 1913. 
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dicular to the direction of forces tend to spread. This spread- 
ing can be stopped by drilling holes at the ends of the crack 
to eliminate the sharp corners at the ends of the crack which 
produce high stress concentration. 

Small semi-circular grooves in a plate subjected to tension 
(Fig. 1884) also produce high stress concentration. Experi- 
ments ê show that at points m and z the stresses are about 
three times the stress applied at the ends of the plate, if 
the radius r of the groove is very small in comparison with 
the width dof the minimum section. In general the maximum 


32 r 


(b) gre fa) 3d (c) 


f + 
30 = = 
zs h 


|N SEMI-CIRCULAR GROOVES êr CIRCULAR HOLE FILLETS 
am STT 
, O edea || tf] ttt tl 





Fic. 189. 


stress at points m and 7 is a function of the ratio r/d. The 
ratio of the maximum stress to the average stress in the 
minimum section such, as the cross section mm, is usually called 
the factor of stress concentration and denoted by k. The values 
of k for various values of the ratio r/d are given in Fig. 189 by 
the curve II.° In the same figure are given also the factors 
of stress concentration for the case of a circular hole (curve I) 





8 See M. M. Frocht, Journal of Applied Mechanics, Vol. 2, p. 67, 1935. 
° The curves given in the following discussion are taken from the 
article by M. M. Frocht, Journal of Applied Mechanics, Vol. 2, 1935, p. 67. 


320 STRENGTH OF MATERIALS 


and for the case of fillets (curve III). In Fig. 190 more in- 
formation regarding stress concentration at fillets is given. 

In Fig. 191 the factors k are given for grooves of various 
depth having a circular shape at the bottom. It is seen that 


























Fic. 191. 


for deep grooves the factors of stress concentration are larger 
than those for semi-circular grooves with the same value of r/d. 


The case of a plate of a very large width with hyperbolic grooves, 
Fig. 192, can be treated theoretically.!° The solution shows that 





10 H, Neuber, Zeitsch. f. angew. Math. u. Mech., Vol. 13, 1933, P- 439- 
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the factor of stress concentration, i.e., the ratio of the maximum 
stress at the points m and x to the average tensile stress over the 
cross section mn, can be represented by the following approximate 
formula: 


k= Jos 2 + I.2 — oI (4) 


in which d is the width of the minimum section and r is the radius 
of curvature at the bottom of the groove. It is interesting to note 
the values of k obtained from this formula are in very good agree- 
ment with experimental results obtained for deep grooves (hlr = 4) 
semi-circular at the bottom, Fig. 191. 


Se 


Fic. 192. 












Assume now that Fig. 192 represents an axial section of a 
circular cylinder of a large diameter with deep grooves of a hyper- 
bolic profile under an axial tension. The maximum tensile stress 
again occurs at the bottom of the groove and the value of the factor 
of stress concentration is ” 


k = q lo.s z + 0.85 + 0.08. (e) 


The comparison of this formula with formula (4) shows that in the 
case of a grooved cylinder the stress concentration is smaller than 
in the case of a grooved plate. A further discussion of this com- 
parison is given later (see art. 62). 

In the case of a cylinder in tension with an ellipsoidal cavity 
at the axis, for which Fig. 188 (a) can be considered as an axial 





11 The Poisson ratio is taken equal to 0.3 in formulas (4), (c) and (d). 
12H, Neuber, loc. cit., p. 320. 
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section, the maximum tensile stress occurs at points m. Its value 
is given by the following approximate formula 


Omax = 0 (os! + 0.05 + 0.78 ) (d) 


where ø is a uniform tensile stress applied at the ends of the cylinder 
and v is the radius of curvature of the ellipse at points m. 


The standard tensile test specimen for concrete, Fig 193, 
is another example of a tension member with sharp variation 
in cross section. Experiments show” that the 
maximum stress occurs at points m and n and 
that this stress is about 1.75 times the average 
stress over the cross section mn. 

Figure 194 represents a dovetail joint which 
is often used in electric machines to hold the 
magnetic poles to the rim of the spider. The 
centrifugal force acting on the pole produces 

Fic. 193. large tensile stresses over the cross section mn. 
The distribution of these stresses is shown in 
Fig. 194 ($). Due to the abrupt change in cross section a 
high stress concentration takes place at points m and. The 
tensile stresses ds are accompanied by stresses o, in a lateral 
direction. The distribution of these stresses along mm is 
shown in Fig. 194 (4), and their distribution along the verti- 
cal plane of symmetry is shown in Fig. 194 (a). 

All the conclusions regarding stress distribution made 
above assume that the maximum stresses are w:thin the pro- 
portional limit of the material. Beyond the proportianal 
limit stress distribution depends on the ductility of the ma- 
terial. A ductile material can be subjected to considerable 











13 See E. G. Coker, Proc. International Assoc. for Testing Materials, 
New York Congress, 1913. 

14 See paper by E. G. Coker, Journal of the Franklin Inst., Vol. 199 
(1925), p. 289. T-heads which also have frequent application in machine 
design were tested by M. Hetényi, “Journal of Applied Mechanics,” 
Vol. 6, 1939, p. I5I. 
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stretching beyond the yield point without great increase in 
stress. Due to this fact, the stress distribution beyond the 
yield point becomes more and more uniform as the material 
stretches. This explains why, with ductile materials, holes 
and notches do not lower the ultimate strength when the 
notched piece is tested statically. Moreover, in testing mild 
steel specimens with deep grooves, a certain increase in the 
ultimate strength is usually obtained, due to the fact that the 
grooves prevent necking of the specimen at the cross section 
of fracture (see p. 421). 











Fic. 194. 


However in the case of a brittle material, such as glass, the 
high stress concentration remains right up to the point of 
breaking. This causes a substantial weakening effect, as 
demonstrated by the decrease in ultimate strength of any 
notched bar of brittle material. It is interesting to note that 
very fine scratches on the surface of a glass specimen do not 
produce a weakening effect, although stress concentration at 
the bottom of the scratch must be very high.” In explanation 


of this, it is assumed that common glass in its natural condition 


has many internal microscopic cracks, and small additional 
scratches on the surface do not change the strength of the 
specimen. 

The above discussion shows, therefore, that the use of 
notches and reéntrant corners in design is a matter of judg- 





18 This phenomenon was investigated by A. A. Griffith, Phil. Trans. 


© (A), Vol. 221 (1920), p. 163. 
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ment. In the case of ductile structural steel high stress 
concentration is not dangerous provided there is no alternating 
stress. For instance, in the construction shown in Fig. 194, 
the stresses are very often so high that yielding occurs at m 
and n, but this yielding is not considered dangerous because 
the structure is subjected to the action of a constant force. 
In the case of brittle material, points of stress concentration 
may have a great weakening effect, and such places should be 
eliminated or the stress concentration reduced by using 
generous fillets. 

In members subjected to reversal of stress the effect of 
stress concentration must always be considered, as progressive 
cracks are liable to start at such points even if the material is 
ductile (see art. 80). 


60. Stress Concentration in Torsion Members.—In dis- 
cussing the twisting of bars of various cross sections (see arts. 
§0 and 51) it was mentioned that reéntrant corners or other 
sharp irregularities in the boundary line of the cross section 
cause high stress concentration. Longitudinal holes have a 
similar effect. 

As a first example let us consider the case of a small 

circular hole in a twisted circular shaft ! 
(Fig. 195). In discussing this problem the 
hydrodynamical analogy is very useful.” The 
problem of the twisting of bars of uniform 
cross section is mathematically identical to that 
of the motion of a frictionless fluid moving with 

Fie. 195. uniform angular velocity inside a cylindrical 

shell having the same cross section as the bar. 








16 This case was investigated by J. Larmour, Phil. Mag., Vol. 33, 
1892, p. 76. 

17 This analogy was developed by Lord Kelvin and Tait, Natural 
Philosophy, Vol. 2; J. Boussinesq, Journal de Mathématique (Liouville), 
Vol. 16, 1871, and A. G. Greenhill, article ‘‘Hydromechanics,” Encycl. 
Brit., 9th ed. Regarding the application of the analogy in experiments 
see the paper by J. P. Den Hartog and J. G. McGivern, “Journal of 
Appl. Mech.,” Vol. 2, p. 46, 1935. 
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The velocity of the circulating fluid at any point is taken as 
representing the shearing stress at that point of the cross 
section of the bar when twisted. The effect of a small hole ina 
shaft of circular cross section is similar to that of introducing a 
stationary solid cylinder of the same size into the stream in the 
hydrodynamical model. Such a cylinder greatly changes the 
velocity of the fluid in its immediate neighborhood. The 
velocities at the front and rear points are reduced to zero, 
while those at the side points m and 7 are doubled. A hole of 
this kind therefore doubles the maximum stress in the portion 
of the shaft in which it is located. A small semi-circular 
groove on the surface parallel to the length of the shaft (Fig. 
195) has the same effect. The shear in the neighborhood of 
the point m will be nearly twice the shearing stress calculated 
for points on the surface of the shaft far away from the groove. 
The same hydrodynamical analogy explains the effect of 
a hole of elliptical cross section or of a groove of semi-elliptical 
cross section. If one of the principal axes 4 of the ellipse 1s in 
the radial direction and the other principal axis is b, the stresses 
at the edge of the hole at the ends of the a axis are increased in 
the proportion [1 + (a/b) ]:1. The maximum stress pro- 
duced in this case thus depends upon the magnitude of the 
ratio a/b. The effect of an elliptical hole on the stress is 
reater when the major axis of the ellipse is in the radial direc- 
‘on than when it runs circumferentially. This explains why a 
radial crack has such a weakening effect on the strength of a 
shaft. The above discussion applies also to the case of a semi- 
elliptical groove on the surface parallel to the axis of the shaft. 
In the case of a keyway with sharp corners 
(Fig. 196), the hydrodynamical analogy in- 
dicates a zero velocity of the circulating fluid 
at the corners projecting outwards (points 
m-m); hence the shearing stress in the corre- 
sponding torsion problem is equal to zero at Fic. 196. 
such corners. At points 7-1, ‘the vertices of o. 
the reëntrant angles, the velocity of the circulating fluid is 
theoretically infinite. In the corresponding torsion problem 


yy 
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the shearing stress is also infinite at the points n-z, which 
means that even a small torque will produce permanent set at 
these points. Such stress concentration can be reduced by 
rounding the corners n—n. 

Experiments made 18 on a hollow shaft of outer diameter 10 
in., inner diameter 5.8 in., depth of keyway 1 in., width of 
keyway 2.5 in., and radius of fillet in corner of keyway r, 
showed that the maximum stress at the rounded corners is 
equal to the maximum stress in a similar shaft without a 
keyway multiplied by the factor k given in the table below: 


TABLE 23 
rinches = 0.1 0.2 0.3 0.4 0.5 0.6 0.7 
k = f4 3-4 2.7 2.3 2.1 2.0 1.9 


This shows that the stress concentration can be greatly 
diminished by increasing the radius at the corners 7. 

The weakening effect of stress concentration in shafts due 
to holes and grooves depends on whether the material is 
ductile or not and the conclusions made in the previous article 
apply here as well. 


If a tubular member has reéntrant corners, there is stress con- 
centration at these corners and the magnitude of the maximum 
stress depends on the radius of the corners. 
The approximate value of this maximum stress* 
can be obtained from the membrane analogy. 
Let us consider the simple case of a tube of 
constant thickness, and assume that the cogner 
is bounded by two concentric circles (Fig. 197) 
with center at O and radii r; and ra The sur- 

Fie. 197. face of the membrane at the cross section mn 
may be assumed to be a surface of revolution 

with axis perpendicular to the plane of the figure at 0.9 We 
have seen that the slope of the membrane surface at any point 
M is numerically equal to the shearing stress r. Referring to 








18 See “The Mechanical Properties of Fluids,” a collective work, 
p- 245, D. Van Nostrand Co., New York, 1924. 

18 This assumption is satisfactory provided r; is not small in com- 
parison with ra. 
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a . -cipal 
Fig. 198, which shows a meridional section through mm, the principa 
. , . . 
curvatures of the membrane at this point are 


Ri, ds ar 
for the meridian (taking an element ds of 
the meridian equal to dr), and 


l= 
Ra 


T 
r 


the section perpendicular to the me- 
Plian The equation of equilibrium of 
the membrane, from eq. (157), 1s then 


dr Tt P 

wrs 
or, by using eq. (4), art. 50, 
dr 
dr 





Z = 260. (a) 
+ 2G6 


Fic. 198. 


Let denote the average shearing 
stress, obtained from eq. (258). From eq. (259) we then find 


7 m (6) 
- = 260 = 2 
dtro? A 
in which s is the length of the center line of the section of the 
tubular member. The general solution of eq. (4) is 


Cy ToT, (c) 
T=7 oA 


. we 99 
The constant of integration C is obtained from the condition: 


Ta 
Tar = Toh. 
Ti 


i . 324). 
2 This condition follows from the hydrodynamical analogy (p. 324). 
If a fluid circulates in a channel having the shape of the cross s< tion or 
the tubular member, the quantity of fluid passing eac 
of the channel must remain constant. 
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Substituting expression (c) for 7, we find 





and, from eq. (c), 





(280) 


At the reéntrant corners r = r; and substituting this in the above 
equation we can calculate the stress concentration at these corners.2! 
Take for example a square tube 
with outer dimensions 4 X 4 in., 
wall thickness 4 = 0.4 in. and radii 
at the corners 7; = 0.2 in.; ra = 0.6 


in. (Fig. 199). Then 


A = 3.6 X 3.6 — 0.42(4 — r) 
fa) = 12.82 sq. in., 





s = 3.6 X 4 — 0.4(8— 27r) = 14.40 
— 0.70 = 13.70 in. 

The average stress ro is given by eq. (258). The stress at the 

reëntrant corners, from eq. (280), is 


Fic. 199. 


T = 1.5470. 
The factor of stress concentration in this case is 1.54. It may be 
seen that this factor increases with decrease in the inner radius r; 
Equation (280) can also be used for an approximate calculation of the 
stress concentration when only the reéntrant corner is rounded (Fig. 
199, 4). As the stresses are small at projecting corners we can take 
ta = h + ri as indicated in the figure by the dotted line. 


In the case of rolled profile sections such as shown in Fig. 
159 (4) and 159 (c), (p. 274), the maximum stress occurs at the 
reéntrant corners. Its value is obtained by multiplying the 
stress calculated from formulas (254) or (257) (see p. 275) by 
the factor of stress concentration for which the following 





2t Such an equation was given by C. Weber in his paper, loc. cit., 


p. 301. 4 d 
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expression can be used ”? 


k= 17446 


in which c is the thickness of the flange and r the radius of 
the fillet. 


(281) 


61. Circular Shaft of Variable Diameter.”*—If the diam- 
eter of a shaft varies gradually along its length, eq. (149) (see p. 
264, Part I) derived for a cylindrical shaft gives the maximum 
stress with sufficient accuracy. But if the change in diameter 
is abrupt, as shown in Fig. 200, there is a 
high stress concentration at the points $ 
m-m at the beginning of fillets. The 
magnitude of the maximum stress depends /) 
on the ratios p/d and D/d, where p is the 
radius of the fillet and d, D are the di- Fic. 200. 
ameters of the two cylindrical portions of 
the shaft. These high local stresses, although not dangerous 
for constant loading of a.ductile material, may have a pro- 
nounced weakening effect when there are stress fluctuations, 
which is usually the case in such constructions as propeller 
shafts and crank shafts of Diesel engines. Many cases of 
fractures in service can be attributed to this cause. The 
theoretical galculation of the maximum stress at the fillet is too 
complicated * for engineering purposes and in the following an 

2 E, Trefftz, Z. angew. Math. Mech., Vol. 2, 1922, p. 263. Equation 
(281) is derived for an angle, Fig. 159 (4), with equal thickness of flanges. 
In the case of two different thicknesses c, and cz as in Fig. 159 (c), the 
larger thickness must be used in equation (281). A further discussion of 
this question is given by H. M. Westergaard and R. D. Mindlin, Amer. 
Soc. C. E. Proceedings, 1935, p. 509. 

23 The general solution of this problem is due to J. H. Michell, Proc. 
London Math. Soc., Vol. 31 (1899), and A. Féppl, Sitzungsber. d. Bayer. 
Akad. d. Wissensch., Vol. 35 (1905), p. 249. The case shown in Fig. 200 
was considered first by A. Féppl; see V. D. I., 1906, p. 1032. The litera- 


ture on this subject is compiled in “Theory of Elasticity,” p. 276, 1934. 
* Such calculations were made by F. A. Willers by use of an approxi- 





` mate method of integration, Zeitschr. f. Math. u. Phys., Vol. 55 (1907), 


p. 225. See also R. Sonntag, Dissertation, München, 1926. 
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experimental method of measuring the maximum stress is 
given. This uses an analogy between the Stress distribution 
in a twisted shaft and the distribution of electric current 


in a plate.” 

Let us begin with a circular shaft of constant diameter. 
Imagine such a shaft divided into elemental tubes such that 
each tube takes an equal portion of the total torque M+ 
In Fig. 201, for instance, the shaft is divided into five por- 
tions each carrying 4M.. These tubes will be called eguimo- 
mental tubes, and the corresponding lines in a diametral 


Equimomental 


bes Equiongular 


h, Surfaces 











section of the shaft eguimomental lines. Let AM, denote the 
torque per tube, and assume the thickness of each tube to be 
small. The angle of twist per unit length is the same for all 
tubes, and is 

AM, AM, 


0 = GI, = Gorrh? (2) 


in which v is the mean radius of the tube and 4 its thickness. 
Since AM, and 6” are the same for all tubes, the thickness of 
the tubes varies inversely as the cube of the mean radius. 
The average shearing stress in a tube is, from eq. (258), 


r= AMiyr _ AM, 
T, T onPh’ (4) 


2 This analogy was developed by L. S. Jacobsen; T A 
Soc. Mech. Engrs., Vol. 47 (1926), p. 619. J en; see rans, Amer 


260 is the angle of twist for a solid shaft. 
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In Fig. 201 is shown a second system of lines in the dia- 
metral section. These lines are perpendicular to the equimo- 
mental lines and are called equiangular lines. They corre- 
spond td*sections of the shaft which are called eqguiangular 
surfaces and which are so taken that the angle of twist between 
two consecutive equiangular surfaces is constant along the 


‘length of the shaft. Let Ag be this angle. In this case the 


equiangular surfaces are equidistant planes, and let a be the 
distance between them. Then at any radius r the shearing 
strain is 





_ Agr 
Y'a 
and the corresponding stress is 
GAgr 
T= £ . (c) 


The two systems of perpendicular lines, equimomental and 
equiangular, divide the diametral section of the shaft into 
elemental rectangles, as indicated in the figure. The dimen- 
sions of these rectangles may be used to compare the shear- 
ing stresses at the corresponding points of the shaft. Using 
eq. (6) and comparing the shearing stresses 71 and r: at radii 
rı and rz respectively, we find 


Ti rèh 
Ta 7 rehi (2) 
From eq. (c) we find 
l m1 ida, 
T2 7 121 (e) 


In the case under consideration 4, = 4: = 4, but eq. (e) will be 
used later for a more general case. It is evident that each 
system of lines may be used in calculating the shearing stresses. 
In one case (eq. d) the ratio of stresses depends on the ratio of 
the distances between equimomental lines 42/1, while in the 


-other case (eq. e) it depends on the ratio of the distances 


between equiangular lines Qo a1. 
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Let us consider a shaft of variable diameter as shown in 
Fig. 200. The irregularities in stress distribution produced 
at the fillets are of local character. At sufficient distance 
from the junction of the two diameters the stress distribution 
is practically the same as in a shaft of uniform cross section, 
and the two systems of lines described above can be con- 
structed in the diametral section (Fig. 202). Near the cross 
section of discontinuity, the stress distribution is a more 
complicated one and the equimomental and equiangular lines 
become curved. Analysis of the problem shows” that, 
although curved, these lines remain mutually orthogonal and 
subdivide the diametral section into curvilinear rectangles as 
indicated by the shaded areas. 
Also eqs. (d) and (e), which were 
derived for a uniform shaft, are 
shown to hold here, if we take for 
h and a the dimensions measured 
at the middle of each curvilinear 
, rectangle. Then the equimomen- 
tal and equiangular lines give a 
complete picture of the stress dis- 
tribution in the shaft. Consider- 
ing, for instance, the equimomental 
lines and using eq. (d), we see that 
the stresses increase with decrease 
in the radius and thickness of the 
equimomental tubes. It is evi- 
dent from the figure that the stress is a maximum at the fillets, 
where the thickness 4 of the outer equimomental tube is 
the smallest. We come to the same conclusion also by con- 
sidering the equiangular lines. It can be seen from the figure 
that at the fillets the distance a between these lines is very 
small; hence, from eq. (e), the stress is large. From eq. (d) 
or (e) we can determine the ratio of the maximum stress at 
the fillet to the stress at any other point provided the equi- 
momental or equiangular lines are known. 





Fic. 202. 





27 See the paper by F. A. Willers, loc. cit., p. 329. 
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The electric analogy, mentioned above, provides a means 
for measuring the distances a between the equiangular lines. 
These distances are measured at the surface of the shaft of 
smaller diameter d, first at a point remote from the cross sec- 
tion of discontinuity, and then at the fillet. The ratio of these 
two distances gives [see eq. (e) ] the factor by which the stress, 
as calculated by the usual formula, must be multiplied to 
obtain the maximum stress at the fillet. In discussing the 
electric analogy, we begin with the case of a rectangular plate 





Fic, 203. Fic. 204. 


of uniform thickness (Fig. 203). If the ends of the plate are 
maintained at a constant difference of potential, there will flow 
through the plate an electric current uniformly distributed 
over its cross section. By dividing the electric flow into equal 
parts we obtain a system of equidistant stream lines. The 
system of equipotential lines is perpendicular to these. With a 
homogeneous plate of uniform cross section the drop in po- 
tential will be uniform along the direction of the current and 
the equipotential lines are therefore equidistant vertical lines. 
In order to get two systems of lines analogous to those in 
Fig. 201, the thickness of the plate is varied as the cube of the 
distance r, as shown in Fig. 204 (4). Then the distance be- 
tween the stream lines will be inversely proportional 28 to the 
cube of r, and the distance between the vertical equipotential 
lines remains constant as before. In this manner we can ob- 
tain the same system of mutually orthogonal lines as In Fig. 
201. The edge O-O of the plate corresponds to the axis of the 
shaft. ‘The equipotential lines correspond to the equiangular 


28 Tt is assumed that the flow per unit area of cross section is uniform 
over the cross section. 
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lines, and the stream lines to the equimomental lines of the 
torsional problem. Investigation shows ? that this analogy 
also holds in the case of a plate of two different widths and of 
thickness varying as the cube of the distance r (Fig. 205). 
This makes it possible to investigate the stress concentration 
at the fillet of a twisted shaft by an electric method. We 
maintain a constant difference in potential at the ends of the 
plate and measure the drop in potential along the edge mnp. 
The distances a, and az between equipotential lines at a remote 
point m and at the fillet 7 respectively are thus obtained. The 
ratio a,/a, of these distances gives the factor of stress concen- 
tration for the fillet at 7. 

Actual measurements were made on a steel model 24 in. 
long, 6 in. wide at the larger end and 1 in. maximum thickness 
at the edge pg. The drop of potential along the edge mnpq 
of the model was investigated by using a very sensitive 
galvanometer, the terminals of which were connected to two 





n 


fa) 


Fic. 205. Fic. 206. 





sharp needles fastened in a block at a distance 2 mm. apart. 
By touching the plate with the needles the drop in poten- 
tial over the distance between the needle points was indi- 
cated by the galvanometer. By moving the needles along 
the fillet it is possible to find the place of maximum voltage 
gradient and to measure this maximum. The ratio of this 
maximum to the voltage gradient at a remote point m (Fig. 
205) gives the magnitude of the factor of stress concentration 


k in the equation: 


_ 16M, 
Tmax = k - qd? ° (282) 








29 See above-mentioned paper by L. S. Jacobsen, loc. cit., p. 330. 





STRESS CONCENTRATION 335 


The results of such tests in one particular case are represented 
in Fig. 206, in which the potential drop measured at each 
point is indicated by the length on the normal to the edge of 
the plate at this point. From this figure the factor of stress 
concentration is found to be 1.54. The magnitudes of this 
factor obtained with various proportions of shafts are given in 
Fig. 207, in which the abscissas represent the ratios of the 
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radius of the fillet to the smaller radius of the shaft, 2p/d, and 
the ordinates the factor k for various ratios of D/d. 


62. Stress Concentration in Bending.—The formulas for 
bending and shearing stresses derived for prismatical beams 
are very often applied also to the cases of beams of variable 
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cross section. To give some idea of the accuracy of this 
method of calculation, the bending of a cantilever having the 
form of a wedge (Fig. 208) will be considered. The exact 
solution of this problem *° shows that the stress at any point 
A of the beam is a simple 
tension or compression in the 
radial direction 4O, and has 
the magnitude 


P cos 0 
Fic. 208. a, = k rb? (a) 








where r is the distance O, d is the thickness of the wedge, 0 
is the angle between the radius 4O and the direction of the 
force P, and 

k = = > — 5 

2a — SIN 2a 

is a constant depending upon the magnitude of the angle of 
the wedge. By using equations (17) and (18), Part I, p. 36, 
the normal and tangential components of the stress on a plane 
perpendicular to x are found to be 


My 4 tan? a sinto 


Os = o, sin? 6 = k : 
° ” I, 3(2æ — sin 2a)’ 





(4) 


P 16y? tan? a sin‘ 6 


Or . 
Tys = T Sin 26 = > 
2 bh h? 2a — sin 20’ 





in which 
l = —; M = — Px. 
For the neutral plane of the wedge 0 = r/2 and the normal 


and shearing stresses become zero. The maximum normal 
and shearing stresses occur at @ = (1/2) +a. They can be 








e an I. H. Michell, Proceedings of the London Math. Soc., Vol. 32 
1900). 
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calculated from expressions (4) which give 
Mh P 
(oz) max = = BT,’ (Tyz) max = 38 bh? (c) 
where 
4. tan? a cos‘ a 
3 2a — sin 2a , 





B= 


For a = §°, 10°, 15° and 20°, the factor 6 has the magnitudes 
1.00, 0.970, 0.947 and 0.906, respectively. It is seen that the 
maximum normal stress oz, from the first of the formulas (c), 
is approximately the same as that obtained from the usual 
beam formula provided the angle a be sufficiently small. For 
a = 20° the error of the simple beam formula, as it is seen 
from the value of the factor 8, is about Io per cent. The 
maximum shearing stress, given by the second of the formulas 
(c), is about three times the average shearing stress P/bh and 
occurs at points most remote from the neutral axis. This 
latter fact is in direct opposition to the results obtained for 
prismatical bars (p. 109, Part I). In many cases the tan- 
gential stresses are of no great importance and only normal 
bending stresses are considered. Then the formula for max- 
imum bending stress, derived for prismatical beams, can be 
used with a sufficient accuracy also for bars of variable cross 
section, provided the variation of the cross section is not 
too rapid. 

If the change in cross section is abrupt there is a consider- 
able disturbance in stress distribution at the section of dis- 
continuity and the maximum stress is usually much greater 
than that given by the simple beam formula, and can be 
represented by formula 


Fmax = ko (d) 


in which ø is the stress at the point under consideration as 
obtained from the prismatical beam formula and k is the fac- 
tor of stress concentration. In only a few cases is this factor 


obtained by the use of the equations of the theory of elasticity.” 





31 H, Neuber, Ingenieur-Archiv, Vol. 5, 1934, P. 238 and Vol. 6, 1935, 
P. 133. 
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The plate of large width with hyperbolic notches, Fig. 192, is 
one of the cases where we have a rigorous solution for stress distri- 
bution at the notches. This solution shows that in the case of pure 
bending of the plate by the couples acting in its middle plane the 
maximum stress occurs at points m and x and the factor of stress 
concentration in formula (d) can be represented by the following 
approximate formula 


d 
k= 0.355 7, + 0.85 + 0.08 (e) 


where d is the minimum width of the plate and r the radius of 
curvature at the bottom of the notch. 

In the case of a circular shaft with a hyperbolic groove, for 
which Fig. 192 represents an axial section, the factor of stress 
concentration in the case of pure bending is 


= (\e+r41)[%- 0-0 oer tate] (f) 


where 


I+ p 
i (2) 
I+ yt} 


d is the diameter of the minimum cross section and r the smallest 
radius of the curvature at the bottom of the groove. For large 
values of the ratio d/2r the expression (f) can be replaced with a 
sufficient accuracy by the approximate formula 


3 jd oo, 
k= à NG . (A) 
Most of the information regarding the magnitude of the 
factor k in equation (d) is obtained experimentally by‘ the 
photoelastic method. The factors of stress concentration 
for pure bending of plates with semi-circular grooves and 
with fillets in the form of a quarter of a circle and D = d + 2r 


are given by the curves in Fig. 209. In Fig. 210 the factors 
of stress concentration for fillets with various values of the 


d d 
n=3(S4r)+0 +40 writ 








32 The curves given in the following discussion are taken from the 
article by M. M. Frocht, loc. cit., p. 319. 
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ratio D/d are given. In Fig. 211 are given the factors of stress 
concentration for grooves of varying depth in pure bending. 


Parmi 
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For comparison of factors of stress concentration in tension 
and in bending for plates and for circular shafts the curves 
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in Fig. 212 are given. The curves 1 and 2 giving the factors 
of stress concentration for a hyperbolic notch in a plate and in 
a circular shaft in tension are calculated from formulas (4) 
and (c) in article §9. The curves 3 and 4 showing similar 
values for notches in pure bending are calculated from 
formulas (e) and (f), p. 338. It may be seen from these 
curves that the factors of stress concentration are higher for 
plates than for circular shafts, the difference being more pro- 
nounced in the case of tension. In the case of pure bending 
which is of greater practical importance, the difference be- 
tween the two cases is small, around 6 to 8 per cent for 
notches of practical dimensions. The dashed curves (5) and 
(6) in Fig. 212 are obtained from the curves in Fig. 191 
and 211 by extrapolating these curves to large values of the 
ratio /r which corresponds to a deep notch semi-circular at 
the bottom. It may be seen that the curves (5) and (6) agree 
satisfactorily with the curves (1) and (3) for hyperbolic notch 
for ratios r/d between 0.15 and o.s0. This indicates that in 
the case of deep notches the magnitude of the factor of stress 
concentration depends principally on the magnitude of the 
ratio r/d and not on the shape of the notch. 

The dashed curve (7) is obtained from the curves in Fig. 
210 and represents the factors of stress concentration at the 
fillets of a plate in pure bending with the ratio D/d = 2. It 
is seen that for fillets the factors of stress concentration are 
somewhat lower than for deep notches (curves 4 and 6) with 
the same ratio r/d. l 

To obtain the factors of stress concentration for fillets 
in circular shafts the direct test on large steel shafts with the 
diameter ratio D/d = 1.5 were made * at the Westinghouse 
research laboratories. The values of these factors obtained 
by the direct measurement of strain at the fillets are given by 
the points in Fig. 213. For comparison, the results of photo- 
ee SE Se rete Bs: resus OF pnoto- 


% This figure and the following are taken from the paper by R. E. 
Peterson and A. M. Wahl, Journal of Applied Mechanics, Vol. 3, 1936, 


a P. 45. 


“R. E. Peterson and A. M. Wahl, loc. cit., reference 33. 
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clastic experiments on flat models with Did = 2and Djd = 1.5 
are given * in the same figure by the curves 1 and 2. From 
these experiments the very important conclusion can be made 
that the stress concentration factors for the circular shafts 
agree well with the values obtained photoclastically on flat 
specimens. 









Q)SHAFT FILLET IN BENDING 
$ d 
t Et 
+ 
FLAT BAR WITA FILLET IN BENDING 
o STRAIN MEASUREMENT, 
fa), Of -1.5 
—— FHOTGELASTIC TESTS, {b), 
D/a-2, FROCHT 


a----PHCTOELASTIC TESTS, (b}, 
Djdet5, FROCHT 


63. The Investigation of Stress Concentration with Models. 
-lt was already stated that a complete theoretical solution 
for the stress distribution at the section of discontinuity exists 
in only a few of the simplest cases, such as that of a circular 
or elliptical hole and hyperbolic notch. In the majority of 
cases, information regarding stress concentration is obtained 
by experiment. For this purpose strain measurements at the 
section of discontinuity may sometimes be made with sensitive 
extensometers. In this manner, for instance, the stress 
concentration at grooves in tension specimens has been in- 
vestigated. In using this method, difficulty arises from the 
highly localized character of the stress distribution at the place 








% These curves were constructed from the data given in Fig. 210. 

38 See E. Preuss, V. D. L, Vol. 56, 1912, p. 1349, Vol. $7, 1913, Pe O64, 
and Forschunesarbeiten, nr. 134, 1913- See also Th. Wyss, Proc. Intern. 
Congress for Applied Mechanics, Delft, 1924, p- 354, and his Disserta- 
tion, Zürich, 1923. Sce also F. Rétscher and J. Crumbiegel, V. D. 1a 
Vol. 76, p. 598, 1932. 
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in question. A very small gauge length, and hence very high 
magnification, is necessary to obtain satisfactory results.” 

A rough estimate of the factor of stress concentration 
may be obtained by loading the specimens or models of 
structures with increasing loads until yielding starts at the 
points of maximum stress. This yielding can be seen clearly 
in specimens of mild steel with polished surfaces. Figure 214 

, 4 
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is a photograph of the yield lines in a strip of mild steel. 
These yield lines (Lueders’ lines, see p. 415) first appear at the 
places of maximum stress. The distribution of these lines 
gives valuable information regarding stresses at the places of 
discontinuity.*? 





0 © Rubber models to increase the deformations at the section of 
discontinuity have also been used in several cascs; sce paper by A. 
Stodola, V. D. L, Vol. 51, 1907, p- 1272; Hummel, Schweizerische Bau- 
Zeitung, 1924, p- 143. L. Chitty and A. J. S. Pippard, Proc. Roy. Soc., 
Vol. 156, 1936, p. 518. 

%8 See paper by M. A. Voropaev, Bulletin of the Polytechnical Insti- 
tute at Kiev, 1910, and writer’s paper in Proc. Intern. Congress for 
Applied Mechanics, Zürich, 1926, p. 419. : 
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Figure 215 shows a Lueders’ line at the fillet on a mild steel 
model (Fig. 190), with the proportions r/d = 0.157 and 
D/d = 12.5. The line started from the point on the fillet 
where previous photoelastic experiments showed the maximum 
stress concentration was to be expected. The factor of stress 
concentration given by the curve in Fig. 1g0 is 1.85. Accord- 
ing to this, yielding at the weakest part should start when the 
average tensile stress in the narrower portion of the model is 
only 1/1.85 of that necessary to produce Lueders’ lines in 


LUEDERS* 
LINES Na 


` 





Fic. 216. 


prismatical bars (Fig. 214) of the same material. Experiment 
showed that the load necessary to produce yielding at the 
fillet was 1/1.8 of that for the prismatical bar. Figure 216 
represents the Lueders’ lines at the edge of the circular hole 
in a strip of mild steel. Again these lines show accurately 
the points of maximum stress concentration. The average 
stress over the end cross section of the plate at which yielding 
occurred was 1/2.3 of that necessary to produce yielding in the 
prismatical bar. 

In both cases the yielding at the place of maximum stress 
occurred at an average stress which is higher than indicated 
by the true factors of stress concentration. This can be 
explained as follows: The small region of overstressed material 
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is surrounded by portions where the stress does not exceed 
the proportional limit. This prevents the sort of sliding 
shown in Fig. 214, along surfaces perpendicular to the plane 
of the figure and inclined 45° to the direction of tension. In 
the cases shown in Fig. 215 and Fig. 216, the Lueders’ lines 
started on the polished surfaces of the plates as thin lines 
perpendicular to the maximum tensile stress. This indicates 
that in these cases the sliding occurred along planes through 
these lines and inclined 45° to the plane of the plates. In 
such a case the thickness of the plate is an important factor. 
This thickness must be very small in comparison with the 
radii of the holes or fillets in order to have the surface of sliding 
totally within the region of highly overstressed material. The 
fact that the surface of sliding, beginning at the points of 
maximum stress, must cross a region with smaller stresses 
explains ** the retardation in the appearance of Lueders’ lines. 
In the case of the circular hole above, the width of the plate 
was 6 in. and the diameter of the hole 1 in., while the thickness 
of the plate was only 1/8 in. When testing models in which 
the thickness and the diameter of the hole are of the same 
order, it was impossible to detect any substantial effect due 
to stress concentration on the magnitude of the load producing 
Lueders’ lines. Another reason for the Lueders’ lines being 
retarded is the fact that a certain amount of permanent set 
may occur before Lueders’ lines become visible. 

The Lueders’ lines method of testing the weak points of 
structures is not confined to any particular type of problem 
and has an advantage over the photoelastic method, described 
in the next article, in that it is applicable to three-dimensional 
problems. To make the yielding of metal visible on a rough 
surface the covering of the surface with a brittle paint has 
been successfully used in investigating stresses in boiler 
heads “° and in built-up compression members. By cutting 
a a | 


** This explanation was suggested to the writer by L. H. Donnell. 
“ See paper by F. Koerber u. E. Siebel, Mitteilungen K. W. Institute 


for Steel Research, Düsseldorf, Vol. 8, 1926, p. 63, and Vol. 9, 1927, p. 13. 


“R. S. Johnston, Iron and Steel Institute, Vol. 112, 1925, P- 341. 
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specimens and models apart and using a special etching 
process on the cut surfaces it is possible to reveal the interior 
regions which have yielded and thus obtain information re- 
garding the flow of metal at the points of stress concentration.” 


64. Photoelastic Method of Stress Measurements. — 
There are many stress analysis problems in which the de- 
formation is essentially parallel to a plane. These are called 
two-dimensional problems. Illustrations are the bending of 
beams of a narrow rectangular cross section, bending of 
girders, arches, gear teeth, or, more generally, plates of any 
shape but of constant thickness acted on by forces or couples 
in the plane of the plate. Their shapes may be such that the 
stress distributions are very difficult to determine analytically 
and for such cases the photoelastic method has proved very 
useful. In this method models cut 
out of a plate of an isotropic trans- 
parent material such as glass, cellu- 
loid or bakelite are used. It is well 
known that under the action of 
stresses these materials become doubly 
refracting and if a beam of polarized 
light is passed through a transparent 
model under stress, a colored picture 
may be obtained from which the 
stress distribution can be found.* 


——. 





Fic. 217. 





The application of the method in investigating stresses in machine parts 
was made by Dietrich and Lehr, V. D. I., Vol. 76, 1932. See also H. 
Kayser, “ Bautechnik,” 1936, and A. V. de Forest and Greer Ellis, Journal 
of the Aeronautical Sciences, Vol. 7, p. 205, 1940. ‘ 

42 See paper by A. Fry, Kruppsche Monatshefte, 1921; also Stahl u. 
Eisen, 1921. 

43 The phenomenon of double refraction due to stressing was. dis- 
covered by D. Brewster, Phil. Trans. Roy. Soc., 1816. It was further 
studied by F. E. Neumann, Berlin Abh., 1841, and by J. C. Maxwell, 
Edinburgh Roy. Soc. Trans., Vol. 20, 1853, and his Scientific Papers, 
Vol. 1, p. 30. The application of this phenomenon to the solution of 
engineering problems was started by C. Wilson, Phil. Mag. (Ser. 5), 
Vol. 32 (1891), and further developed by A. Mesnager, Annales des 
Ponts et Chaussées, 1901 and 1913, and E. G. Coker, General Electric 
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In Fig. 217 abcd represents a transparent plate of uniform 
thickness and O the point of intersection with the plate of a 
beam of polarized light perpendicular to the plate. Suppose 
that OA represents the plane of vibration of the light and that 
the length O4 = a represents the amplitude of this vibration. 
If the vibration is considered to be simple harmonic, the 
displacements may be represented by the equation: 


s = a cos pÉ, (a) 


where p is proportional to the frequency of vibration, which 
depends on the color of the light. 

Imagine now that the stresses o+ and o,, different in 
magnitude, are applied to the edges of the plate. Due to the 
difference in stresses the optical properties of the plate also 
become different in the two perpendicular directions. Let 0, 
and v, denote the velocities of light in the planes ox and oy 
respectively. The simple vibration in the plane O4 is re- 
solved into two components with amplitudes OB = a cosa 
and OG = a sin in the planes ox and oy respectively, and the 
corresponding displacements are 


x = a cos a COs Pt; y = asin a cos pt. (b) 


If Ais the thickness of the plate, the intervals of time necessary 
for the two component vibrations to cross the plate are 
h h 
h=- and h=7s5 (c) 
Us Uy 
and vibrations (4) after crossing the plate are given by the 
equations: 


xı = a cos a cos p(t — fi); yı = a sin a cos pt — to). (d) 


oo mmama 
Co. Magazine, 1920, and Journal of Franklin Institute, 1925. For 
further development of the photoelastic method see the paper by Henry 
Favre, Schweizerische Bauzeitung, Vol. 20 (1927), p. 291; see also his 
dissertation: Sur une nouvelle methode optique de determination des 
tensions intérieures, Paris, 1929. The use of monochromatic light, so 


- called “Fringe Method,” was introduced by Z. Tuzi, “Inst. Phys. and 


Chem. Research,” Vol. 8, p. 247, 1928. 
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These components have the phase difference p(¢2 — ¢1), due to 
the difference in velocities. Experiments show that the 
difference in the velocities of light is proportional to the 
difference in the stresses; hence 
h—- abbey) 

Yy Us U0, 


Atv, — Vy) 
2 


5 (approximately) = k(o. — e), (e) 


where v is the velocity of light when the stresses are zero, and 
k is a numerical factor which depends ‘on the physical proper- 
ties of the material of the plate. We see that the difference of 
the two principal stresses can be found by measuring the 
difference in phase of the two vibrations. This can be done by 
bringing them into interference in the same plane. For this 
purpose a Nicol prism (called the analyser) is placed behind 
the plate in such a position as to permit the passage of 
vibrations in the plane mn perpendicular to the plane O4 
only. The components of the vibrations (d), which pass 
through the prism, have the amplitudes OB, = OB sin a 
= (4/2) sin 2a and OC, = OC cos a = (a/2) sin 2a. The re- 
sultant vibration in the plane mn is therefore 


a. a. 
7 Sin 2@ cos pt—-t) - 7 sin 2@ cos pt — te) 


= ( a sin 20 sin p=") sin p (1-2 £4). (f) 


This is a simple harmonic vibration, whose amplitude is 
proportional to sin p[(t: — ¢2)/2]; hence the intensity of the 
light is a function of the difference in phase p(t: — f2). Ifthe 
stresses cs and c, are equal, ¢, and ż are also equal, the 
amplitude of the resultant vibration (f) is zero and we have 
darkness. There will be darkness also whenever the difference 
in stresses is such that 





ht — ty 


p~z = nn, (g) 
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where 7 is an integer. The maximum intensity of light is 
obtained when the difference in stresses is such that 


ih 
2 





sin p = 41i. 

Imagine that instead of the element abcd, Fig. 217, we 
have a strip of a transparent material under simple tension. 
By gradually increasing the tensile stress we obtain a dark 
picture of the strip on the screen each time equation (g) is 
fulfilled. In this manner we can establish experimentally for 
a given material of a given thickness the stress corresponding 
to the interval between two consecutive dark pictures of the 
specimen. For instance, for one kind of “‘phenolite” plate, 
i mm. thick, this stress was found “ to be 1,620 lbs. per sq. in. 
Hence for a plate 1/4 in. thick, the corresponding stress will 
be 1,620/6.35 = 255 Ibs. per sq. in. With this information 
we can determine the stress in a strip under tension by count- 
ing the number of intervals between the consecutive dark 
images occurring during the gradual loading of the specimen. 
If we use a strip in pure bending, we obtain a picture such 
as is shown in Fig. 218. The parallel dark fringes indicate 





Fic. 218. 


that in the portion of the strip at a considerable distance from 
the points of application of the loads the stress distribution is 
the same in all vertical cross sections. By counting the 


. number of fringes we can determine the magnitudes of the 


stresses, as the stress difference between two consecutive 
fringes is the same as the stress difference between two con- 





“Z. Tuzi, Sci. Papers, Inst. Phys. Chem. Research, Tokyo, Vol. 12, 
1929, p. 247. 
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secutive dark images in simple tension. By watching the 
strip while the load is applied gradually, we may see how the 
number of dark fringes increases with increase of load. The 
new ones always appear at the top and the bottom of the 
strip and gradually move toward the neutral plane so that the 
fringes become more and more closely packed. The stress at 
any point is then obtained by counting the number of fringes 
which pass over the point. 

The method of counting the number of dark fringes pass- 
ing a chosen point can be used also for any plane stress distri- 
bution. As it is seen from our previous discussion, this 
number gives generally the difference between the two prin- 
cipal stresses at the point. For a complete determination of 
the stress at the point it remains then to find the directions of 
the principal stresses and their sum. Equation (f) shows 
that the intensity of the light passing through the analyzer is 
proportional to sin 2a, where a is the angle between the plane 
of polarization and the plane of one of the principal stresses, 
Fig. 217. If these two planes coincide, sin 2@ is zero and we 
obtain a dark spot on the screen. Hence in examining a 
stressed transparent model in polarized light we observe not 
merely the dark fringes discussed before but also dark lines 
connecting the points at which one of the principal stress 
directions coincides with the plane of polarization. By ro- 
tating both Nicol prisms, polarizer and analyzer, and marking 
dark lines on the image of the stressed plate for various direc- 
tions of the plane of polarization, we obtain the system of so- 
called isoclinic lines which join together points with the same 
directions of principal stresses. Having these lines, we can 
draw the lines which are tangential at each point to the prin- 
cipal axes of stress. These latter lines are called the srajec- 
tories of the principal stresses, see p. 123, Part I. Thus the 
directions of the principal stresses at each point of the plate 
can be obtained experimentally. 

The sum of the principal stresses can also be obtained 
experimentally by measuring the change A% in the thickness 
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h of the plate due to the stresses oz and o, ** and using the 


known relation 


Ah = A (oz + Fy). (h) 


Having the difference of the two principal stresses from the 
photo-elastic test and their sum from expression (h), we can 
readily calculate the magnitude of the principal stresses. The 
fringes obtained in a plate with fillets submitted to the action 
of pure bending are shown as an illustration in Fig. 219. 





Fic. 219. 


From the fact that the fringes are crowded at the fillets it may 
be concluded that a considerable stress concentration takes 


place at those points. 


4 This method was suggested by A. Mesnager, loc. cit., p. 346. The 
necessary lateral extensometer was developed and successfully used by 
A. M. Wahl, see paper by R. E. Peterson and A. M. Wahl, Journal of 
Appl. Mech., Vol. 2, 1935, P. I- 
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In the previous discussion of the photo-elastic stress anal- 
ysis it was always assumed that we were dealing with two- 
dimensional problems. More recently considerable efforts 
have been made to expand the photo-elastic method on three- 
dimensional problems and some promising results have already 
been obtained. 


65. Stresses at the Point of Load Application.—In dis- 
cussing a symmetrical wedge under tension (see p. 312) it was 
indicated that in each point of that wedge there is only a 
simple tension in the radial direction. By making the angle 
2a of the wedge equal to r and changing from tension to 
compression we obtain the case in which a concentrated force 
is pressing normally on a straight edge of a large plate, Fig. 
220. An element such as shown at point 4 undergoes a 





Fig. 220. 


simple compression in the radial direction and the compressive 
stress, from equation (a), p. 312, is 


P cos 0 
o =k ir (a) 





where r is the radial distance from the point of application 
of the load and + the thickness of the plate. The factor k is 








46 See paper by M. Hetényi, Journal of Appl. Mech., Vol. 5, p. 149, 
1938. See also R. Weller, Journal Applied Phys., Vol. 10, p. 266, 1939- 
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determined from the fact that the stresses c, distributed along 
the length of the semi circle shown in the figure by the dotted 
line keep in equilibrium the load P. Hence 


r/2 
ah f o, cos 0 rd0 = P. 
0 


Substituting for ø, its expression (4) we obtain 


k= 
T 
and expression (a) becomes 
2P cos @ 
Ez hro (283) 


If we consider a horizontal plane mm at a distance d from the 
edge of the plate, Fig. 220, the normal compressive stress 
acting on that plane is 
2P cos? 0 2P cost 0 
= os? 0 = — = . 28 
Oy = o, cos? 0 < ýr hd (284) 


T 





It is seen that the pressure rapidly diminishes as the angle 0 
increases. It is seen also that the stresses increase with a 
decrease. of the distance d. Knowing the stresses produced 
by the action of one concentrated load P and using the method 
of superposition we can readily discuss the cases in which 


several loads are acting.“ 


If a concentrated force is acting at the middle of a rec- 
tangular beam of a narrow cross section of a depth d the highly 
concentrated stresses given by expression (283) are superposed 
on bending stresses in the beam and a complicated stress 
distribution results near the point of the load application. 
The photoelastic picture of this stress distribution is shown 
in Fig. 221. It is seen that the perturbation in stress dis- 
tribution produced by the concentrated load is of a localized 
character and is of importance only in the close vicinity of 





47 See “Theory of Elasticity,” p. 82. 
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the point of application of the load. If we consider a cross 
section of the beam at a distance from the load larger, say, 
than one half the depth of the beam, the stress distribution 
in that cross section is approximately that given by the simple 
beam formula. The number of fringes diminishes as the dis- 
tance of the cross section from the load increases as it should 
be since the magnitude of the bending moment decreases as 
we approach the beam supports. 

By making the resultant of the horizontal components of 
the radial pressures Ao,rd@ for each half of the dashed semi- 





Fic. 221. 


circle in Fig. 220 (a), it can be shown that the concentrated 
force P produces a “wedging” action represented in Fig. 220 
(4) by the two equal and opposite forces of the magnitude P/r. 
In the case of the beam of a depth d and thickness 4, Fig. 221, 
these forces acting at a distance d/2 from the axis of the beam 
produce in the middle cross section not only tensile stresses 


Os = (b) 


but also bending stresses given by the expression 


Pd y , 
no Fe 
Or = ar I? (c) 


in which Pd/2m is the bending moment produced by the hori- 
zontal forces P/r, y is the distance from the axis of the beam, 
taken positive downwards, and I, = hd*/12 is the moment of 
inertia of the cross section. Superposing the stresses (4) 
and (c) upon the bending stresses given by the ordinary beam 
formula, we find that the tensile stress in the most remote fiber 
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of the beam in the loaded cross section is 


Pl 6. P 3P 
(Ge)ynare = F pE + adh ~ adh 


Pi 6 d 








The second term in the parenthesis represents the “wedging 
action” of the load P. It is seen that in the case of short 
beams this action is of a considerable magnitude. The photo- 
elastic experiments are in a very satisfactory agreement with 
expression (d).*8 

The discussion of stress distribution at the point of appli- 
cation of a concentrated load can be expanded on the case in 
which instead of a plate, Fig. 220, we have a large body with 
a plane surface on which a concentrated load is acting. It 
can be shown that in this case the stresses are inversely 
proportional to the square of the distance from the point of 
application of the load.*® 


66. Contact Stresses in Balls and Rol- 
lers.—If two elastic bodies, say two balls, are 
pressing on each other, a small surface of 
contact is formed as a result of local de- 
formation. The pressures distributed over 
this surface are called contact pressures. 
The magnitude of these pressures and the 
stresses produced in the bodies can be cal- 
culated by using equations of the theory 
of elasticity. We will give here only the Fic. 222. 
final results of such investigation. In the 
case of two balls compressed by forces P (Fig. 222) the pressures 
are distributed over a small circle of contact mn, the radius of which 











48 See experiments by Carus Wilson, loc. cit., p. 346. 

2 This problem was discussed by J. Boussinesq, see his book, “ Appli- 
cation des Potentiels,” Paris, 1885. See also “Theory of Elasticity,” 
P. 328, 1934. 

50 This problem was solved by H. Herz, Gesammelte Werke, Vol. 1, 
1895. The discussion of the problem and the bibliography are given 
in “Theory of Elasticity,” p. 339. 


356 STRENGTH OF MATERIALS 


is given by the equation: 


(285) 





In this Æ, and E; are the moduli of the two balls and 4, and dz the 
corresponding diameters. The maximum pressure occurs at the 
center of the circle of contact and is given by the equation: 


P 
Pmax = 1.5 ma? . (286) 


Due to local deformation the centers of the balls approach one 
another by the distance 


3 I 1 \?fr I 
sone Ga) om 


When the diameters of the balls and the moduli of elasticity are 
equal, the above equations become 








L 3]Pd 3/4P E2 3/2 P? 
a = 0.88 3B} Pmax = 0.62 po A= 154 Ea (288) 


When a ball of diameter d is forced against an elastic body having a 
plane surface, the required formulae are obtained by substituting 
dı = d, dz = œ in eqs. (285)-(287). Assuming E, = E: = E, we 
find for this case 


3[Pd JPE af P 
a = 0.88 422, Pmax = 0.62 TE> A= 1.54 Ea’ (289) 


In the case of a ball in a spherical seat (Fig. 223), the sign of de 
in eqs. (285)—(287) must be changed. Then for 
the case E, = E: = E, we find 











3 də — 2 
Pmax = 0.62 Jre( Z PA 4) - (290) 


It is interesting to note that in the cases represented by eqs. (288) 
and (289) the maximum compressive stress at the center of the 
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surface of contact depends on the magnitude of the ratio P/d?, i.e., 
the maximum stress remains constant if the above ratio is kept 
constant. This justifies the usual practice of determining the safe 
diameter of the ball by taking a definite magnitude of load per 
square inch of the diametral section of the ball. Since the material 
at the center of the surface of contact is prevented from lateral 
expansion, it is in a condition of compression from all sides and may 
sustain very high pressures (see art. 83). In experiments * with 
hardened crucible steel the allowable compressive force P in the 
case of a ball pressed against a plane surface may be expressed by 
the equation: 
Prax = 700d", 


in which dis in inches and Pin pounds. Substituting in the second 
of eqs. (289), we find Pmax equal to approximately 530,000 lbs. per 
sq. in. 

In the general case of compression of two bodies having the 


_ game modulus Æ, let 1/7; and 1/r:’ denote the principal curvatures at 


the point of contact of one of the bodies, and 1/r2 and 1/rs’ of the 
other, ọ the angle between the normal planes containing curvatures 
t/r: and 1/rz. The surface of contact for the general case is an 
ellipse, the semi-axes of which are given by the equations 


3/Pm 3/Pm 
azan; b = BN- > (291) 


in which P is the compressive force and 





4 , 24E _ 
7 300 — #) 


m= ; 
i + 2 4 l + L 
no rn n r 

The constants «æ and 8 are taken from the table 24 below for each 

particular case. The angle @ in the first column of the table is 


calculated. from the equation 


cos ĝ = z7’ Ca) 





št See Stribeck, V. D. I., 1901, p. 73; Schwinning, V. D. I., 1901, p. 
332, and A. Bauschlicher, V. D. I., 1908, p. 1185. 

5&2 The principal curvatures are the maximum and the minimum 
curvatures and these are in planes at right angles. The curvature of a 
body is considered as positive if the corresponding center of curvature is 
within the body. 
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i 1 Iy I IY I I I I 
(2 +) + G -*) + 2 G — +) ( — x) cos 2¢. (4) 


TABLE 24.—ConsTants ror CALCULATING THE SEMI-AXES OF THE ELLIPSE 
or CONTACT 











6 0 
degrees ° 8 degrees ° 8 
20 3-778 0.408 60 1.486 0.717 
30 2.731 0.493 65 1.378 0.759 
35 2.397 0.530 70 1.284 0.802 
40 2.136 0.567 75 1.202 0.846 
45 1.926 0.604 80 1.128 0.893 
50 1.754 0.641 85 1.061 0.944 
55 1.611 0.678 go 1,000 1.000 

















The expression for the maximum pressure at the center of the surface 
of contact is then 


P 
Pmax = 1.5 


nab (292) 
In the case of rollers in compression, Fig. 224, the contact area is a 
narrow rectangle whose width 4 is given by 
the equation: 5 








bore P dd, I T 
ISNA agt | (293) 


in which P’ denotes the compressive force 
per unit length of the roller. The maximum 
unit pressure at the middle of the rectangle of 
contact is 








_ 41 + ds I’ 
Pmax = 0.59 Jar dida I + I ° (294) 


i Ey Ey 
58 See A. Féppl, Technische Mechanik, Vol. 5, 1907, p. 351. 
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In the particular case in which the moduli for both rollers are equal 
P'didz N a1 + de 

b= 21SN EG + dai Pr = OSONPE Gg” (299) 

If one of the diameters be taken as infinitely large as in the case of a 

roller in contact with a plane surface, eqs. (293) and (294) reduce to 


[P’a P'E 
b= 2.15 E’ Pmax = 0.594] d . (296) 


It will be seen that the maximum stress remains constant if P’ 
varies in the same proportion as d. This justifies the practice of 
determining the safe dimensions on the basis of the diametral 
cross sectional area of the roller. The allowable compressive force 
P’ in the case of ordinary steel rollers in bridges, for instance, is 
obtained from the equation: 


P’ = Jood. 
Substituting this into eq. (296), we find the maximum pressure is 
about 85,000 Ibs. per sq. in.*4 





Problems 


1. Determine the maximum pressure at the surface of contact C 
in a single row ball bearing, shown in Fig. 225. The ball diameter 
is d = 1.5 in., the radius of the grooves 1 in., the diameter of the 
outer race 8 in. and the greatest compressive force on one ball 


P = 5,000 lbs. 


Solution. Using the notation of page 357> 





nan! ===} ins re = — in; 
re = — 4 in; 
4 . 
WW) am 2 © I. 2.823; 
| Ts 14 
_ 4X 30X 108 


bd 


3X 9I 





5 For testing of steel rollers see W. M. Wilson, Univ. of Illinois, 
Engr. Exp. Sta. Bull. 162, 1927; 191, 1929; 263, 1934. See also V. P. 
Jensen, Iowa Engr. Exp. Sta., Bull. 138, 1937. Fatigue test of rollers 
discussed in art. 80. 
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4 4 I I 
24 = n = 3803 7 147 2B = 3 — 1 = 0750 
Substituting in eq. (a) (p. 357), 
2:759 o 
cos 0 = 1.417 = 0.629; 6 = 58°. 


Then from the table, by interpolation, 
a = 1.536, B = 0.701. 


The semi-axes of the ellipse of contact are, from eqs. (291), 


1.36 5222 X 2.823 X 3 X Og! 

















a= 4X jo X 108 = 0.105 in., 
3/5,000 X 2.823 X 3 X o.g1 . 
b = 0.701 NE ax OX = 2 = 0.048 in. 
Then, from eq. (292), 
5,000 . 
Pmax = 1.5 nab 475,000 lbs. per sq. in. 


Such high stresses can be sustained by hardened steel due to the 
fact that at the center of the ellipse of contact the material is 
compressed not only in the direction of the force P but also in 
the lateral directions. 

2. Determine the surface of contact and the maximum pressure 
between two circular cylinders whose axes are mutually perpendicu- 
lar. We have such a problem, for instance, in contact pressures at 
the point of contact of a wheel with cylindrical boundary and a rail. 

Solution. Denoting by rı and rz the radii of the cylinders and 
using the notation of page 357, 


4. 48, 
30 — ww)? 


I I I I E I 2 T I I 
A=- -+ ; B=- ~ta L S +r ——— . 
2n fe 2 y7 ry rire 2\ri ff 


8 The problem of contact pressures becomes more and more im- 
portant as the axial load of modern locomotives is increased. For 
discussion of this problem, see the paper by H. Fromm, V. D. I., Vol. 73, 


1929, P- 957+ 
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The sign must be chosen so as to make B positive. From eq. (4) 


I I 
n r 

cos 0 = +75 I 
n r2 


Knowing 0, we get the semi-axes of the ellipse of contact from eqs. 
(291) and the maximum pressure from eq. (292). 

In the particular case of two cylinders of equal radii, cos 9 = o, 
and from the table on p. 358 it can be concluded that the surface of 
contact has a circular boundary. 

3. Find the maximum pressure between the wheel with a cylin- 
drical rim of radius 7, = 15.8 in. and the rail with the radius of the 
head r: = 12 in. if P = 1000 lbs. and Poisson’s ratio u = 0.25. 

Answer. The semi-axes of the ellipse of contact are 


a = 0.0946 in. and 6 = 0.0792 in. 


P . 
Pmax = 3 = 63,600 lbs. per sq. in. 


CHAPTER VIII 
DEFORMATIONS BEYOND ELASTIC LIMIT 


67. Pure Bending of Beams the Material of Which Does 
Not Follow Hooke’s Law.—The experiments with beams the 
material of which does not follow Hooke’s law indicate that 
during pure bending the cross sections of the beam remain 
plane; hence elongations and contractions of longitudinal 
fibers are proportional to their distances from the neutral 
surface. Taking this as a basis of our further discussion and 
assuming that during bending there exists the same relation 
between stress and strain as in the case of simple tension and 
compression, we can find without difficulty the stresses pro- 
duced in the beam by a bending moment of a given magni- 
tude!’ Let us begin with a beam of rectangular cross section, 
Fig. 226, and assume that the radius of curvature of the neu- 


b 





Fic. 226. 


tral surface produced by the moments M is equal tor. In 


such a case the unit elongation of a fiber a distance y from 
the neutral surface is 





-2 
€ P (a) 
t This theory has been developed by Saint Venant in his notes to the 
Navier’s book: ‘‘ Résumé des leçons. . . .” 3d ed., p. 173, 1864. See also 


paper by Eugen Mayer, Physik. Zeitsehr., 1907 and Dissertation by H. 
Herbert, Göttingen, 1909. 


362 
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Denoting by 4, and Az the distances from the lower and the 
upper surfaces of the beam respectively to the neutral axis, 
we find that the elongations in the utmost fibers are 


€j = 73 €& = 
1 y r 


h B. @) 


It is seen that the elongation or contraction of any fiber is 
readily obtained provided we know the position of the neutral 
axis, say ratio Ai/hs, and the radius of curvature r. These 
two quantities can be found from the two equations of statics: 


hı 
foda =: ody = o, (0) 


—he 
hi 


Josia = 5 oydy = M. (d) 
4 she 
The first of these equations states that the sum of normal 
forces acting on a cross section of the beam vanishes, since 
these forces represent a couple. The second equation states 
that the moment of the same forces with respect to the neutral 
axis is equal to the bending moment M. 

Equation (c) is now used for determining the position of 
the neutral axis. From equation (a) we have 


y = fre, dy = rde. (e) 


Substituting into equation (c) we obtain 


h € 
f ody =r f ode = O. (f) 
a =h (Y 


Hence the position of the neutral axis is such that the integral 


“1 . . . 
f ode vanishes. To determine this position we use the 
€2 


curve AOB in Fig. 227, which represents the tension-compres- 
sion test diagram for the material of the.beam, and we denote 
by A the sum of the absolute values of the maximum elonga- 
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tion and the maximum contraction, which is 
A=eg-eg =—+—=-- (g) 


To solve equation (f), we have only to mark the length A 
on the horizontal axis in Fig. 227 in such a way as to make 
equal the two areas shaded in 
the figure. In this manner we 
obtain the strain «e, and e in the 
utmost fibers; equations (4) then 
give 

hy 

he (A) 


This determines the position of 
the neutral axis. Observing that 
elongations e are proportional to 
the distance from the neutral 
axis, we conclude that the curve 
AOB also represents the distri- 
bution of bending stresses along 
the depth of the beam, if A is substituted for A. In calculating 
the radius r we use equation (d). Substituting for y and dy 
their expressions (e), we represent equation (d) in the follow- 
ing form: 


€i 
€2 











Fic. 227. 


br? foede = M. (2) 


By observing that r = 4/A from equation (g), the equation 
(i), after a simple transformation, can be written as follows: 


bk 1 12 (4 . 
TLES cede = M. (J) 

Comparing this result with the known equation 
Hom (b) 


for bending of beams following Hooke’s law, we conclude that 
beyond the proportional limit the curvature produced by a 
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moment M can be calculated from the equation: 





Pel = M, (297) 
in which Æ, is the reduced modulus defined by the expression: 
E, = 5 f sede. (298) 


The integral in this expression represents the moment with 
respect to the vertical axis through the origin O of the shaded 
area shown in Fig. 227. Since the ordinates of the curve in 
the figure represent stresses, and the abscissas, strain, the 
integral and also Æ, have the dimension of lb. in.™, i.e., the 
same dimension as the modulus Æ. The magnitude of E, for 
a given material, i.e., for a given curve in Fig. 227, is a function 
of A or of A/r. Taking several values of A and using each 
time the curve in Fig. 227 as was previously explained, we de- 


b 
Tt 


M 





0.005 0010 0.015 h 0.020 
AF 


Fic, 228. 


termine for each value of A the corresponding utmost elonga- 
tions «e, and é and from expression (298) the corresponding 
value of E,. In this way a curve representing £, as a function 
of A = Afris obtained. In Fig. 228 such a curve is shown for 
structural steel with Æ = 30.10° lbs. per square inch and the 
proportional limit 30,000 lbs. per square inch. In such a 
case, for A < 0.002, E, remains constant and equal to E. 
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With such a curve the moment corresponding to any assumed 
curvature can be readily calculated from equation (297), and 
we can plot a curve, Fig. 229, giving the moment M as a 
function of A. For small values of A the material follows 
Hooke’s law, and the curvature is proportional to the bending 
moment M, as shown in the figure by the straight line OC. 
Beyond the proportional limit the rate of change of the curva- 
ture is always increasing as the moment increases. 


H h, 
H H 


Fic. 230. 





If instead of a rectangle we have any other symmetrical 
shape of the cross section, the width 4 of the cross section is 


variable, and equations (c) and (dì) must be written in the 
following form: 


h a l 
body = r f bode = o, (2) 
—hy é 
hi €l 
boydy = r? Í boede = M. (m) 
whe € 


Take as an example the case of a L section, Fig. 230. If we 
denote by ¢’ the longitudinal strain at the junction of the web 
and of the flange, the equations (/) and (m) can be written 
in the following form: 


f ode + [S de = 0, (n) 
é d , 


wf f gede 3 sede ) = M. (o) 
€ e 
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We see that in this case the ordinates of the tensile test curve 
in that portion corresponding to the flange of the cross section 
must be magnified in the ratio 4/4. In determining the 
position of the neutral axis we proceed as in the preceding 


- case: use the tension-compression test diagram, Fig. 231, and 


mark on the horizontal axis such a position of the assumed 
length A = A/r that the two shaded areas become numerically 
equal. In this manner the strains e, and ez in the utmost 
fibers are obtained. The strain e’ at the junction of the web 
and the flange is obtained from the equation 


, 
€&— € c 


A A’ 





in which c is the thickness of the flange, Fig. 230. Having 
determined the position of the neu- 
tral axis and observing that the 
expression in the parentheses of 
equation (0) represents the mo- 
ment of the shaded areas in Fig. 
231 with respect to the vertical 
axis through the origin O, we can 
readily calculate from equation (o) 
the moment M, corresponding to 
the assumed value of A = A/r. 
In this manner a curve similar 
to that shown in Fig. 229 can be 
constructed for a beam of L sec- 
tion. An I beam can also be 
treated in a similar manner. Fic. 231. 





In the previous examples the tension-compression test diagram 
AOB was used for determining the position of the neutral axis and 
the magnitude of the radius of curvature, r. If there exists an 
analytical expression for the curve 4OB, the above quantities can 
be obtained by calculation alone without using the graphical method 
shown in Fig. 227 and Fig. 231. A very general equation for stress- 
strain curves was used by Saint Venant.2 He assumed that for 





2 Loc. cit., p. 362. 
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bending beyond the proportional limit the distribution of tensile 
and compressive stresses along the depth of the beam can be repre- 
sented by the following equations: 


in which oo and oo’ and also a and å are certain constants which, 


together with the exponents m and n, define the stress distribution 
curves shown in Fig. 232. For very small distances y and yı we 
can assume that 


_7\ 0, yo, W 
(: AEE 7? and (: ay a 7? 


and equations (p) give 


oomy  oomre oo ny, ao nre 


e= ; and d = —— = —— 
a a 


oomr oo ur 


= ly and b = Ea, (q) 








where £, and Ez are the moduli of the material for very small tension 
and compression respectively. If these two moduli of the material 
are equal, the two curves given by 
equations (p) have a common tan- 
gent at the neutral axis and we have 


oom oon 


z = SG (r) 


a 





By using expressions (p) in equations 
of equilibrium (c) and (d), the posi- 
tion of the neutral axis and the 
radius of curvature can be calcu- 
lated in each particular case. Taking, 
for example, m = n = 1 and using 
expressions (g) we obtain, from equations (p), | 





s= E2, y = EL. (s) 
r r 


This is the case in which the material of the beam follows Hooke’s 
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law but has a modulus in tension different from its modulus in 
compression. Substituting expressions (s) into equation (c) and 
assuming that the beam has a rectangular cross section, we obtain 


Exh? = Eh:?, 
which, together with the equation h, + A: = A, gives 
ANE» ANE, 
Ay = _—_ E> and hy = — e 
VE: + VE: VE, + VE: 
From equation (d) we then find 
Fyhy . bhy . 2 bh® 1 4k FE, 





r 2 3 Taiz r WE + VE)? 

It is seen that in this case the curva- o- 

ture is obtained from equation (297) mar 
by using for the reduced modulus the 

value 


= ee . 
(VE, + VE.) 


This modulus is sometimes used in cal- 
culating the buckling load for a column 
compressed beyond the proportional 
limit of the material. 

As another example let us assurhe 
that the stress-strain curves in tension 
and compression are identical; then 
m= n,a = b and oo = a’ in equations 
(p). Assuming also that a = 6 = h/2 
we find, from equation (d), for a rectan- 
gular beam: Fic. 233. 
bh 3m(m + 3) 

6 a+ nim +2)" (320) 
The neutral axis in this case goes through the centroid of the cross 
section. The curves giving the stress distribution for various values 


of the exponent m are shown in Fig. 233. With increasing values 
of m the moment approaches the value: 


3 bh 
M — 2 Omax 6 


“Theory of Elastic Stability,” p. 156. 


E, (299) 


NiS 





M = fmax’ 





370 STRENGTH OF MATERIALS 


In the case of structural steel with a pronounced yield 
point the stretching of the material during yielding (the hori- 
zontal portion at B in the tensile test diagram of Fig. 2a, 
p. 6, Part I) may be many times larger than the elastic 
elongation, say from 10 to 15 times larger. It may also be 
assumed for steel that the yield point stress is the same in 
tension and compression. Then the tension-compression test 
diagram can be represented with 
sufficient accuracy by the 
straight lines shown in Fig. 234. 
With a rectangular beam as an 
example, the strains e, and «e 
in the outermost fibers during 
bending beyond yield point are 
always equal, and equation (i) 
gives: 


broy .p. (6? _ fer.p.?) = M, (0) 


where ey.p, = oy.p./E is the elas- 
tic elongation at the yield-point 
stress. If ey.p, is small in com- 
parison with e:, the second term 
in the parentheses of equation (¢) can be neglected, and we 
obtain 





Fic. 234. 


br'e?oy.p. = M. (u) 
The distribution of stresses over the cross section of the beam 


is then represented by two rectangles, and the corresponding 
bending moment has the magnitude 


bk 
Mar = —~ OY.P.y (o) 
4 
which is obtained by substituting e = 4/2r into equation (4). 
Denoting by My.p. the magnitude of bending moment at which 
the stress in the most remote fibers first arrives at the yield 
point, we have ey.p. = 6My.p,/bh? and equation (v) becomes 
Mur = My... i (301) 
At the value Man of the bending moment all fibers of the 
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beam are in the condition of yielding and this yielding con- 
tinues without increase in resisting moment as long as the 
stress-strain relation is as given by the diagram in Fig. 234. 
It will stop only when hardening of the material due to 
stretching becomes noticeable, but at 
that time the curvature of the beam ial 
due to plastic deformation becomes so T 
large that it cannot be allowed in per- h h 
manent structures; hence the value (v) | t 
of the bending moment must be con- ' 
sidered as its ultimate value. 

Applying the same reasoning in 
the case of an I-beam, Fig. 235, and 
assuming that at the ultimate values of the bending moment 


l—b—i Ho 


Fic. 235. 


the stress in all fibers has the value cy.p., we obtain 





Mar = Pa [hh + b — AY)]. (302) 


The moment at which yielding begins is obtained if we multi- 
ply oy.r, by the section modulus, which gives 


_ oyp. | 2h | oA h(a + hy) 
My.p. — 4 | 3h 2h | . (w) 
Since in usual cases the difference between 4 and kı is com- 
paratively small, we see from expressions (302) and (w) that 
the ratio Mau : My.p, is much smaller for I-beams than for 
rectangular beams. Hence a comparatively small increase 


in the moment above the value My.r. may bring the beam to a 
critical condition. 





68. Bending of Beams by Transverse Loads Beyond 
Elastic Limit.—In the case of bending of beams by transverse 
loads we neglect the action of shear on deflection ê and assume 





‘It was assumed in the above discussion that the beam is bent in 
the plane of its maximum rigidity and that lateral buckling of the 
compressed flange is prevented. 

5 The effect of shear has been discussed by A. Eichinger, Final 
Report, Second Congress International Assoc. Bridge and Structur. 
Engng., Berlin, 1938. 
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that the relation between the bending moment and the 
curvature is represented by equation (297) derived for pure 
bending. Then the area-moment method (see p. 144, Part D 
can be applied in calculating deflections beyond the propor- 
tional limit. Itis only necessary 
to observe that the flexural rigid- 
ity in this case is not constant 


°8 but varies with the magnitude of 
os the bending moment. To estab- 
Pas lish the relation between these 
02 two quantities for rectangular 


beams, we use the curve in Fig. 
m=£14 999. For any value of A = Afr 
the ordinate 4B gives the corre- 
sponding value of the bending 
moment, and the ordinate 4C represents the moment which 
we would have if the material followed Hooke’s law. Hence 


AB: AC = E,: E. 
In this way we obtain for each assumed value of the bending 


moment the ratio E,J/EI of the reduced flexural rigidity to 
the initial flexural rigidity of the beam. Denoting this ratio 


Fic. 236. 





Fic. 237, 


by 6 we represent it as a function of the bending moment M 
by the curve shown in Fig. 236. To illustrate how this curve 
can be used in the calculation of deflections, let us consider 
the case of a simply supported beam loaded at the middle, 
Fig. 237. The bending moment diagram in this case is the 
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triangle 4CB. Let Mo be the magnitude of that bending 
moment up to which the material follows Hooke’s law. In 
such a case the partion mn of the beam is stressed beyond its 
proportional limit and the reduced flexural rigidity, which 
varies along this portion of the beam, instead of the initial 
flexural rigidity, must be used in calculating deflections. 
Proceeding as in the case of beams of variable cross section 
(see p. 211, Part I), we divide the ordinates of the bending 
moment diagram by the corresponding values of 8, taken from 
Fig. 236. In this manner the modified bending moment 
diagram ADEFB is obtained. Considering the modified 
bending mement area as a fictitious load and proceeding in 
the usual way, we obtain the deflection at any cross section of 
the beam by dividing by EJ the bending moment produced 
at that cross section by the fictitious load. 

We have discussed here only the case of a rectangular 
beam, but the same method is applicable in other cases pro- 
vided the curve for the factor 8, similar to that shown in 
Fig. 236, is obtained. Such a curve can be constructed by 
using the method illustrated in Fig. 231, or its ordinates can 
be calculated if the stress-strain relation beyond the propor- 
tional limit of the material is given analytically as by equations 
(p) in the preceding article. 

In the case of a material such as steel, which has a pro- 
nounced yield point, Fig. 234, the bending of a rectangular 
beam beyond the yield point does not mean immediate failure 
of the beam. The yielding starts in the outermost fibers of 
the cross section with the maximum bending moment while 
the rest of the beam continues to work elastically. By - 
plotting a load-deflection diagram for such a beam, we find 
that the shape of this diagram is quite different from the 
Stress-strain diagram for the simple tension test of steel. 
When yielding of the material begins, we obtain in the load- 
deflection diagram only a slight deviation from a straight line, 
and a considerable flattening of the curve occurs only at a 
much higher load when yielding spreads over a large portion 
of the material of the beam. The amount of this flattening 
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of the load-deflection diagram and the magnitude of the corre- 
sponding permanent deflection of the beam depend upon the 
percentage of plastic flow at the yield point in the tension- 
compression test curve for the material. Assume, for ex- 
ample, that plastic flow at the yield point is 13 per cent, i.e., 
about fifteen times larger than the elastic elongation at the 
proportional limit of structural steel. If the outermost fibers 
of the beam undergo this much plastic flow, the stress dis- 
tribution will approach that represented by two rectangles, 
and the corresponding bending moment is then seen (equation 
301) to approach the value one and one-half times greater than 
the moment My.p, at which yielding first begins. *The curva- 
ture in this case, from equation (g) of the preceding article, is 


I A __ 0.03 

rh h` 
This large curvature will occur only in those portions of the 
beam where the bending moment approaches the above high 
value of 14My.p.. This indicates that there will be a tendency 
for the bending to concentrate at the section of the maximum 
bending moment, and the deflection curve beyond the yield 
point will have a different shape from that below the elastic 
limit. In the case of bending of a beam by a force at the 
middle, Fig. 237, the yielding will occur principally at the 
middle, where a considerable curvature will result, while the 
remaining portions of the beam will be only slightly bent. 

If, instead of a solid rectangular cross section, we take an 
I-section, the effect of plastic flow at the yield-point stress on 
the load-deflection diagram will be much more pronounced. 
This is obvious since most of the material is concentrated at 
the flanges of the beam, and consequently most of the fibers 
at the cross section of maxinum bending moment begin to 
yield at about the same time. This yielding of material 
results finally in lateral buckling of the flanges.* Hence the 
maximum load that an I-beam may carry is only slightly 





6 “Theory of Elastic Stability,” p. 273. 





DEFORMATIONS BEYOND ELASTIC LIMIT 375 


larger than the load that first produces yield-point stress in 
the flanges. From this discussion it may be seen that when 
we take the loading which first produces a yield-point stress 
as the basis for determining the allowable stress in a beam, 
the factor of safety for the loading which produces unper- 
missible damage depends on the shape of the cross section. 
In the case of a rectangular beam, this extra safety factor is 
considerably higher than in the case of an I-beam. In struc- 
tural design this difference is usually disregarded, and beams 
of any cross section are designed on the basis of yield-point 
stress.” It is also usually assumed that up to this point our 
elementary formulas for calculating stresses, based on Hooke’s 
law, are sufficiently accurate. 

In our discussion of bending of beams by transverse loads 
it was assumed that the problem was statically determinate 
so that the construction of the bending moment diagram did 
not require any discussion of the deflection curve. In the 
statically indeterminate cases the problem becomes more in- 
volved, since beyond the proportional limit redundant forces 
and moments are no longer proportional to the acting loads, 
and the principle of superposition does not hold. Sometimes, 
however, the problem can be simplified by using a symmetry 
consideration. Assuming, for instance, that the ends of the 
beam in Fig. 237 are builtin, we conclude, from symmetry, 
that the bending moment vanishes at the quarter points, and 
the deflection curve consists of four identical portions which 
can be obtained in the same way as for a cantilever loaded at 
the end. Inthe case of a uniformly loaded beam with built-in 
ends we conclude from symmetry that the moments at the 
ends are equal. The magnitude of these moments can be 
obtained by trial and error method. It is necessary to assume 
some value for these moments and construct the modified 
bending moment diagram, as explained for the case shown in 
Fig. 237. The correct value of the moments is evidently that 
value at which the total fictitious load, represented by the 
modified bending moment area, vanishes. 





7 Another way of beam design is discussed on p. 376. 
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It may be seen from the above discussion that in the case 
of bending beyond the proportional limit the calculation of 
redundant forces and redundant moments requires usually a 
complicated investigation. In the case of such materials, 
however, as structural steel, which has a pronounced yield 
point, the analysis of statically indeterminate structures can 
be simplified very much if we limit our consideration to that 
stage of loading at which the structure reaches the critical 
condition and begins to yield without a further increase in the 
load. Take again, as an example, the uniformly loaded beam 
with built-in ends, and assume that the intensity of the load 
is gradually increasing. At a certain magnitude of this load 
the redundant moments at the ends reach the value My.p., and 
the material begins to yield. The corresponding bending 
moment diagram, calculated on the assumption that Hooke’s 
law holds up to the yield point, is shown in Fig. 238, a. Pro- 
ceeding further with the increasing load, we observe that a 
stage will be reached at which the redundant moments become 
equal to Mu. This loading condition is not yet critical for 
our beam, since the moment at the middle remains smaller 
than the My, value, and the beam can withstand the load 
action. With a further increase in load, owing to yielding of 
the material, the moments at the ends do not change their 
magnitude, and further deflection occurs as in the case of a 
simply supported beam.® The critical condition is finally 
reached when the bending moment at the middle becomes 
equal to Mux. The corresponding bending moment diagram 
is shown in Fig. 238, 2. At this load the local bending at the 
ends and at the center proceeds without any further increase 
in load, and a considerable plastic deformation will be pro- 
duced before the hardening of material begins to counteract 
the yielding. 

It was already shown (see p. 371) how the magnitude of 
Myx. can be calculated for a beam of a given cross section. 
Knowing Mun, we can readily construct the bending moment 





® Any hardening of material is entirely neglected in this discussion. 
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diagram for the critical condition, and determine the critical 
value of the load. For instance, in the case of a uniform load 
Fig. 238, 4, we find the critical value of load intensity from 
the equation: 

orl” 


8 = WM ar. 


At the same time, the load intensity at which yielding begins, 
Fig. 238, a, is defined by the equation: 


qr.p b 


8 = 13My.p.. 
Hence 
der — 4 Maun . 
Y.P. 3 Mr.r. 


It is seen that the ratio ger/qry.p. depends on the shape of the 
cross section of the beam. For rectangular beams this ratio 
is equal to 2. 


Myp 
@) = 
Nf 





Mur 
Mase 
(b) 4 
a 1-_| 
Fie. 238. 


Fic. 239. 


A similar discussion can be repeated for any other kind 
of loading of a beam with built-in ends and also for beams 
with other end conditions or for continuous beams: in each 
case the magnitude of the critical load can be readily estab- 
lished. For example, in Fig. 239 the bending moment diagram 
is shown for the critical condition of the beam built-in at the 
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left end, simply supported at the right end, and loaded at the 
third point C. This diagram is readily constructed if we 
observe that at the critical condition the bending moments at 
A and C are equal to Muu. The critical value of the load at 
which yielding at 4 and C proceeds without a further increase 
in the load is given by the equation: 


2 pl = AM 
9 


In Fig. 240 the bending moment diagram for the critical con- 
dition of a uniformly loaded continuous beam is shown. The 





magnitude of qer and the distance ¢ defining the position of 
the critical cross section C are obtained from the two condi- 
tions: 1) the bending moment at C is a maximum, and 2) its 
magnitude, as also the magnitude of the moment at B, 1s 


equal to Mux, which give 


get _ Moss _ Gert = O, 








2 
del gÈ Mal _ My 
2 2 l 


From these equations we find 
aM . 
c= UN2—- 3), 4e SPG = a3) 


From these examples it can be appreciated that the calcu- 
lation of the critical loads can be readily made in various 
particular cases of statically indeterminate beams. 1s 
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calculation is usually simpler than that required in determin- 
ing the values of the loads at which yielding begins, since we 
do not need to go into analysis of the statically indeterminate 
systems.’ 

It was already indicated that under the action of the 
critical loads the steel structures undergo considerable defor- 
mation which is not permissible under normal service condi- 
tions; hence it is important to consider those critical loads in 
the design and to determine the safe load on the structure 
dividing the magnitude of the critical load by a proper factor 
of safety. Such a procedure appears logical in the cases of 
steel structures submitted to the action of stationary loads, 
since in such cases a failure owing to the fatigue of metal is 
excluded, and only failure due to yielding of metal has to be 
considered." 


69. Residual Stresses Produced by Inelastic Bending. — 
If a beam is bent beyond the elastic limit, some permanent 
set is produced, and the deformation does not vanish after 
the load is removed. The fibers which suffered a permanent 
set prevent the elastically stressed fibers from recovering their 
initial length after unloading, and in this way some residual 
Stresses are produced. To determine the distribution of these 
stresses over the cross section, let us begin with the simplest 
case of a rectangular beam in which the stress distribution in 
bending beyond the yield point can be represented by two 
rectangles, ok/m and oprn, shown in Fig. 241, a. We assume 
also that the material, if stretched beyond the yield point and 

9M. Griining, Handbuch f. Bauing. Bd. IV, Der Eisenbau, 1929, 
Griining-Kulka, “ Die Bautechnik,” 1928, p. 274. 

10 Such a method of determining safe dimensions of steel structures 
was proposed by N. C. Kist, “Der Eisenbau,’” vol. 11, 1920. The 
experiments for determining critical loads were made by Maier-Leibnitz, 
“Die Bautechnik,” 1928, and by K. Girkmann, “ Die Bautechnik,” 1932. 
A theoretical discussion of the bending of beams beyond the yield point 
was given by J. Fritsche, Bauingenieur, 1930 and 1931. The combina- 
tion of bending with compression was discussed by K. Girkmann, 
Sitzungsber. Akad. Wiss. Wien, Abt. IIa, vol. 140, 1931. In this country 


the question of design on basis of the critical loading has been discussed 
by J. A. Van den Broek, Trans. A. S. C. E. Vol. 105, 1940, p. 638. 
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then unloaded, follows Hooke’s law during unloading, as 
shown in Fig. 241, å by the dotted line. As a result of this 
assumption it can be concluded that the bending stresses 
which are subtracted while unloading the beam follow the 
linear law indicated in Fig. 241, a by the line mını. The 
difference between the two stress distributions, rectangular 

while loading and triangular 
c while unloading, shown by the 

shaded areas in Fig. 241, a, 


| represents the stresses which 
e | remain in the beam after un- 
loading. These are the resid- 

(oy) € 


ual stresses produced in the 
beam by plastic deformation. 
The signs of these stresses, shown in the figure, are obtained 
by assuming that the initial bending produced the curvature 
convex downward. Since the rectangular and the triangular 
stress distributions both represent the bending moment of the 
same magnitude, it can be concluded that the moment with 
respect to the axis pok of the triangle omm is equal to the 
moment of the rectangle ok/m about the same axis. Hence 
the stress represented in the figure by the length mm, must 
be equal to r4cy.p., and the maximum tension and compression 
which remain in the most remote fibers after unloading the 
beam is equal to ġøy.p.. The residual stresses in the fibers near 
the neutral surface are as high as øy.p.. It may be seen that 
the stress distribution represented in the figure by the shaded 
areas reduces to two. equal and opposite couples, with the 
value oy.p.b/2/27, which are in equilibrium. The existence of 
these residual stresses can be shown experimentally by sawing 
the beam along the neutral plane. Then each half of the beam 
obtains a certain curvature. If a beam with such residual 
stresses as indicated in Fig. 241, a is bent again by moments of 
the same magnitude and in the same direction as in the previous 
experiment, the stresses produced by these moments and 
represented by the straight line mim, will be superposed on 
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the residual stresses, given by the shaded areas, so that the 
resultant stress distribution will be that represented by the 
rectangles ok/m and onrp. The maximum resultant stress is 
oy.p.. and no yielding will occur during this second bending. 
Hence the residual stresses produced by the first bending are 
of such a nature as to increase the bending moment which can 
be sustained by the bar elastically provided the direction of 
bending is unchanged. This phenomenon of improving the 
elastic capacity of a structure by a preliminary loading and 
creation of suitable residual stresses is sometimes used in 
practice. Some particular cases will be discussed later (see 
art. 74). 

In a more general case of inelastic bending of a rectangular 
beam the stress distribution is given by a curve such as the 
curve nom in Fig. 242, a. Assuming again that during 











Fic. 242. 


unloading the material of the beam follows Hooke’s law, we 
find that the residual stresses produced by plastic flow are 
distributed as shown in the figure by the shaded areas. If 
the curve 7,0m, is determined as explained in article 67, the 
magnitude of the residual stress can be readily obtained for 
each fiber. If the curve niom, is unknown, the residual stress 
distribution can be investigated experimentally by taking off 
from the beam, one after the other, thin layers parallel to the 
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neutral plane and by measuring after each cut the elastic 
deformation which ensues in the beam. 


Assume that the residual stress at the lower side of the beam is 
tension of a magnitude e. Then the removal of a thin layer of a 
thickness A, indicated in Fig. 242, 4, evidently produces the same 
deformation in the rest of the beam as would be produced by the 
application of the two equal and opposite forces oA, shown in the 
figure by the dotted arrows. We shall find that after cutting off 
the thin layer the axis of the beam acquires an elongation and a 
curvature given by the formulas: 





dLa = obA a(*) _ obA(h — A)12 ~ obAh ; 


Ebh’ r) 2Eb(h — A} 2ET (2) 
It is seen that if the curvature d(1/r) is measured, o, the magnitude 
of the residual tensile stress in the most remote fiber, is readily 
calculated from the equation (a). The determination of the residual 
stress oq in a fiber mu at a distance a from the upper side of the 
beam, Fig. 242, 4, is more involved. By taking off one layer after 
the other we finally reach the layer mn, and we can determine the 
stress in it by using an equation similar to equation (a). This 
stress, however, will have a magnitude o,’ different from the residual 
stress oa, since the cutting off layer after layer produces changes of 
stresses in the remaining portion of the beam. It is evident that 
only after investigation of these changes will the determination of 
the required residual stress sa be possible. Let us assume that by 
taking off layer after layer we reached the fibers indicated by the 
dotted line in Fig. 242, 4, at a distance 2z from the upper side of 
the beam. If a new thin layer of thickness A is now taken off, the 
stress o,’ in this layer is obtained from the equation: 


t\  a,/bzA _ b(2z)8 
a(*) = "Ey? where I = 12 








from which 
_ dGJÐEI , 


o = A (2) 


The removing of this layer will produce in the fiber mn a direct 
stress of the magnitude 

f C: bA 

2bz ’ 





(c) 
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and a bending stress of the magnitude 


o bzA(a — 2) 
ER @ 


Formulas (c) and (d) give us the changes in the stress of the fiber 
mn owing to the removal of one layer. Taking now into consider- 
ation all thin layers by varying 22 from / to a, we obtain the total 
change in the stress of the fiber mn as follows: 





I“ 4s T , (e) 


where a,’ for each step is calculated from formula (4) by using in it 
the measured values of d(1/r). The required residual stress ea in 
the fiber mn is now obtained by subtracting the quantity (e) from 
the stress e4’, which is found by substituting a for 2z in formula (4). 
Hence 
, oA o/bzA(a — 2) 
Oa = Ga z zz z T, . (f) 


This method of experimental determination of longitudinal residual 
stresses can be applied not only in the case of bending but also in 
other cases of prismatical bars submitted to longitudinal plastic 
deformation (see art. 71). It was, for example, successfully applied 
in measuring residual stresses in cold drawn brass tubes." To take 
off thin layers of metal a special chemical solution was used in that 
work. The changes in curvature were measured optically. In this 
way complete information regarding residual stresses in cold drawn 
tubes can be obtained. Such information is of great practical 
importance in developing the proper technique in manufacturing 
tubes. 


70. Torsion Beyond the Elastic Limit.—Let us begin with 
the torsion of circular shafts and assume that beyond the 
elastic limit the cross sections of the twisted shaft continue to 





u This method was developed by N. N. Dawidenkow, Journal of 
Techn. Phys., Vol. 1, 1931, Leningrad, and. Zeitschrift für Metallkunde, 
Vol. 24, 1932, p. 25. See also the doctor’s thesis by C. G. Anderson, Uni- 
versity of Michigan, 1935. Another method suitable for measuring 
residual stresses in rolled sections such as I-beams and channels was 
developed by J. Mathar, Archiv fiir das Eisenhtittenwesen, Vol. 6 
1932-33, P- 277. 


> 
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remain plane and their radii remain straight. In such a 
case the shearing strain y at a distance r from the axis of the 
shaft is determined by the same formula as in the case of 
torsion within the elastic limit (see p. 261, Part I): 


y =, (a) 


where @ is the angle of twist per unit length of the shaft. To 
determine the magnitude of the torque which is required for 
producing the twist 0, it is necessary to know the relation 
between shearing strain y and shearing stress 7 beyond the 
proportional limit. Assume that the 
m diagram in Fig. 243 gives the required 
relation.» If a is the outer radius of 
- the shaft, the maximum shearing strain 
is a0 and the corresponding maximum 
shearing stress is given by the ordinate 
mn in the diagram of Fig. 243. In the 
same way the shearing stress at any dis- 
tance r from the axis can be readily ob- 
tained from the diagram. The torque 
M: which must be applied to produce 
the assumed magnitude 0 of the twist is now obtained from 
the equation of statics: 





RSS ASA 


s-r har |” 
að 


Fig. 243. 


f ander = Ma ` (2) 
0 
Substituting in this equation from equation (a) 
Y dy 
r= p’ dr = p > 


12 This theory was developed by Saint Venant, Journal de Mathe- 
matiques, Vol. 16, 1871, P. 373. See also I. Todhunter and K. Pearson, 
History of the Theory of Elasticity, Vol. 2, Part I, p. 170. Fora further 
discussion of this subject see A. Nadai, “Plasticity,” 1931, p. 126. 

13 Such a diagram can be obtained experimentally by making a torsion 
test on thin tubes. To eliminate the possibility of buckling, the wa!) 
thickness can be only locally reduced to a small value by making a 
circumferential groove of a rectangular shape in a thicker tube. 
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we obtain 


2 a6 
nal yrdy = Ma (c) 


The integral on the left side of this equation has a simple 
geometrical meaning; namely, it represents the moment of 
inertia with respect to the vertical axis or of the area omno in 
Fig. 243. After calculating this moment of inertia for any 
assumed value of a0, the corresponding torque is readily .ob- 
tained from the equation (c). Hence a curve representing the 
relation between M; and 6 can be plotted if the diagram in 
Fig. 243 is given. Since the abscissas in Fig. 243 are pro- 
portional to the radial distances, the curve om also represents 
to a certain scale the shearing stress distribution along a 
radius of the shaft. If during the twist the material follows 
Hooke’s law at all times, we have r = yG = r0G, and equation 
(b) gives 


2x0G f dr = 6GIp = Mn (d) 
0 


which is the known equation for torsion within the elastic 
limit. 

If the material of the shaft has a very pronounced yield 
point, the curvilinear portion of the diagram in Fig. 243 can 
be replaced by the horizontal line with the abscissa ry... 
Hence, for a considerable angle of twist the distribution of 
shearing stresses along a radius of the shaft approaches uni- 
form distribution. The corresponding magnitude of torque 
we call by (Muse Its value is obtained by substituting ry». 
for r in equation (4), which gives 


2ra? 
3 


When the torque reaches this value, a further twist of the 
shaft proceeds without a further increase in torque up to the 
point at which the hardening of the material becomes notice- 
able. For comparison we calculate also the value of the 
torque (M,)y.p, at which yielding begins. For this purpose we 





(Mia = TYP. (e) 


386 STRENGTH OF MATERIALS 


use equation (d) and substitute in it the value of @ at which 
yielding begins. This latter value is obtained from equation 
(a) by taking r = a and y = yr.r., which gives 








r; YP. _ TYP., 
Y.P. a aG 
Hence, from equation (d), 
a 
(Mòr.r. = by pl, = tre. A 


It is seen, from equations (e) and (f), that 


(Mia: (Mdr =$: 

If, after applying the torque (M:)us, we unload the shaft, 
some residual stresses will remain in it. The magnitude of 
these stresses can be obtained by repeating the same reason- 

ing which was applied in the case 

n of bending (p. 379). Let the ordi- 
al nates of the horizontal line mn 
in Fig. 244 represent the shearing 
”? | stress ty.p, produced by the moment 
, 5 Man and uniformly distributed along 
+e — the radius of the shaft. During 
Fic. 244- unloading of the shaft the ma- 

terial follows Hooke’s law, and 

the torsional stresses which are to be subtracted while un- 
loading the shaft follow the linear law indicated in Fig. 244 
by the line mını. The difference between the two stress 
distributions, rectangular while loading and triangular while 
unloading, represents the stresses which remain in the shaft 
after unloading. The distribution of these stresses along a 
radius of the shaft is shown in Fig. 244 by the shaded areas. 
The magnitude of the ordinate mp, denoted by Tmax, is found 
from the fact that the rectangular and the triangular stress 
distributions both represent a torque of the same magnitude 
Mau. For the rectangular stress distribution this torque is 











“Plasticity, 
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given by the formula (e). The formula for the same torque 
and for the triangular stress distribution is obtained by sub- 
stituting Tmax for ry.p, in the formula (f): 





2ra? Ta? 
3 TY.P. = 2 T maxs 
— 1 
Tmax = Igty.p.. 


It is seen that the residual torsional stress at the surface of 
the shaft is equal to 4ry.». Near the center that stress is 
equal tO TY.P.» 

The distribution of residual torsional stresses can be in- 
vestigated experimentally. For this purpose it is necessary 
to machine off successive thin layers of metal from the shaft 
and measure, after removing each layer, the change in the 
angle of twist of the shaft.™ 


If the material of the shaft has a pronounced yield point, the 
membrane analogy (see p. 267) can be used to advantage in studying 
torsion beyond the yield point. When the 


magnitude of the torque is somewhat larger 
than (M))y.r., the outer portion of the shaft m n 
is in the condition of yielding while the inner Af B 


portion continues to deform elastically. To | ia— l 
extend the membrane analogy to this case, | l 
it is necessary to use, together with the | 

membrane, a rigid cone ACB, Fig. 245, | 
the slope of which represents the yield 
point stress ty.p, to the proper scale. If a 
small pressure p is acting on the membrane, 

the deflections are also small, and the conical 
surface does not interfere with the free de- 
flection of the membrane. Hence its surface 
defines the stress distribution for the case of an elastic torsion, such 
as was previously discussed (see p. 268). With an increase in 
pressure the deflections of the membrane also increase, and finally 
the outer portion of the membrane comes into contact with the 
rigid cone as shown in Fig. 245. This condition represents torsion 


Fic. 245. 








“4 A further discussion of this subject can be found in A. Nadai’s 
? 1931, p. 266. 
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beyond the yield point. The outer portion of the membrane, 
coinciding with the cone, has the constant slope corresponding to 
the yield point stress ry.p... The inner portion mn of the membrane 
corresponds to the inner portion of the shaft, which is in an elastic 
condition. The double volume between the membrane and the 
plane of the boundary 4B continues to represent the torque. From 
this we conclude that the double volume of the cone must give us 
the value of Mu. Since the slope of the cone is ry.p., its height is 
equal to aty.p., and its double volume is }ra@’ary.p, which coincides 
with the expression (e). 

The same method can also be used in the case of non-circular 
cross sections of shafts, and is very useful in determining these 
portions of the shaft in which yielding begins. Consider as an 
example a rectangular shaft. In investigating torsion of this shaft 
beyond its yield point the membrane must be used together with a 
rigid roof surface, Fig. 246, which has a constant slope at all points 
representing to a certain scale the yield point stress y.p.. It is 

evident that the membrane, deflecting under 
increasing uniform pressure, touches the roof 
BAT first at points ¢ and d, the middle points of 
A B the longer sides of the rectangle. At these 
points the yielding begins and at a higher 
pressure some portions of the membrane will 
coincide with the roof as indicated in the 
figure by the shaded areas. These areas de- 
fine the regions where the material yields. 
In the rest of the shaft we have only elastic 
deformation. A further increase in pressure 
on the membrane increases the portions of 
contact with the roof, as well as the regions 
of plastic deformation. The double volume 
between the roof and the plane 4B evidently gives the magnitude 
of Man for the rectangular shaft. 

If a rectangular bar of wrought iron is twisted beyond the yield 
point, the regions of plastic flow can be revealed by a proper etching 
of the cross section. After etching, there appears in plastic regions 
of the cross section dark parallel lines of such directions as shown 


Fie. 246. 


in Fig. 246. These lines indicate the layers parallel to the axis of | 


the shaft along which the sliding of the metal, produced by the 
yield point stress, occurs. 





15 Interesting photographs of these lines, obtained for various shapes 
of twisted bars, are shown in the paper by A. Nadai, Trans. A. S. M. E., 
Vol. 53, p. 29, 1931. 
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71. Plastic Deformation of Thick Cylinders under the 
Action of Internal Pressure.!*—Discussing an elastic deforma- 
tion of a thick-walled cylinder under the action of internal 
pressure p, we found (see p. 239) that the radial and the 
tangential stresses at a radial distance r from the axis of the 
cylinder are represented by the formulas: 


a? B a BP 
v= pl-i) a= gals +5); (a) 


where a and $ are the inner and the outer radii of the 
cylinder respectively. The maximum tangential tension and 
the maximum radial compression occur at the inner surface 
of the cylinder. At that surface also the maximum shearing 
stress acts. The magnitude of it is 


— o B 
rma = (454 -=e ) -p (2) 


‘By gradually increasing the internal pressure, we finally reach 


a point when the material at the inner surface begins to yield. 
This occurs when the maximum shearing stress (4) becomes 
equal to the yield point stress ry.p..17 Substituting this value 
into formula (2), we find that the pressure at which yielding 
begins is 

pg 


py.p. = TY.P. Re (c) 


Assuming, for example, 2 = 2a, we find that in this particular 
case py.p. = 0.750ry.p.. With a further increase in pressure the 
plastic deformation penetrates deeper and deeper into the 
wall of the cylinder and finally at a certain pressure, which we 





16 An investigation of plastic flow in thick cylinders submitted to 
inner pressure was made by Saint-Venant; see C. R., Vol. 74, 1872, p. 
100g; see also Todhunter and Pearson, History of the Theory of Elasticity, 
Vol. 2, part I, p. 172, and the paper by L. B. Turner, Cambridge. Phil. 
Soc. Trans., Vol. 21, 1913, p. 377. 

17 The question of yielding of a material under various stress con- 
ditions is discussed in article 83. We assume here that ry.p, has the same 


value as in the case of torsion (see p. 385). 
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shall call pun, the entire wall of the cylinder is brought into 
the state of yielding. The distribution of stresses in the wall 
at this yielding condition can be investigated without much 
difficulty if we assume that the material has a very pronounced 
yield point, which means that the yielding proceeds under the 
action of a constant shearing stress equal to ry.p.. This gives 
us for every point in the region of plastic deformation the 
equation: 

Ot — Or 

2 





= TY.P. (d) 


Another equation for determining the principal stresses or 
and o; is obtained by considering the equilibrium of an ele- 
ment of the wall, shown in Fig. 142. From our previous dis- 
cussion (see p. 236) the equation of equilibrium is 


do, 
o,— Or — FG = O. (e) 





Substituting for the difference of the principal stresses its 
value from equation (d), we obtain 


do, 2TY.P. 


E m h, U) 


r 





The integration of this equation gives 
o, = 2ry.p. logr + C. (g) 


The constant of integration C is obtained from the condition 
that at the outer surface of the cylinder, i.e., at r = 4, the 
radial stress ø, vanishes. This gives 


O = 2TY.P. log b + C, = — 2TY.P. log b. 


Substituting this value of the constant of integration C into 
equation (g), we obtain 


or = 2TY.P. log 5: (303) 
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This gives for the inner surface of the cylinder 
= ii a 
(o,) ra = 2Ty.p, 10g p? (304) 


and the pressure which is required to bring the entire wall of 
the cylinder into the state of plastic flow is 


Puit = (Or) ra = — 2TY.P. log 5 . 
Taking again $ = 24, we find Pun = 2rr.P. log 2 = 0.693(27y.P.). 


Having expression (303) for radial stresses, we obtain tan- 
gential stresses from equation (4), which gives 


o, = 2TY.P. ( 1 + log 5) . (305) 


If d = 2a, this expression becomes 


(Si)r=a = 2Tr.P. ( I+ log 5) = 0.307(2TY.P.)s 


(o1) rab = Typ. 











Fic. 247. 


The distribution of stresses o, and o; along the thickness of 
the wall for the particular case $ = 2a is shown in Fig. 247 
by the curves min and st respectively. If, after bringing the 


material of the cylinder to the condition of yielding, we remove 
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the internal pressure, some residual stresses remain in the 
wall of the cylinder. These stresses can be readily calculated 
if we assume that during unloading the material of the cylinder 
follows Hooke’s law. In such a case the stresses which are 
to be subtracted while unloading the cylinder are given by 
the expressions (a) if we substitute in these expressions Pur 
instead of p. These stresses for the particular case 6 = 2a 
are shown in Fig. 247 by the curves sif, and mkn. The 
shaded areas then give us the residual stresses in the wall of 
the cylinder. It is seen that owing to the plastic deformation, 
considerable compressive tangential stresses are produced in 
the portion of the cylinder wall.!8 If a cylinder with such 
residual stresses is again loaded by the internal pressure equal 
to put the tangential stresses produced by this pressure and 
given by the curve sı⁄4 will be superposed on the residual 
stresses, given by the shaded areas, so that the resultant stress 
distribution will be that represented by the curve st. The 
maximum resultant stress is 2ry.p and no yielding will occur 
during this second application of the internal pressure. 
Hence the residual stresses produced by the plastic expansion 
of the cylinder are of such a nature as to increase the pressure 
which can be sustained by the cylinder elastically. This fact 
is sometimes used in manufacturing guns which must with- 
stand high internal gas pressures.’ 

It was assumed in our discussion that the applied inner 
pressure is such as to bring the entire cylinder to the condition 
of yielding, but the method can also be applied without any 
difficulty to cases in which only the inner portion of the cylin- 
der wall is in the state of yielding while the outer portion js in 
the elastic state. Assume that a pressure p’, larger than pr.r. 
but smaller than pun, is applied, and let ¢ be the radius of the 





18 It is assumed that this compressive stress is less than yield point. 


stress and that no yielding occurs during unloading. The case of 
yielding during unloading was studied by L. B. Turner, loc. cit., p. 389. 

19 The description of this use of the initial plastic deformation can be 
found in the book by L. Jacob, “ Résistance et Construction des Bouches 
a Feu. Autofretage,” Paris. See also S. J. Brown, United States Naval 
Institute Proceedings, Vol. 46, 1920, p. 1941. 
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cylindrical surface separating the plastic region of the wall 
from the elastic. There will be a radial pressure acting 
between these two regions which we shall call X. The mag- 
nitude of this pressure can be found from a consideration of 
the outer, elastic, portion of the wall. The maximum shearing 
stress Tmax in this portion is found from equation (4) by sub- 
stituting c instead of a and X instead of p in that equation 
which gives 


Xb 


Tmo = Be 


Since the cylindrical surface r = ¢ separates the elastic and 
the plastic zones, the material at that surface just reaches the 
yield point. Hence Tmax = Ty.p. The equation for determin- 
ing the pressure X is then 
2 

TY.P. = ee (h) 
and we obtain 
ty p(B — c*) . 


X= y (3) 
Having this pressure, we can readily calculate the stresses at 
any point in the elastic region of the wall by using equations 
similar to equations (a).?? 

For calculating stresses in the plastic region of the wall 
we use equation (g). The constant of integration C is found 
from the condition that for r = c, 0, = — X, which gives 


— X = 21y.p. loge + C, C= — X — 21y.p, loge. 


Substituting this value of C in equation (g) and using expres- 
sion (7) we obtain 


Or = 2TY.P. log z — — p T . (306) 


Taking r equal to the inner radius a of the cylinder, we obtain 





20 The radius ¢ instead of a and X instead of p must be used in these 
equations. 
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the magnitude p’ of the pressure which must be used to pro- 
duce the plastic flow in the wall up to the depth corresponding 
to the radius r = c. This pressure is 


, Ty.p.(B _ e) 


p' = — 2ry.r. log £ + B (307) 





Taking our previous example where 4 = 24 and assuming 
c = 1.54, we find from equation (307) that p’ = 0.624(2ry.».). 

The distribution of tangential stresses ø; is obtained from 
equation (d), which gives 


RB 2 
Oo, = 2Ty.p. + 0r = 2TY.P. log = + Ty.p. Pte * (308) 


For r = c the first term on the right side vanishes and the 
value of e; becomes equal to the value of the tangential stress 
produced by pressure X in the adjacent elastic zone of the 
wall. Equations (307) and (308) give us the stresses pro- 
duced in the inner portion of the cylinder wall, which under- 
goes plastic deformation. For the outer portion, which re- 
mains elastic, equations similar to equations (4) must be used. 
In this way the problem of stress distribution for the case of 
a cylinder which undergoes only a partial plastic deformation 
is completely solved. 

If, after partial yielding of the cylinder wall, the inner 
pressure p’ is removed, some residual stresses will remain in 
the wall of the cylinder. The inner portion of the wall, in 
which plastic deformation occurred, does not return to its 
initial diameter and undergoes a pressure from the side of the 
outer elastic portion of the wall. The stress distribution 
produced in this way is similar to that produced by shrink-fit 
pressures in built-up cylinders (see art. 45). To calculate 
these stresses we proceed in exactly the same way as was 
explained before and illustrated in Fig. 247. 

All these calculations are based on the assumption that 
beyond the yield point the material yields without an increase 
in stress. If this is not the case, the residual stresses cannot 
be calculated as explained above, and recourse must be made 
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to an experimental determination of residual stresses. In 
such cases a method similar to that used in determining 
residual bending stresses can be applied. We machine off 
thin layers of the metal one after the other beginning from 
the inner surface of the cylinder, and after each cut measure 
the strain produced in the axial and the circumferential 
directions at the outer surface of the cylinder. Such measure- 
ments furnish sufficient information for calculating residual 
stresses. 

Residual stresses in cylinders can be produced not only by 
the plastic deformation described above, but also by non- 
uniform cooling and by volume changes of metals during 
recrystalization in various processes of heat treatment. Some- 
times these stresses become of primary importance as, for 
instance, in big forgings, and several methods of their deter- 
mination have been developed.”! 





2 The first investigation of this kind was made by N. Kalakoutzky, 
St. Petersburg, 1887. See also N. Kalakoutzky, Investigation into the 
Internal Stress in Cast Iron and Steel, London, 1888. The complete 
solution of the problem was given by G. Sachs, Zeitschr. f. Metallkunde, 
Vol. 19, 1927, p. 352 and Zeitschr. Ver. Deutsch. Ing., Vol. 71, 1927, 
p. 1511. These two papers contain a complete bibliography of the 
subject. Further improvements in the methods of measuring residual 
stresses in tubes were made by N. N. Dawidenkow, Journal of Technical 
Physics, Vol. 1, 1931, S. Petersburg. See also G. Sachs, Trans. of the 
A. S. M. E., 1939, p. 821. The bibliography on plastic deformation of 
metals and on residual stresses is given in “Handbuch der Metallphysik,” 
Vol. 3, part I, by G. Sachs, Leipzig, 1937. 


CHAPTER IX 
MECHANICAL PROPERTIES OF MATERIALS 


72. Tension Test.—The most common method of investi- 
gating mechanical properties of metals is by the tension 
test. For this test circular cylindrical specimens and some- 
times specimens of rectangular cross section are used. To 
make the results of test comparable, certain proportions for 
tensile test specimens have been established, which are 
recognized as standard proportions. In this country, for 
instance, the standard tensile test specimen is circular, with 
1 in, diameter and 2 in. gage length, so that 


774 or l= 4.51 VA, 
where 4 = 71d?/4 is the cross sectional area of the specimen. 
In central Europe two different proportions of circular 
specimens are in use: (1) a long specimen for which / = tod 
= 11.3VA4 and (2) a short specimen for which / = $d = 5.65 VA. 
In the case of rectangular specimens it is preferable to take the 
same relation between the length and the cross sectional area 
as for circular specimens.? The length of the cylindrical 
portion of the specimen is always somewhat greater than the 
gage length and is usually at least / + d. The ends of the 
specimen are generally made of heavier section to prevent the 
specimen from breaking in the grips of the testing machine, 
where the stress conditions are more severe, due to local 
irregularities in stress distribution. The long type of cylin- 
regulars eee Y a S 

1A description of the procedure of testing and of testing machines 
can be found in the book by Batson and Hyde, Mechanical Testing, 
1922. See also O. Wawrziniok, Handbuch d. Materialprüfungswesens, 
Berlin, 1923, K. Memmler, Das Materialprüfungswesen, Stuttgart, 1924, 
and “Handbuch d. Werkstoffprüfung,” E. Siebel, 1940. 

2 The British Engineering Standards Assn. recommends 8-in. gage 


length for rectangular specimens of plate material for boilers. 
396 7 
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drical specimen is represented in Fig. 248 (a), which shows also 
the spherical seats in the grips of the machine, used to insure 
central application of the load. Figure 248 (4) shows a flat 





S 
A Bzz ~~ le) 


Fic. 248. 


rectangular specimen. Tensile test machines are usually 
provided with a device which automatically draws a tensile 
test diagram representing the relation between the load P and 
the elongation ô of the specimen. Such a diagram exhibits 
very important characteristics of the p 

material. Figure 249, for instance, 
shows a series of diagrams for carbon 
steel with various contents of carbon. 
These indicate that as the carbon con- 
tent increases the strength of the steel 
increases but at the same time the 
elongation before fracture decreases, 
i.e., the material loses ductility. 

The strength and the ductility are 
the two important characteristics usu- 
ally obtained from the tensile test.* 
For defining the strength of a mate- 
rial the proportional limit, the yield 
point and the ultimate strength are usu- 
ally determined (see p. 6, Part I). Fie. 249. 

In determining the proportional limit sensitive exten- 
someters are necessary to detect the slightest deviation from 





3 A complete bibliography on tensile tests is given in the books by 
G. Sachs, “ Der Zugversuch,” Leipzig, 1926, and “Mechanische Tech- 
nologie der Metalle,” Leipzig, 1925. These books present modern de- 
velopments in investigating mechanical properties of materials. See also 
C. W. MacGregor’s paper presented at the Annual Meeting of Am. Soc. 
Test. Mat. 1940. 
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proportionality in the tensile test diagram. Obviously the 
position found for this limit depends a good deal on the 
sensitivity of the instruments. In order to get a greater 
uniformity in results, a certain amount of permanent set or a 
certain deviation from proportionality is often taken as the 
basis for determining the proportional limit. The Inter- 
national Congress for Testing Materials at Brussels (1906) 
defined the proportional limit, which experiments show to be 
the same as the elastic limit for steel, as that tensile stress at 
which the permanent set is o.oo1 percent. Recently there has 
been a tendency to increase this limiting magnitude of perma- 
nent set to 0.01 per cent.* 
The yield point is a very important characteristic for such 
a material as structural steel. At this stress the specimen elon- 
gates a considerable amount 
(in the case of mild steel some- 
times more than I per cent) 
without increase in load. 
Sometimes the yielding is ac- 
companied by an abrupt de- 
crease in load and the tensile 
test diagram has a shape such 
Fic. 250. "as is represented in Fig. 250. 
In such a case the upper and 
lower limits of the load at a and 4, divided by the initial cross 
sectional area, are called the upper and lower yield points 
respectively. The position of the upper yield point is affected 
very much by the speed of testing, the form of the specimen 
and by the shape of the cross section.» The lower yield point 
is usually considered as a true characteristic of the material, 
which can be used as a basis for determining working stresses.’ 








4See paper by P. Ludwik, “Bruchgefahr und Materialpriifung,” 
Schweiz. Verband ftir die Materialprtifungen der Technik, Bericht, nr. 
13, 1928, Ziirich. 

5 See paper by Kiihnel, V. D. I., Vol. 72, 1928, p. 1226, and paper by 
M. Moser, Forschungsarbeiten, nr. 295, Berlin, 1927. See also C. W. 
MacGregor, Trans. A. S. M. E., Vol? 53, 1931, p. 187. 

€ C, Bach first indicated the importance of determining the lower 
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Due to the relatively large stretching of the material at the 
yield point it is not necessary to use sensitive extensometers to 
determine this point. It can be determined with the simplest 
instruments or can be taken directly from the tensile test 
diagram. For structural carbon steel the stress at yield point 
is about 55-60 per cent of the ultimate strength. Structural 
steel with about 1 per cent Si has a stress at yield point about 
70-80 per cent of the ultimate which may be the same as for 
carbon steel. Such a high value for the yield point justifies 
the usual practice of taking higher working stresses for this 
kind of steel. 

There are materials which do not have a pronounced 
yield point; in such cases the stress at which the permanent set 
(plastic elongation) reaches the value 0.2 per cent is sometimes 
considered as the yield point. It must be kept in mind that 
the yield point defined in this manner does not represent a 
definite physical characteristic of the material and its position 
depends upon the arbitrarily chosen permanent set. In the 
case of structural steel with a pronounced yield point the 
amount of stretching at yield point is usually greater than 0.2 
per cent and the actual yield point coincides with that defined 
by the above 0.2 per cent permanent set limit. 

The ultimate strength is usually defined as the stress 
obtained by dividing the maximum load reached before 
breaking the specimen, point ¢ in Fig. 250, by the initial cross 
sectional area. This quantity is very often taken as a basis 
for determining working stresses. 

The area under the tensile test diagram Oacde (Fig. 250) 
represents the work required to produce fracture. This 
quantity is also sometimes used as a characteristic property 
of the material. It depends on not only the strength but also 
the ductility of the material. 

The ductility of metals is usually considered to be charac- 
terized by the elongation of the gage length of the specimen 
during a tensile test and by the reduction in area of the cross 
section at the fracture. 





yield point. See V. D. I., Vol. 58, 1904, p. 1040, and V. D. L., Vol. 59, 
1905, p. 615. 
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In the first stage of plastic elongation, from a to ¢ in the 
diagram, Fig. 250, the specimen elongates uniformly along 
its length and this uniform elongation is accompanied by a 
uniform lateral contraction so that the volume of the specimen 
remains practically constant.’ At the point c the tensile force 
reaches a maximum; further extension of the specimen is 
accompanied by diminishing of the load. At this stage of 
plastic elongation the deformation becomes localized, necking 
begins, and the specimen takes the shape shown in Fig. 251. 
It is difficult to determine with accuracy the mo- 
ment when necking begins and to establish separ- 
ately the magnitude of the uniform stretching and 
the magnitude of the elongations due to necking. 
It is customary, therefore, to measure the total in- 


m n 
crease in the gage length when the specimen is frac- 
tured. The elongation is then defined as the ratio of 
this total elongation of the gage length to its initial 
Fro. ag, length. In practice the elongation at fracture is 


usually given in per cent. If / is the original gage 
length and ô the total elongation, the elongation at failure 
in per cent is 


e= ; + 100. (a) 


This elongation is usually taken as the measure of the ductility 
ofa material. Elongation obtained in this manner depends on 
the proportions of the specimen. The increase in the gage 
length, due to necking, is a large part of the total increase and 
is practically the same for a short gage length as it is for a long 
one. Hence the elongation as defined by eq. (a) becomes 
larger the shorter the gage length. For steel the elongation 
obtained for specimens with / = sd is usually 1.22 as large 
as obtained for a specimen of the same material with / = rod. 
Experiments show also that local deformation at the neck 
depends very much on the shape of the cross section; hence 





1 The small elastic deformation in which the volume does change 
can be neglected in comparison with the comparatively large plastic 
deformation, 
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this shape affects the elongation of the specimen. This shows 
that comparable results with respect to elongation can be 
obtained only by using geometrically similar specimens. 

The reduction in area at the cross section of fracture is 
usually expressed in per cent of the original cross sectional 


area as follows: 
Ao — Ay 
7 = 4, ` : 10 (è) 


in which 4o is the initial cross sectional area and 4, the final 
cross sectional area at the fracture. 

If we assume that longitudinal strain is uniformly distrib- 
uted over the cross section of fracture and that the volume 
of the material is constant, the unit elongation e; at this cross 
section is determined by the equation 


Avi + e) = Ao 


from which 
-2 
. s Ay 
or, using eq. (4), 
— q 
= Too — 4° (c) 


This quantity is sometimes called * the effective elongation. 
It is usually much larger than 
the elongation e = 6// deter- 
mined from the total elongation 
ô of the gage length. Some re- 
sults in static tests of certain 
steels are given in the table on 
PP. 497-498. 


In defining the yield point and 
the ultimate strength the area used 
in calculating the stress was taken 
as the original cross sectional area. 
The curve Oabcd in Fig. 250 and Fig. 252 was obtained in this 
manner. This curve represents the true stress only so long as 





Fie. 252. 








; 8 See P. Ludwik, Elemente der Technologischen Mechanik, Berlin 
909. i 
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the elongation is small. For larger elongations the reduction in 
cross sectional area must be considered in order to get the true 
stress. The curve dc’d’ in Fig. 252 was obtained by multiplying the 
ordinates of the Oaded curve by the ratio 4/4 of the original cross- 
sectional area to the varying cross sectional area 4 as it was at each 
instant during the tensile test. From this curve it is evident that, 
although the load decreases from the point c on, the true stress 
continues to increase and has its maximum value at the moment of 
fracture. : 

The relation between g and e represented by a rue tensile test 
curve, such as curve dc’d’, has a definite physical meaning so long as 
the bar continues to stretch uniformly. After the beginning of 
necking the elongation is not uniformly distributed along the length 
of the bar and the quantity e = ô// no longer has a simple physical 
meaning. In investigating this portion of a tensile test it has 
proved very useful to construct curves in which the true stress g 18 
plotted against the reduction in area g (eq. 6).2 A curve of this kind 





Fic. 253. 


obtained with mild steel (0.05% carbon) is shown in Fig. 253.1° The 


9See paper by F. Körber and W. Rohland, Mitteilungen K. W. 


Institut, Vol. 5, 1924, p. 37. : m 
to Šte paper by P, Ludwik, “Bruchgefahr und Materialpriifung 


Diskussions, Bericnt nr. 35 der Eidg. Materialpriifungsanstalt, Zürich, 
1928. 
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point 4 of this curve corresponds to the beginning of necking," and 
the portion 4B of the curve rep- 
resents the process of necking. It 
can be seen that the true stress 
increases up to the moment of 
fracture. Some applications of 
this type of curve are given later.” 

73. Compression Test.— 
The compression test is prin- 
cipally used for testing brittle 
materials such as stone, concrete 
and cast iron. In testing stone 
and concrete, cubic specimens are 
often used. In compressing them between the plane sur- 
faces of the testing machine it is usually assumed that the 
compressive force is uniformly distributed over the cross 
section. The actual stress distribution is much more compli- 
cated, even if the surfaces are in perfect contact. Due to 
friction on the surfaces of contact between the specimen and 
thecompressing head of the machine, the lateral expansion which 
accompanies compression is prevented at these surfaces and the 
material in this region is in a more favorable stress condition. 
As a result of this the type of fracture obtained in a compres- 
sion test of cubic specimens of concrete is of the sort shown in 
the photograph, Fig. 254. The material in contact with the 
machine remains unaffected while the material at the sides is 
crushed out. In order to obtain the true resistance to 
compression of a material such as concrete, the influence of 
friction at the surfaces of contact must be eliminated or 
minimized. For this purpose A. Féppl covered the surfaces 
of contact with paraffin. The ultimate strength obtained 
in such a manner was greatly reduced and the type of failure 





Fic. 254. 


"Tt can be shown that in such diagrams as OB the tangent AC, 
at the point Æ, representing the beginning of necking, cuts the ordinate 
atg = 100 per cent at a height of 204. 

1? The Bibliography related to the analysis of tensile test diagrams is 
given in the paper by C. W. MacGregor, The Annual Meeting, A. S. T. M., 
1940. 

= A. Föppl, Mitteilungen aus dem Mech. Techn. Laboratorium in 
München, nr. 27, 1900. 
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was completely different; a cubic specimen fails by subdividing 
into plates parallel to one of the lateral sides. Another method 
of eliminating the effect of friction forces is to use specimens in 
the form of prisms having the height in the direction of 
compression several times larger than the lateral dimensions. 
The middle portion of the prism then approaches a condition 
of uniform compression. A very interesting method of 
producing a uniform compression on cylindzic-] specimens 
used in Kaiser Wilhelm Institute ® is shown ir. Fig. 255. The 
portions of the testing machine in contact with the cylindrical 


LKA - 





ZTA 


Fic. 255. Fic. 256. 


specimen and the ends of the specimen are machined to conical 
surfaces with the angle a equal to the angle of friction. Thus 
the effect of friction is compensated for by the wedge action 
and uniform compression results. 

Compression tests of materials such as concrete, stone and 
cast iron show that these materials have a very low pro- 
portional limit!® Beyond the proportional limit the de- 
formation increases at a faster rate relative to the load and the 
compression test diagram has a shape such as shown in Fig. 
256. Sometimes it is desirable to have an analytical expres- 
tion for such a diagram. For these cases C. Bach proposed ” 

14 See L. Prandtl and Rinne, Neues Jahrbuch für Mineralogie, 1907: 
See also W. Gehler, Der Bauingenieur, Vol. 9, 1928, p. 21. Cylindrical 
specimens with height twice the diameter are sometimes used in testing 
concrete. 

18 Mitteilungen K. W. Institut, Düsseldorf, Vol. 9, 1927, p. 157- 

16 The proportional limit for cast iron in tension was determined by 
Griineisen, Berichte d. Deutschen Phys. Gesellschaft, 1906. _ 

17 See C. Bach, Elasticitat u. Festigkeit, V ed. 1905, Berlin, p. 67- 
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the exponential law given by the equation: 


= P’ (a) 


in which » is a number depending on the properties of the 
material. Bach found the values 7 = 1.09 for pure cement 
and n = 1.13 for granite. 

Compression tests of ductile materials show that the shape 
of the diagram depends very much on the proportions of the 
specimen. As the dimension in the direction of the compres- 
sion decreases, the effect of friction at the ends becomes more 
and more pronounced and the compression test diagram be- 
comes steeper. For instance Fig. 257 shows the results of 
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compression tests !8 on copper cylinders with various ratios 
d/h of the diameter to the height of the specimen. In com- 
Pression tests of such ductile materials as copper, fracture is 
seldom obtained. Compression is accompanied by lateral 
expansion and a compressed cylinder ultimately assumes the 
shape of a flat disc. 





18 See G. Sachs, Grundbegriffe der Mechanischen Tech i 
Metalle, Leipzig, 1925, p. 36. schen Technologie der 
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74. Strain Hardening.—It is well known that plastic 
deformation causes ductile materials such as mild steel, copper, 
and aluminum to become harder. Their strength increases 
and at the same time their ductility, as given by elongation or 
lateral contraction in the simple tensile test, decreases. This 
hardening effect of plastic deformation is also shown by the 
phenomenon of the increase of the yield point of the ductile 
material when subjected to stretching beyond the initial 
yield point. Figure 258 shows a tensile test diagram for mild 
steel. After stretching the bar to the point C it was unloaded. 
During this unloading the material followed an approximately 
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Fic. 258. Fig. 259. 


straight line law as shown by the line CD on the diagram. 
Repeating the loading of the bar, the line DF was obtained 
along which the material approximately followed Hooke’s law. 
At the point F, which corresponds to the previous loading at 
C, the curve abruptly changed character and traced the por- 
tion FG, which can be considered as a prolongation of the 
curve BC. This is the raising of the yield point produced by 
stretching the material. If an interval of time, say several 





19 See Ewing, “Strength of Materials,” 1914, P. 35- 
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days, is allowed to elapse after unloading, then upon reloading 
a still higher yield point may be obtained, as indicated by 
the dotted lineat F”. In Fig. 259 are shown the results of a ten- 
sile test of die cast aluminum.” 
The initial proportional limit 
of the material was 5,600 lbs. 
per sq. in. After stretching the 
specimen 2 per cent, the propor- 
tional limit upon reloading was 
found to be 20,000 lbs. per sq. in. 

More complete investiga- 
tions show that the time which 
elapses between unloading and 
reloading is of great influence 
on the stress strain curve dur- Fie. 260. 
ing reloading. If reloading be- 
gins immediately after unloading, accurate measurements 
show that there are deviations from the straight line law at 
very low stress, and the proportional limit is greatly lowered. 
But if a considerable interval of time elapses between unload- 
ing and reloading, the material recovers its elastic properties 
completely. Figure 260 shows the curves obtained by Ewing 
with mild steel which show that, if reloading follows in ten 
minutes after overstrain, the material does not follow Hooke’s 
law, but after 5 days it has partially recovered its elasticity and 
after 21 days it has almost completely recovered it. 

The experiments show that if the material is submitted to 
mild heat treatment after unloading, say in a bath of 100° 
Centigrade, the recovery of elastic properties occurs in a much 
shorter interval of time. Figure 261 shows the results of such 
a test made on a steel bar by I. Muir.” The initial tensile 
test is represented by the curve 4. Curve B represents the 
reloading of the same bar ten minutes after unloading. A 





considerable deviation from Hooke’s law is noticeable. Curve 


Ci C is the diagram obtained with the same bar after a second 





20 Westinghouse Elec. Mfg. Co. Research Laboratory. 
2 I. Muir, Phil. Trans. Roy. Soc., 1899. 
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unloading and after keeping it at a temperature of 100° 
Centigrade for 4 minutes. It may be seen that after this 
treatment the material completely recovered its elastic 
properties. , 
The phenomenon of hardening due to plastic deformation 
is encountered in many technological processes such as rolling 


























2 4 oO -6 70 
Fic, 261. 


of bars or drawing tubes and wires at low temperature, cutting 
sheet metals by shears, and drawing and punching holes. In 
all these cases the part of the material which undergoes 
plastic deformation becomes harder and its ductility is greatly 
reduced.2 To eliminate this undesirable effect of strain 
hardening it is customary to anneal the material, which 
reestablishes the initial ductility.” 

Sometimes the strain hardening of ductile materials finds a 
practical application in manufacturing. It is common prac- 
tice to submit the chains and cables of hoisting machines to a 
certain amount of overstrain to eliminate undesirable stretch- 
ing of these parts in service. The cylinders of hydraulic 





2 For a general discussion of the properties of cold worked metals 
see the paper by Z. Jeffries and R. S. Archer, Chemical and Metallurgical 
Eng., Vol. 27, 1922, p. 747. Seč also G. Masing and M. Polanyi, Kalt- 
reckung und Verfestigung, Springer, Berlin, 1923. 

23 See paper by Rees, Iron and Steel Inst. Journal, 1923. 








MECHANICAL PROPERTIES OF MATERIALS 409 


presses are sometimes submitted to an initial internal pressure 
sufficient to produce a permanent deformation in the walls. 
The strain hardening and the residual stresses produced by 
this prevent any permanent set in service. The overstraining 
of metal is sometimes used in the manufacture of guns (see p. 
243). By stretching the metal in the wall of a gun beyond the 
initial yield point and afterwards submitting it to a mild heat 
treatment, the elastic properties of the material are improved; 
at the same time initial stresses are produced which combine 
with the stresses produced by the explosion to give a more 
favorable stress distribution. Turbine discs and rotors are 
sometimes given an analogous treatment. By running these 
parts at overspeed, a permanent set is obtained around the 
central hole, which raises the yield point of the material there 
and produces initial stresses, which are in a favorable direc- 
tion.* Die cast aluminum fans are sometimes submitted to 
overstrain ac the bore to prevent any possibility of their 
loosening on te shaft in service. A considerable plastic flow 
of metal is sometimes produced in pressing the hub of loco- 
motive wheels onto their axles and this has proved to have a 
favorable effect. Copper bars in the commutators of electric 
machinery are submitted to considerable cold work by 
drawing to give them the required strength. 

In using overstrain in this manner to raise the yield point 
and improve the elastic properties of a structure, it is necessary 
to keep in mind (1) that the hardening disappears if the 
structure is submitted to annealing temperatures and (2) that 
the stretching of metal in a certain direction, while making it 
stronger with respect to tension in this direction, does not 
Proportionately improve the mechanical properties with re- 
spect to compression in the same direction.% This phe- 
nomenon is clearly shown in Fig. 262, which represents tests 
p 4 See A. Nadai and L. H. Donnell, Trans. A. S. M. E., Vol. 51, 1929, 

. 173. 
2 This phenomenon was discovered by J. Bauschinger, Mitteilungen 


aus dem Mech. Techn. Laboratorium in München, 1886. See also 
Dinglers, Polytech. Journal, Vol. 266, 1886. 
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made with electrolytic copper.2° Curve (æ) shows the 
mechanical properties of the copper in the annealed condition. 
The proportional limit and yield point ”” in this condition are 
very low. Such material cannot be used in structures which 
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are submitted to the action of appreciable stresses. Curve 
(b) represents tensile and compression tests of the same 
material after giving the bar an elongation of 15 per cent. 
The proportional limit and yield point have been raised 
considerably, especially in tension. Curves (c) and (d) show 
the results of tests after a stretching of 20 per cent and 25 per 
cent. The additional stretching produces still further im- 
provement of the mechanical properties, especially in tension. 
At the same time the proportional limit in compression 1s 
somewhat lowered. Curve (e) represents tensile and com- 
pressive tests on a bar, which had been drawn through a die, 





26 Westinghouse Elec. Mfg. Co. Research Laboratory. ; 
27 The yield point is defined as the point where unit elongation or 
unit compression is 0.2 per cent. 
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reducing the cross sectional area of the bar by 15 per cent. 
In the drawing process the material is submitted not only to 
longitudinal tension but also to lateral compression. To this 
fact must be attributed the difference between curves (4) and 
(e). Although in both cases the bar received about the same 
reduction in cross sectional area, the material drawn through a 
die showed better mechanical properties with respect to 
compression than the material which was subjected to a 
uniform longitudinal stretching in a testing machine. 

This fact that stretching a metal in a certain direction does 
not improve the mechanical properties in compression in the 
same proportion as it does in tension must not be over- 
looked in cases in which the material is submitted to reversal 
of stresses (see article 78). 


It must also be kept in mind that strain hardening, while 
raising the yield point of a material, does not affect the ultimate 
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strength of the material in the same proportion, and the true stress at 
fracture is probably unchanged. At the same time the elongation 
and reduction in area at fracture are considerably reduced due to 
strain hardening. Curves representing the true stress as a function 
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of the reduction in area g (p. 402) are especially useful in investigat- 
ing the effect of strain hardening. Several curves of this kind ob- 
tained with drawn copper * are shown in Fig. 263. The lowest line 
represents a tensile test of the copper wire in its initial condition. 
The other curves represent tensile tests of the same copper wire 
after various degrees of drawing. The arnount of cold work is 
indicated by the reduction in the diameter, the magnitude of which 
is given on each curve in millimeters. Points Æ indicate the 
beginning of necking and points B the moment of fracture. Be- 
tween 4 and B the diagrams are straight lines which intersect, when 
prolonged, at a common point C. These curves indicate that cold 
work does not affect the true stress at fracture and affects only 
slightly the true stress at the beginning uf necking. At the same 
time it affects considerably the elongations and the lateral con- 
traction of the materials. 


In concluding this discussion it should be mentioned that 
there are indications?’ that material which has suffered 
yielding at a certain place is more sensitive at this place to 
chemical actions and there is a tendency for corrosion to enter 
the metal along the surfaces of sliding. This phenomenon is 
of particular importance in the case of boilers and other 
containers submitted simultaneously to stresses and to 
chemical action. 


75. Strain Hardening and Residual Stresses.—In dis- 
cussing the causes of strain hardening of metals it is necessary 
to consider the crystalline structure of the metals. A metallic 
test specimen is a conglomerate of crystals so small in size that 
a cubic inch usually contains millions of them. In studying 
the plastic deformation of such crystalline materials it has 
proved very useful to investigate the mechanical properties 
of asingle crystal. Methods of preparing large single crystals 
have been developed in recent years so that it is now possible 
to have tensile test specimens of considerable size consisting 


28 See paper by W. Müller, Forschungsarbeiten, nr. 211 (1918). See 
also G. Sachs, loc. cit., p. 397- 

29 See paper by F. Körber and A. Pomp, Mitteilungen K. W. In- 
stitut, Vol. 8, 1926, p. 135. See also S. W. Parr and F. G. Straub, 
Engineering, Vol. 124, 1927, p. 216. 
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of a single crystal.*° Tensile tests of such specimens show 
that the mechanical properties of crystals depend greatly on 
the direction of the tension with respect to the directions of the 
axes of the crystal. In the case of copper, for instance, the 
ratio of the maximum tensile strength to its minimum value is 
3:1. The plastic deformation of these specimens consists in 
sliding in certain direction along certain crystallographic 
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pI 


planes, as schematically indicated in Fig. 264. The be- 
ginning of sliding depends upon the magnitude of the shearing 
stress along these planes in the direction of sliding and is 
independent of the normal stress acting on the same plane. 
As the elongation of the specimen is continued the number of 
planes along which thé sliding occurs increases and likewise 





3 The development of methods for producing large crystals of metals 
is due to the work of H. C. Carpenter and C. F. Elam, Proc. Roy. Soc., 
Vol. 100A, 1921, p. 329; P. W. Bridgman, Proc. Amer. Acad. Sc., Vol. 60, 
1925, p. 306; C. A. Edwards and Pfeil, Jour. Iron and Steel Inst., Vol. 
109, 1924, p. 129. The first large crystals of copper were obtained by 
J. Czochralski, V. D. I., 1923, p. 536. 

% See J. Czochralski, “ Moderne Metallkunde,” Berlin, 1924, p. 206. 

® See H. Mark, M. Polanyi and E. Schmid, Zeitschrift f. Phys., 
Vol. 12, 1922, p. 58; see also G. I. Taylor and C. F. Elam, Proc. Roy. 
Soc., Vol. 102A, 1923, p- 643, Vol. 108A, 1925, p. 28. G. I. Taylor, Proc. 
Roy. Soc., A, Vol. 145, p. 362, 1934. 
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the magnitude of the shearing stress acting on these planes. 
This increase in stress necessary to continue the stretching of 
the specimen represents the strain hardening of a single crystal. 
Due to the type of sliding indicated in Fig. 264 (4) an originally 
circular, single crystal specimen of ductile material becomes 
elliptical in cross section and, if stretched to destruction, be- 
comes wedge-shaped instead of cone-shaped at the cross 
section of fracture. In the case of single crystals of brittle 
materials, such as rock salt, stretching due to the sliding action 
described above is very small and fracture occurs as the result 
of the overcoming of cohesion over a plane having a certain 
crystallographic direction, when the normal tensile stresses on 
this plane reach a certain critical limit. 

Crystalline materials, such as the metals used in industry, 
are conglomerates of very small crystals, which can be seen 
only with a special microscope on a plane surface, finely 
polished and etched in a special manner. In an ordinary 
tensile test specimen these crystals are located at random, and 
the mechanical characteristics given by a tensile test represent 
an average of the mechanical properties in various directions 
of an individual crystal. Due to the small size and large 
number of crystals these average values are usually inde- 
pendent of the direction in which a specimen is cut from a 
block of material, and such a material can be considered as 
isotropic in calculating stresses and deflections in large 
structures. 

Observations with a microscope of the deformation of the 
small individual crystals in a specimen during a tensile test 
show that the deformation of these crystals in conglomerate is 





3 Intercrystalline material is neglected in this discussion. Experi- 
ments show that planes of slidings and fractures always go through the, 
crystals and not between them. 

3 Cold work may produce some differentiation in the orientation of 
crystals along certain directions. The mechanical properties of a tensile 
test specimen will then depend on the orientation of the specimen with 
respect to the direction of the cold working. Bibliography on this sub- 
ject can be found in the paper by G. Sachs, O. Bauer and F. Géler, 
Zeitschr. f. Metallkunde, Vol. 20, 1928, p. 202. See also paper by W. 
Köster, Bericht nr, 23, d. Eidg. Materialpriifungsanstalt, 1927, Zürich. 
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of the same nature as in the case of a single crystal specimen. 
In each individual crystal sliding of the sort shown in Fig. 264 
begins when the tensile stress in the specimen reaches a 
certain value, depending upon the orientation of that crystal 
with respect to the direction of the tension. On the polished 
surface this sliding is indicated by microscopic lines, called 
slip bands. This sliding stops at the boundary of the crystal; 
in the neighboring crystals the planes of sliding may have 
another direction and sliding may start when the stress in the 
specimen reaches a different value. It is generally believed 
that such slidings in individual small crystals unfavorably 
situated with respect to the tensile stress in the specimen are 
the cause of small deviations from Hooke’s law and a small 
permanent sets at a comparatively low tensile stress in 
materials which, in general, follow Hooke’s law. 

When the material has a pronounced yield point and the 
tensile stress in the specimen reaches this point, a large plastic 
deformation takes place, which consists in the sliding of 
considerable portions of the specimen along planes inclined 
about 45° to the axis of the specimen, i.e., along the planes in 
which the shearing stress is a maximum. These planes of 
sliding usually begin at points of stress concentration, for 
instance, near the fillets at the ends of the specimen, and 
gradually spread over the length of the specimen.” If the 
surface of a specimen has been polished, these planes of sliding 
are revealed on the surface by easily discernible lines (see Fig. 
214). These lines were first noticed by Lueders and are called 
Lueders’ lines Due to the described deformation the in- 
dividual crystals become strain hardened and if the specimen 
is unloaded and loaded again it will be found that the yield 
point is raised. 

There is another point of importance. Since some indi- 
vidual crystals may receive a permanent set during a tensile 
test, while neighboring crystals, more favorably orientated, 





% See paper by C. W. MacGregor, loc. cit., p. 398. 
* An investigation of these lines in various cases was made by 
Hartman; see his book, “ Phénomènes qui accompagnent la déformation 


‘ permanente,” 1900. 
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may only deform elastically, it follows that after unloading 
there may remain in the stretched specimen some residual 
stresses in the individual crystals. The crystals which received 
a permanent set do not return completely to their initial shape, 
and as a result of this there will be some “wedging effect” on 
the neighboring crystals. The possibility of such stresses 
can be demonstrated by the system of three bars shown in 
Fig. 265. Assume that all three bars are of the same material 
and the same cross-sectional area. We know that under the 
action of the load P the stress in the middle bar is larger than 
in the inclined bars (see p. 19, Part I); i.e., like the crystals men- 
tioned above, this element of the system is less favorably situ- 
ated than the others. If the load is gradually increased, this 
bar will reach the yield point first. Let the straight line OZ 
(Fig. 265, 4) represent the load deflection diagram for this sys- 





Fic. 265. 


tem under elastic conditions. At 4 the vertical bar begins to 
yield and any further increase in the load will be taken by the 
inclined bars only.?7_ Hence beyond the point < an increase in 
the load produces a greater increase in the deflection than, 
when all three bars were in the elastic state, and the load 
deflection diagram follows some such line as ZB. If, on 
reaching B, the system is gradually unloaded, the deformation 
in the reverse direction, due to the elastic behavior of all 





37 Tt is assumed that the material: has a pronounced yield point and 
that after yielding a considerable stretching can occur without increase 
in stress, oO 





pe 
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three bars, follows the linear law represented by the straight 
line BC, parallel to O4. When the load is entirely removed 
the deflection OC still remains and there will therefore be 
tensile stresses in the inclined bars and a compressive stress in 
the vertical bar, even after unloading. These are residual 
stresses due to the plastic deformation of the middle bar. If 
the system is reloaded, the load deflection diagram will be the 
same straight line CB as during unloading and the yield point 
of the system will have been raised to the point B, corre- 
sponding to the initial loading. If, after unloading, the 
system is reloaded with a vertical force in the upward direc- 
tion, compressive stresses will be produced in the bars, which 
superpose on the residual stresses. Since the vertical bar 
already has an initial compression, a force at D (Fig. 265, 3) 
smaller than that corresponding to the point 4 will be suffi- 
cient to bring the middle bar to the yield point, if we assume 
that the yield point of the material in compression is the same 
as in tension. Hence the original loading raised the yield 
point of the system in the direction of this loading but lowered 
the yield point in the opposite direction. This discussion 
shows that the presence of residual stresses may explain why 
a bar strain hardened by stretching has a higher yield point 
in tension than in compression (see p. 410). 

The residual stresses produced by uniform stretching of a 
bar of a crystaline material are of an extremely localized type. 
They are confined to microscopical regions around the crystals 
which suffered plastic deformation at a comparat‘vely low 
average stress in the specimen. In the process of drawing or 
rolling, residual stresses of a less localized type are sometimes 
produced. In drawing a bar through a die, for instance, the 
metal at the outside is stretched more than the metal at the 
middle. Hence drawn bars have considerable residual stresses 
in tension at the surface and in compression at the middle. 
In drawn copper bars of narrow rectangular cross section the 
distribution of these stresses at a distance from the ends is 
approximately as shown in Fig. 266 (a). If the bar is cut 
lengthwise, there will be bending such as shown in Fig. 266 (4). 
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Measurement of this bending shows that the maximum re- 
sidual stresses produced in drawing the copper bars are of the 
same order as the yield point of the material.’ These stresses 


rE 
Og 
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are of great practical importance. They cause undesirable 
warping in the process of machining ?? and to them must be 
attributed also season cracking in various copper alloys which 
have been cold worked and not properly annealed afterwards.“° 


76. Types of Failures.“—In the previous article two 
kinds of fracture of a single crystal specimen were mentioned. 
In a crystal of a ductile material there is a plastic deformation 
preceding fracture which consists of sliding along certain 
planes and there is a considerable reduction in cross-sectional 
area before fracture occurs. In this case the strength depends 
principally upon the resistance to sliding. In the case of a 
crystal of brittle material fracture occurs without appreciable 
reduction in the cross section and is due to overcoming the 
cohesive forces on a certain crystallographic plane. Here the 
strength depends principally upon zke resistance to separation. 
These two types of failure, sliding failure and separation failure, 





38 Direct measurements made on commutator bar copper in the re- 
search laboratory of the Westinghouse Elec. and Mfg. Co. showed stresses 
of 22,000 lbs. per sq. in. in bars which were reduced 15 per cent in area 
by drawing. 

39 The first systematic investigation of these stresses was made by 
E. Heun. See Zeitschr. f. Metallographie, Vol. 1, 1910, p. 16; Stahl 
u. Eisen, Vol. 31, 1911, p. 760; Mitteilungen Materialpriif. Amt, Vol. 35, 
1917, p- 1; Naturwiss., Vol. 9, 1921, p. 321. For further discussion see’ 
art. 69, P. 379. 

4 See “The Failure of Metals under Internal and Prolonged Stress,” 
published by Faraday Soc., London, 1921. See also G. Masing, Zeitschr. 
f. Metallkunde, 1924, p. 257. 

41 A complete bibliography on tHis subject is given in the paper by 
P. Ludwik, “Bruchgefahr und Materialpriifung,” Diskussionsbericht 
nr. 35, der Eidg. Materialpriifungsanstalt, Zürich, 1928. See also P. 
Ludwik, Forschungsarbeiten, nr. 295, 1927, Berlin. . 
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are encountered also in crystalline materials which consist of 
an aggregate of small crystals. In the case of brittle materials 
such as cast iron, fracture occurs without appreciable plastic 
deformation and on a cross section perpendicular to the 
direction of tension. This is a separation failure. A specimen 
of a ductile material such as mild steel undergoes considerable 
plastic deformation and reduction in cross sectional area due 
to sliding along planes inclined 45° to the axis of the specimen 
before fracture occurs. This is sliding failure. In studying 
these two distinct kinds of fracture the theory has been 
forwarded # that the strength of a material can be described 
by two characteristics, the resistance of the material to 
separation and the resistance to sliding. If the resistance to 
sliding is greater than the resistance to separation, we have a 
brittle material and fracture will occur as a result of over- 
coming cohesive forces without appreciable deformation. If 
the resistance to separation is larger than resistance to sliding, 
we have a ductile material. The sliding over inclined planes 
begins first and fracture occurs only after a considerable 
reduction in the cross sectional area, after which, due to strain 
hardening, the resistance to sliding may become larger than 
the resistance to separation. 

The relation between the resistance to separation and the 
resistance to sliding does not remain constant for the same 
material. It depends very much upon the velocity of de- 
formation and upon the temperature at which a test is made. 
There are evidences that the resistance to sliding increases as 
the velocity of deformation increases and as the temperature 
is lowered. At the same time the resistance to separation is 
not affected to the same degree by these two factors. This 
would explain why a bar of a metal such as zinc can be bent 
like a ductile material under slow loading while the same bar 
fractures without plastic deformation if the loading is applied 
suddenly. Another example of this is asphalt. It may flow 
under the action of its own weight if the forces act a long 





#2 See P. Ludwik, loc. cit., p. 418. 
8% P, Ludwik, Stahl u. Eisen, Vol. 43 (1923), p. 1427. 
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time, but it proves to be brittle under the action of suddenly 
applied forces. In both of these cases the resistance to 
sliding was less than the resistance to separation under slow 
deformation and the materials behaved in a ductile manner. 
At high speed the ratio between the two kinds of resistance 
was reversed and they behaved like brittle materials. 

The type of fracture depends also on the manner of testing. 
If the loading is of such a nature that fracture due to separa- 
tion is prevented, a considerable plastic deformation may be 
obtained in a material usually considered brittle. This 
phenomenon is illustrated by the plastic deformation of rocks 
submitted to large pressures on all sides. Likewise a ductile 
material may have a fracture of the brittle type if the form of 
the specimen or the type of stress distribution is such that 
plastic deformations, due to sliding, are prevented. This 
latter case is of great practical importance and it is worth while 
to examine in more detail the conditions under which such a 
brittle fracture may occur. Experience shows that these 
fractures sometimes occur under the action of residual stresses 
due to cold work or under the action of thermal stresses, and 
that they can be attributed to one of the following two causes: 
(1) a three-dimensional stress condition; (2) a form preventing 
sliding. 

The ductility of materials such as structural steel is 
usually determined from a simple tensile test. In such a 
test there is a constant ratio between the maximum tensile 
stress and the maximum shearing stress equal to two. Under 
such conditions the resistance to sliding is overcome first and 
the sliding type of failure results. Imagine now a three- 
dimensional stress condition such as that represented in Fig. 51, 
Part 1, by Mohr’s circles. The maximum shearing stress in this 
case is equal to (e+ — o.)/2 and if, is nearly the same as ø, the 
maximum tensile stress may be many times larger than the 
maximum shearing stress. In this case fracture due to 
overcoming the cohesive forces on the plane on which the 
maximum tensile stress is acting may occur before there can 





“See Th. v. Karman, Forschungsarbeiten, nr. 118, 1912, Berlin. 
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be any sliding. Such a fracture is not accompanied by 
appreciable plastic deformation and has the type of a brittle 
failure, although the material may be very ductile under a 
simple tensile test. Figure 267 
represents the beginning of frac- 
ture at the neck of a tensile 
test specimen of a ductile ma- 
terial. In the middle portion 
of the cross section at the neck 
there is a _three-dimensional 
stress condition. Due to the 
necking, elements here undergo 
tension in not only the axial 
direction, but also in the radial 
direction. ‘This causes a crack 
of a brittle type at the center 
of the cross section, as shown in 
the figure. At the same time material near the surface con- 
tinues to yield by sliding, and a sliding fracture finally takes 
place near the boundary. 

The effect of the form on the type of fracture may be 
shown by making tensile tests on grooved specimens of the 
shape shown in Fig. 268. Due to the presence of 
the portions of larger diameter D, sliding along 
45° planes at the groove is inhibited, and reduc- 
tion of the cross-sectional area at the groove dur- 
ing a tensile test is partially prevented. It is nat- 
ural that this action should increase as the width 
5 of the groove decreases. In the following table 
are given some results of such tests obtained with 
two different materials: ‘5 (1) carbon steel with a 

. proportional limit 56,000 Ibs. per sq. in., yield point 
Fie. 268. 64,500 lbs. per sq. in., ultimate strength 102,000, 





Fie, 267. 





4} In this case the material was aluminum; see P. Ludwik, V. D. I. 
Vol. 71, 1927. 

46 These tests were made at the Westinghouse Elec. and Mfg. Co. 
Research Laboratory; see also the tests by P. Ludwik u. R. Scheu, 
Stahl u. Eisen, Vol. 43, 1923, P- 999. 
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Ibs. per sq. in., elongation 263 per cent, reduction in area șg 
per cent; (2) nickel chrome steel with a proportional limit 
80,000 lbs. per sq. in., yield point 85,000 lbs. per sq. in., 
ultimate strength 108,000 lbs. per sq. in., elongation 27 per 
cent, reduction in area 69 per cent. These figures were 
obtained from ordinary tensile tests on normal cylindrical 
specimens 4 in. in diameter and with 2-in. gage length; the 
original cross-sectional area was used in calculating the stresses. 
The specimens of the type shown in Fig. 268 had d = 4 in. 


3 
D = 17 in. and ô = 4 in., 4 in., 4 in. 





TABLE 25.—ULTIMATE STRENGTH OF CYLINDRICAL AND GROOVED SPECIMENS 


























Ultimate Strength Ultimate Strength 
<s 6 _ ò 
v 
a Orig. Area |Red. Area E Orig. Area | Red. Area 
s so 
E gz in. 163,000 | 176,000 3 3g in. 193,000 | 237,000 
Ol! a “ 164,000 | 177,000 ts “ 184,000 | 232,000 
3“ 143,000 158,000 3“ 154,000 199,000 
Norm. spec. 102,000 | 227,000 Norm. spec. 108,000 | 348,000 








The table shows that in all cases the breaking load for the 
grooved specimens was larger than for cylindrical specimens. 
With the grooved specimens only a small reduction in area 
took place and the appearance of the fracture was like that of 
brittle materials. The true ultimate strength of the cylin- 
drical specimens was larger than that of the grooved speci- 
mens, because the fracture of the cylindrical specimens 
occurred after considerable plastic flow; this caused strain 
hardening and increased not only the resistance to sliding but 
also the resistance to separation. 
An effect analogous to that of the narrow groove in Fig: 
_ 268 may be produced by internal cavities in forgings and 
castings. Thermal stresses and residual stresses may combine 
with the effect of stress concentration at the cavity to produce 
a crack and the resulting fracture will have the characteristics 
of a brittle failure without appreciable plastic flow, although 
the material may prove ductile in simple tensile tests. , 
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The combination of a grooved or notched form of specimen 
with great velocity of application of the load may produce a 
still more pronounced “groove effect.” These conditions are 
realized in impact tests of notched bars. Another type of 
fracture of ductile materials without appreciable plastic de- 
formation is that caused by reversal of stresses. This is of 
great practical importance and will be discussed in the article 
on fatigue of metals (see p. 428). , l 

77. Time Effect and Hysteresis.—Observation shows 
that when a tensile load is applied to a bar it does not produce 
the complete elongation immediately. There is a certain 
creep, that is, the bar continues to elongate slowly for a 
considerable length of time. This time effect depends on the 
material of the bar and on the magnitude of the stresses 
involved. In the case of a single crystal specimen, loaded 
within the proportional limit, the time effect is very small and 
can be explained by considering thermodynamical and 
electrical effects. Assume that the bar is loaded quickly as 
represented by the portion O4 of the tensile test diagram 
(Fig. 269). This process of elongation may be 
considered to be adiabatic; it is accompanied by 
a lowering of the temperature of the bar due to 
increase in its volume. The bar gradually 
warms up to the initial temperature and thereby 
elongates an additional amount AB without 
change of load. Then a quick unloading gives 
the straight line BC on the diagram. At C, 
due to the decrease in the volume, in the 
process of unloading the bar has a temperature higher than the 
initial; after a time, cooling causes 1t to shorten the amount 
CO. Although the deformations 4B and CO are very small, 
this discussion shows how there may be a certain time effect 
due to thermal causes in the case of an ideal elastic substance 
within the proportional limit.“ An analogous effect due to 
electrical causes may also be observed under certain con- 
ditions“? In the case of non-homogeneous materials, such as 


47 W. Thomson, Quarterly Journal of Math., 1855. 
48 See A. F. Joffe, “The Physics of Crystals,” New York, 1928. 
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commercial metals, the time effect is much larger. It cannot 
be explained by thermal causes alone and is usually attributed 
to the continuation of sliding deformation within unfavorably 
orientated crystals after the load has been applied. The time 
effect after unloading is explained by residual stresses, which 
continue to produce sliding within unfavorably orientated 
crystals and thus cause creep in the material for some time 
after the removal of the load. 

In discussing the time effect on tensile and compressive 
test diagrams, we must distinguish between metals having a 
comparatively low melting point such as lead or zinc and 
metals having much higher melting temperatures such as steel 
or copper.*® Experiments show that tensile and compressive 
test diagrams of metals of the first group depend very much 
upon the speed with which the experiments are made. Figure 
270, for instance, represents compression test diagrams for lead 
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at different speeds of loading. In these diagrams the true 
compressive stress is used, plotted against compressive strain‘ 





The speeds of shortening in per cent per second are indicated 


49 These metals when at temperatures nearer their own melting points 
show the characteristics of the first class of metals at room tempera- 
ture (see p. 462). f 

50 See paper by E. Siebel and A. Pomp, Mitteilungen K. W. Institut, 
Vol, 10, 1928, p. 63. 
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on the curves. If the speed of unit compression is 0.0003 per 
cent per second, the load remains practically constant after 
reaching a unit compression of 10 per cent. This large effect 
of speed with such metals is explained by the fact that they 
recrystallize at room temperature. Hence the hardening 
effect of plastic deformation may be removed by recrystalliza- 
tion if the loading process goes slowly enough. 

In the case of metals with a high melting point the speed 
has much less effect. Figure 271 represents compression test 
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diagrams at different speeds of loading for steel. Again the 
true compressive stresses are plotted against unit compression 
in percent. It will be seen that the most important effect of 
speed is that on the position of the lower yield point. Ata 
high-speed of loading the yield point of mild steel is about 30 
per cent higher than its value with a low speed of testing. 
This phenomenon is important in the impact testing of 
metals and explains why fracture in dynamical tests requires 
more work than in static tests on specimens of the same 
material. 

This discussion of the time effect shows that even under the 
most ideal conditions, when the specimen is a single crystal 
(Fig. 269), there may be some difference between the curve 


which represents loading of the specimen and the curve which 
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represents unloading. This means that a certain amount of 
energy is dissipated during a loading-unloading cycle. In Fig. 
269 the area OABD represents the work done during the process 
of loading (see p. 281, Part I), the area BCD, the work restored 
during unloading, and hence the area OA4BC represents the 
energy dissipated per cycle. This quantity is very small and 
can be eliminated if the process of loading and unloading is 
carried out so quickly that no appreciable exchange in heat 
takes place. We have such conditions, for instance, in high- 
frequency vibrations produced in a single crystal specimen. 
The dissipation of energy, due to electrical causes, as in a 
quartz crystal, can be eliminated by choosing a certain crystal- 
lographic direction for the tension and compression.” This 
property has found wide application in the generation of 
sustained electric vibrations. Due to very small energy 
losses, quartz oscillators show a very sharp resonance effect at 
high frequencies. 

If a single crystal specimen is stretched beyond the 
proportional limit until sliding takes place in the crystal, and 
it is then unloaded and loaded again, a stress-strain diagram 
like that in Fig. 272 will be obtained. After repeated loading 
and unloading we may arrive * at a condition in which there is 
no noticeable change in the permanent set at C. The cycle 
ABCD will then be “elastic.” The energy dissipated during 
each cycle represented by the area ABCD is usually larger 
than that discussed in connection with Fig. 269 and cannot be 
entirely explained by the thermal or electrical causes men- 
tioned. Such /ooping may also be obtained with multi- 
crystalline materials, such as the commercial metals, and with 
amorphous materials such as glass. This phenomenon is 
called elastic hysteresis. In multicrystalline materials it can be 
partially explained as described before (see p- 424), but the 
complete explanation is still unknown." 





51 See the book by A. Joffe, loc. cit., p. 423. 

5:2 It is assumed that the stress is not very large, so that a large 
number of loadings and unloadings will not produce a fatigue fracture. 

8 See the theory of hysteresis by Bennewitz, Physikal. Zeitschr., 
Vol. 21, 1920, p. 703, and Vol. 25, 1924, p. 417. A very interesting 
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The areas of these hysteresis loops, representing the energy 
dissipated per cycle, are of practical interest, as the amount of 
this energy determines the damping properties of the material. 
Measurements made by Rowett * with A 
steel showed that this energy increases as T 
the cube of the maximum stress during 
each cycle. This subject has also been 
studied by B. Hopkinson * and more re- B 
cently by O. Föppl.*® Hysteresis loops 
may be demonstrated by using the model 
shown in Fig. 273.5 It consists of a fixed 
base 4 and two movable wooden blocks B 
and C, which can slide along the steel rod 
fixed in 4. The block B can slide freely while the block C, 
attached to B by the helical spring, moves against an adjust- 
able friction. Figure 273 (4) represents the relation between 
the force P applied to block B and the displacement of this 
block. Atm the friction of the block Cis overcome and sliding 
continues without increase in the load. Figure 273 (c) shows 
the cycle obtained by applying a load first in one direction and 
then in the other. Other phenomena in tension and compres- 
sion, such as deviation from the straight line law at the propor- 
tional limit, sudden yielding at the yield point, hysteresis 
loops, residual stresses, etc., may be demonstrated with a 
model consisting of several units similar to that in Fig. 273, put 
side by side with all the blocks B clamped together. Each 
unit represents a crystal in a multicrystalline specimen. The 


Qo c 
Fic. 272. 





mechanical model illustrating time effect and hysteresis was developed 
by L. Prandtl; see Zeitschr. f. Angew. Math. u. Mechanik, Vol. 8, 1928, 
p. 85. 

51 Rowett, Proc. Roy. Soc., Vol. 89, 1913, p. 528. 

5 B. Hopkinson and G. T. Williams, Proc. Roy. Soc. (A), Vol. 87, 
I9I2. 

56 O, Föppl und E. Becker, Forschungsarbeiten, nr. 304, 1928. See 
also Reports of the International Congress of Applied Mechanics, Zürich, 
1926, and Mitteilungen des Wohler-Instituts, Braunschweig, Heft 30, 
1937. For bibliography on hysteresis see H. Fromm, Handbuch Phys. 
and Techn. Mech., Vol. 4, 1, p. 436, 1931. 

57 Such a model was used for demonstrations by C. F. Jenkin. See 


_ Engineering, Vol. 114, 1922, p. 603. 
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beginning of sliding of the individual blocks C represents 
yielding in individual crystals. By adjusting the friction in 
the blocks C, diagrams of various types can be obtained. 
When the friction of the individual blocks differs greatly 
there will be a large difference between the proportional limit 


is) 
lan 


©) 








Fic. 273. 


and the yield point, as in Fig. 273 (d). By making the fric- 
tions equal, a diagram such as in Fig. 273 (4) is obtained repre- 
senting a well-defined yield point. If the friction of individual 
blocks C differs, then they will begin to slide at different 
positions of B and, after unloading, certain forces will remain 
in the springs, representing residual stresses produced by 
stretching multicrystalline specimens. 


78. The Fatigue of Metals.**—Machine parts are very 
often subjected to varying stresses and it is very important to 





. 58 This subject is very completely discussed in the two recent books: 
The Fatigue of Metals,” by H. J. Gough, 1924, London; “The Fatigue 
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know the strength of materials under such conditions.** It is 
well known that, under repeated loading and unloading or 
reversed stresses, failure can be produced by stresses smaller 
than the ultimate strength of the material obtained in the 
static test and that the magnitude of these stresses required to 
produce failure decreases as the number of cycles of stresses 
increases. This phenomenon of the decreased resistance of a 
material to varying stresses is called fatigue, and the testing of 
a material by such stresses is called an endurance test. 

If cma and Smin are respectively the maximum and 
minimum values of the varying stress, then the algebraic 
difference 


R= Omax — Omin (a) 


is called the range of stress. The cycle is completely defined 
if the range and the maximum stress are given. The average 
stress is 

Om = 3 (Tmax + Omin)- (b) 


In the particular case of reversed stress Gmin = — Omax 
R = 20maxy On = 0. Any cycle of varying stresses can be 
obtained by superposing a cycle of reversed stress on the steady 
average stress. The maximum and minimum values of the 
varying stress are then given by the following formulas: 


R 


Om — 3| (c) 


Cmax = Om +3 Omin = 2 


2 
There are various methods of applying the load in an endur- 
ance test. The specimen can be subjected to direct tension 
and compression, to bending, to torsion or to some combi- 





of Metal,” by H. F. Moore and J. B. Kommers, 1927, New York. 
Both these books contain a very complete bibliography on the subject. 
For additional information see the mimeographed lectures of H. J. 
Gough given at Mass. Inst. of Techn. during summer school, June 21 to 
July 16, 1937. 

5 J. O. Roos found from examination of a large number of fractures 
of machine parts that 80 per cent could be attributed to fatigue, Proc. 


Intern. Assoc. Testing Mat., rg12. 
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nation of these. The simplest way is by reversed bending. 
A common cantilever form of fatigue test bar is shown in 
Fig. 274. The cross section of the specimen is varied along 
the length in such a manner that the maximum stress occurs 
between cross sections mz and mn, and is practically constant 
within that region. The effect of stress concentration is 





eliminated by using a large fillet radius and by increasing the 
diameter of the bar near the fillet. The load P is always 
downward, while the specimen rotates. The stress therefore 
changes sign every half revolution and the number of cycles of 
stress is equal to the number of revolutions of the machine. 
The stress is a completely reversed Stress, the average stress 
being zero and the range of stress twice Tmax. By taking 
several specimens and testing them at various loads P, a 
curve such as shown in Fig. 275 can be obtained. Here ous. 
is represented as a function of the number of cycles n neces- 
sary to produce fracture. The curve shown was obtained 
with mild steel. At the beginning Smax decreases rapidly as 2 
increases but after 4~5 millions of cycles there is no longer any 
appreciable change in omax and the curve approaches asymptot- 
ically the horizontal line omas = 27,000 lbs. per sq. in. The 
stress corresponding to such an asymptote is called the 
endurance limit of the material tested for reversed stresses. It 





°° There are evidences that the endurance limit obtained from bend- 
ing tests coincides with that obtained by testing under direct stress. 
See paper by P. L. Irwin, Proc. Amer. Soc. Test. Mat., Vol. 25, 1925, 
and Vol. 26, 1926. A further discussion of this subject is given by R. D. 
France, Proc. Amer. Soc. Test. Mat., Vol. 31, 1931. . 

“i See McAdam, Chemical and Met. Engr., 1921. The same type 
of specimen is used also by the Research Laboratory of the Westinghouse 


Elec. and Mfg. Co, 
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is now a usual practice in endurance tests to plot the curve 
c against log n. In this manner a definite mark of discon- 
tinuity in the curve, defining the magnitude of the endurance 
limit, has been disclosed. 

There is a great difference between the fractures of mild steel 
specimens tested statically and those tested by alternating 
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stresses. In the first case a considerable plastic flow precedes 
fracture, and the surfaces at the ruptured section show a silky, 
fibrous structure due to the great stretching of the crystals. A 
fatigue crack, however, looks entirely different. A crack starts 
at a certain place, due to a local defect in the material, or due 
to stress concentration produced by an abrupt change in the 
cross section. Once formed, it spreads due to stress concen- 
tration at its ends under the action of alternating stresses, and 
this spreading progresses until the cross section becomes so re- 
duced that the remaining portion fractures suddenly under the 
load. Two zones can usually be distinguished in a fatigue 
fracture, one due to the gradual development of a crack and 
the other due to sudden fracture. The latter resembles the 
fracture of a tensile test specimen with a narrow deep groove 
(see p. 421) in which the form prevents sliding and fracture 
occurs as a result of overcoming the cohesive forces; this frac- 
ture is of the brittle type, such as occurs in cast iron, even if the 
material is ductile. In the case of cantilever test specimens 
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(Fig. 274): the maximum stresses are at the outer fibers; the 
fatigue crack is usually started at the circumference and 
spreads towards the center. Where there is stress concentra- 
tion due to fillets, grooves or holes, the crack usually starts at 
the most highly stressed portion and spreads from this point 
as a center; in such cases fracture reveals concentric rings with 
respect to this starting point. This is a very familiar type of 
fracture in machine parts which have been submitted to alter- 
nating stresses. It is thus evident that the “brittle” type of a 
fatigue fracture is due to the peculiar mechanism of fracture 
and not to “crystallization.” 

W. Fairbairn was the first to state, on the basis of experi- 
ments on a full size, wrought iron girder,” that there is a 
limiting stress, which can be applied safely an infinite number 
of times. Although it cannot be proved by direct test, all 
experimental evidence ® supports the statement, now gener- 
ally accepted, that for most metals there is a definite limiting 
range of stress which can be withstood for an infinite number of 
cycles without fracture. 

It is of great practical importance to know how quickly the 
c-n curve approaches the asymptote as the number of 
cycles necessary to establish the endurance limit depends 
upon this. Experiments show that for ferrous metals the 
endurance limit can be established with sufficient accuracy on 
the basis of from 6 to 10 millions of cycles. In the case of non- 
ferrous metals a much larger number of cycles is needed. 

It is evident from the above discussion that the determi- 
nation of the endurance limit for a definite material requires a 
considerable number of tests and considerable time; hence it 
would be of practical interest to establish relations between 
the endurance limit and other mechanical properties which can 
be determined by static tests. The large amount of experi- 

8 See W. Fairbairn, Phil. Trans. Roy. Soc., 1864. 

& A large number of endurance test curves were analyzed by O. H. 
Basquin, Proc. Amer. Soc. for Test. Mat., Vol. 10, 1910. 


6 See H. F. Moore and J. B..Kommers, Bulletin No. 124, Eng. 
Expt. Stat., University of Illinois, U. S. A. 
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mental data accumulated has not made it possible to establish 
such a correlation.“ As a rough estimate in the case of 
ferrous metals the endurance limit for reversal of stresses can 
be taken equal to from 0.40 to 0.55 ultimate strength obtained 
in the usual way from tensile tests. When we are working 
with materials belonging to a group, such as carbon steels, 
whose mechanical characteristics are very well known, such 
estimates can be considered reliable. Otherwise estimates of 
this type are likely to be misleading and recourse must be made 
to direct endurance test. Some results in endurance tests of 
certain steels are given in the table on pp. 497, 498. 

In the majority of cases the arrangement of endurance 
tests is such that only the endurance limit for reversed 
stresses (Omax = — Omin) 1S determined, while in many cases in 
machine design we have varying stresses which are not 
completely reversed. It is necessary to know the endurance 
limits under these varying stresses. A. Wohler was the first 
experimenter who studied the phenomenon of fatigue system- 
atically.66 He showed that the range of stresses R, neces- 
sary to produce fracture, decreases as the mean stress om 
increases. On the basis of these tests and of Bauschinger’s 
work ®& W. Gerber proposed 8 a parabolic law relating the 
range of stress R with the mean stress om. This is illustrated 
by several parabolic curves in Fig. 276, in which the mean 
stress and the range of stress are expressed as fractions of the 
ultimate strength. The range is a maximum when the stress is 
completely reversed (om = ©) and it approaches zero when the 
mean stress approaches the ultimate strength. If the endur- 





ë See book by H.’ J. Gough, loc. cit., p. 428. See also his lectures, 
loc. cit., p. 429. 

66 A, Wöhler, Zeitschrift fiir Bauwesen, Vols. 8, 10, 13, 16 and 20, 
1860/70. An account of this work in English is given in Engineering, 
Vol. 11, 1871; see also Unwin’s book, “The Testing of Materials of 
Construction,” 3d ed., 1910. ; 

67 J. Bauschinger, Mitteilungen d. Mechanischtechnischen Labora- 
toriums in Miinchen, nr. 13 und 25. 

68 W, Gerber, Zeitschr. d. Bayerischen Arch.- und Ing.-Vereins, 1874. 
See also Unwin’s book, “Elements of Machine Design,” Vol. 1, Chap. 2. 
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ance limit for reversed stress and the ultimate strength are 
known, the endurance limit for any varying stress can be ob- 
tained from such curves. More recent investigations show that 
there is no fixed general law connecting the mean stress and 
the range of stress. For instance, there are materials 7 for 
which the straight lines indicated in dots in Fig. 276 represent 
the actual relation between R and øm better than parabolas. 
The straight lines O4 and OB shown in Fig. 276 and having 


























slope equal to 2 determine the region ZOB in which the 
stress changes sign during a cycle. Outside of this region the 
stress always remains tension or compression. Experimental 
results in the region 4OB usually lie between the parabolas 
and the corresponding straight lines.7 When the stress is 
always tension or always compression, the ranges R, obtained 
by tests, are sometimes not only below Gerber’s parabolas but 
also below the corresponding straight lines. 

All the results discussed up to now were obtained from ten- 
slon-compression or from bending tests, in which cases we have 
a uniaxial stress condition. Inpractical problems we very often 
encounter a combined stress condition, and it is important to 
know the endurance limit for such conditions. The simplést 





6 An extensive discussion of this question is to be found in the book 
by H. J. Gough, loc. cit., p. 428. See also his lectures, loc. cit., p. 429- 

70 See paper by B. P. Haigh, Journal Inst. Metals, Vol. 18, 1927. 

71 Some recent experiments with mild steel do not show that there is 
any appreciable influence of mean stress om on the magnitude of the 
range R. See H. J. Gough lectures, loc. cit., p. 429. 
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case of this kind is pure shear, which we encounter in shafts 
under torsion. A good many torsion fatigue tests have been 
made from which the endurance limit can be determined. 
These tests show that the ratio between the endurance limit 
in shear and that in tension-compression is not far from 0.50, 
being usually somewhat above this value.” 

By combining reversed torsion with constant axial tension 
it was found ” that the endurance limit in shear r is obtained 
from the equation: 

Co 

a + cae! (a) 

in which re is the endurance limit for the reversed torsion 

without axial tension, ø is the applied axial tensile stress, and 
Our is the ultimate strength of the material in tension. 

The combination of reversed bending and reversed torsion 
acting in phase was investigated by H. J. Gough and H. V. 
Pollard.“ By varying the ratio of the maximum bending 
moment to the maximum torsion moment, it was found that 
in the case of mild carbon steel and of nickel-chromium steel 
the limiting values of the bending stress ø and of the shearing 
stress are found from the equation: 


‘ g? T2 
oe + Te = I, (b) 


in which o, is the endurance limit for bending and 7, is the 
endurance limit for torsion. 

In the case of brittle materials, such as cast iron, the same 
experiments showed that the fatigue action depends only on 





7 In the case of mild steel, W. Mason found this ratio equal to 0.50, 
Proc. Inst. Mech. Engrs., London, 1917, p. 121. H. F. Moore and T. M. 
Jasper found the average value of this ratio equal to 0.56, Bulletin No. 
136, Eng. Expt. Sta., University of Illinois. McAdam found this ratio 
to vary between 0.55 and 0.68 over a wide range of materials, Proc. Amer. 
Soc. Test. Mat., Vol. 23, 1923. 

3 K, Hohenemser and W. Prager, “ Metallwirtschaft,” Vol. 12, p. 342, 
1933; for the description of the machine used for this experiment see 
paper by E. Lehr and W. Prager in “Forschung,” Vol. 4, 1933. 

4 The Institution of Mechanical Engineers, 1935 and 1936. 
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the magnitude of the maximum principal stress, and that the 
failure occurs when this maximum approaches the value of 
the endurance limit found from the usual rotating cantilever 
tests. 


79. Various Factors Affecting Endurance Limit.—After 
a general discussion of the preceding article let us consider 
various factors which may affect the results obtained by 
endurance tests. 

Effect of cold work on the endurance limit. In discussing 
stretching, drawing, and rolling of ductile metals at room 
temperature it was pointed out (see art. 74) that due to such 
cold work the material becomes stronger, the yield point is 
raised and the ultimate strength is somewhat increased. 
Hence we must expect that cold work will also affect the 
endurance limit of the material. The experiments made with 
steel specimens submitted to cold stretching ® showed that 
a moderate degree of stretching produces some increase in the 
endurance limit. With a further increase in cold working a 
point may be reached at which some drop in the endurance 
limit may occur due to overworking.”® A further improve- 
ment of a cold worked material can be obtained by submitting 
it, after cold work, to a mild heat treatment—say by leaving 
the material in boiling water for some time. 

Overstressing and understressing. Experiments have been 
made in which cycles of stress above the endurance limit were 
applied a number of times before starting a normal endurance 
test. Such overstressing of specimens showed that there is a 
limiting number of cycles of overstress, depending on the 
magnitude of overstress, below which the endurance limit is 

H. F. Moore and J. B. Kommers, Bull. No. 124, Univ. of Illinois, 
Eng. Exper. Sta., 1921 and O. J. Horger, Trans. A. S. M. E., Vol. 574, 
p. 128, 1935. In Moore’s experiments carbon steel, 0.18 per cent C, and 
the stretching 8 per cent and 18 per cent were used. In Horger’s ex- 
periments with carbon steel, 0.48 per cent C, the same 8 per cent and 18 
per cent stretching were used. - . 

76 See H. F. Moore and T. M. Jasper, Bull. No. 136, Eng. Expt. Sta., 


Univ. of Illinois, and R. M. Brown, Trans. Inst. Engrs., Shipbuilders 
Scot., 1928. 








MECHANICAL PROPERTIES OF MATERIALS 437 


.not affected by overstress, but above which number of cycles 


the endurance limit was observed to decrease. By plotting 
the maximum stresses of the cycles of overstress against the 
limiting numbers of these cycles, a damage curve for the 
tested material is obtained. The area below this curve defines 
all those degree- of overstressing which do not cause damage. 
The damage carve is of practical importance when we are 
dealing with a machine part normally working at cycles of 
stress below the endurance limit, but subjected from time to 
time to the cycles of overstress. If the magnitude of over- 
stress is known, the safe number of cycles of overstress is 
readily obtained from the damage curve.” 

By running an endurance test at a load just below the 
endurance limit and then increasing the load by small incre- 
ments the endurance limit can be raised. This phenomenon 
is called the understressing effect. The amount by which the 
endurance limit can be raised in this way depends on the 
material.” For mild steel this amount is sometimes as high 
as 30 per cent of the original endurance limit, while Armco iron 
and copper remain practically unaffected by understressing. 

Frequency effect. The effect of the frequency of the cycles 
in endurance tests has also been studied, but no appreciable 
effect was observed up to a frequency of 5,000 per minute. 
For higher frequencies some increase in the observed endur- 
ance limit with the frequency, was found. Very interesting 
experiments of this kind have been made by C. F. Jenkin.* 
Increasing the frequency up to over 1,000,000 cycles per 
minute he found at that high frequency an increase in the 

™H. J. French, Trans. A. S. S. T., Vol. 21, p. 899, 1933, and H. W. 
Russell and W. A. Welcker, Proc. A. S. T. M., Vol. 36, 1936. 

7B. F. Langer suggested a formula for calculating the number of 
cycles of overstress of various intensities which a machine part can 
withstand before failure. See “Journal of Applied Mechanics,” Vol. 4, 
p. A-160, 1937. 

7H. F. Moore and T. M. Jasper, Bull. No. 142, Univ. of Illinois, 
Eng. Expt. Sta., 1924; J. B. Kommers, Eng. News Record, 1932. 


2 C. F. Jenkin, Proc. Roy. Soc., Vol. 109A, 1925, p. 119 and C. F. 
Jenkin and G. D. Lehmann, Proc. Roy. Soc., Vol. 125A, 1929. 
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endurance limit of more than 30 per cent for such materials 
as Armco iron and aluminum. ‘To obtain such high frequen- 
cies Jenkin used forced vibrations of small specimens. A rotat- 
ing beam machine was used by G. N. Krouse * for high speed 
tests 30,000 cycles per minute. For aluminum and brass he 
found 8 per cent increase in endurance limit at this speed. 

Temperature effect. In the previous disci ssion we were 
dealing with endurance tests made at room temperature; 
there are, however, cases when engineering structures and 
machine parts are submitted to the action of cycles of stresses 
at low temperature, as, for instance, in the case of aeroplanes, 
or at high temperature, as in steam turbines and internal 
combustion engines. Hence, endurance tests at low and at 
high temperatures are of practical importance. The com- 
parative endurance tests made * at + 20° C. and — 40° C. 
with Monel metal, stainless steel, nickel steel and chromium- 
molybdenum steel showed in all cases some increase in endur- 
ance limit with the decrease of temperature. Similar con- 
clusions were also obtained for other materials.® 

The endurance tests at high temperatures made with various 
kinds of steels on rotating beam machines * and also on 
reversed direct stress machines * all indicate that up to 
300° C.-400° C. there is no great effect of temperature on the 
endurance limit. The maximum endurance limit is usually 
obtained at 300° C.-400° C., while at 100° C.-200° C. the 
endurance limit is usually somewhat less than at room tem- 
perature. The experiments show also that the c-n curves do 
not approach their asymptotes so rapidly as at room tem- 
perature, and that more than 107 cycles are required for 
determining the magnitude of the endurance limit. 

81 G. N. Krouse, Proc, A. S. T. M., Vol. 34, 1934. 


2 H. W. Russell and W. A. Welcker, Proc. A. S. T. M., Vol. 31, 
p. 122, 1931. 

s W. D. Boone and H. B. Wishart, Proc. A. S. T. M., Vol. 35, 1935- 

84H. F. Moore and T. M. Jasper, Bull. No. 152, Univ. of Illinois, 
Engr. Expt. Sta., 1925 and H. F. Moore, S. W. Lyon and N. P. Inglis, 
Bull. No. 164, Univ. of Illinois, Engr. Expt. Sta., 1927. 

s H. J. Tapsell and J. Bradley, Journal Inst. Met., Vol. 35, 1926. 
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The phenomenon called corrosion fatigue is also of practical 
importance. This term is used to designate the simultaneous 
action of corrosion and fatigue. In 1917 Haigh ** published 
the results of some very interesting endurance tests on 
brasses, in which he found some lowering of the endurance 
limit when the specimen under alternating stress was subjected 
to the action of salt water, ammonia, or hydrochloric acid. 
He pointed out also that the damaging effect of ammonia on 
brass was not produced unless the corrosive substance and the 
aiternating stresses were applied simultaneously. Further 
progress in the investigation of corrosion fatigue was made by 
McAdam, who investigated the combined effect of corrosion 
and fatigue on various metals and alloys. These tests proved 
that in most cases a severe corrosion prior to an endurance 
test is much less damaging than a slight corrosion which takes 
place simultaneously. Tests with carbon steels with various 
carbon contents and having endurance limits 88 in reversed 
stress varying from 20,000 lbs. per sq. in. to 40,000 lbs. per sq. 
in. showed that, if the specimens are subjected to the action of 
fresh water during the endurance tests, the endurance limits 
are greatly diminished and vary from 16,000 lbs. per sq. in. to 
20,000 Ibs. per sq. in. These lowered endurance limits are 
called corrosion fatigue limits. The tests showed that while 
for testing in air the endurance limit increases approximately 
in the same proportion as the ultimate strength of the steel the 
results obtained when testing in fresh water are quite different. 
The corrosion fatigue limit of steel having more than about 0.25 
per cent carbon cannot be increased and may be decreased by 
heat treatment.*® It was shown also that by adding enough 
chromium to increase the ordinary corrosion resistance’ of 








86 B. P. Haigh, Journal Institute of Metals, Vol. 18, 1917. 

87D. J. McAdam, Proc. Amer. Soc. Test. Matls., Vol. 26, 1926; 
Trans. Amer. Soc. Steel Treating, Vol. 2, 1927; Proc. Amer. Soc. Test. 
Matls., Vol. 27, 1927; Proc. International Congress for Testing Materials, 
Vol. 1, 1928, p. 305, Amsterdam. 

88 Determined by tests in air. 

88 McAdam, Proc. International Congress at Amsterdam, Vol. 1, 
P- 308, 1928. 
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steel, the corrosion fatigue limit can be raised considerably 
above that for carbon or nickel steels.%° 

The endurance tests in an atmosphere of steam * showed 
that dry steam does not affect the endurance limit, but in 
the case of steam containing air or water a lowering of the 
endurance limit was observed. The experiments in vacuum * 
showed that the endurance limit of steel is about the same as 
that obtained from the tests in air, while experiments with 
copper and brass demonstrated an increase of endurance limit 
of no less than 14 per cent and 16 per cent respectively. 

There are many known cases of failures in service which 
must be attributed to corrosion fatigue; they include failures 
of such parts as marine propeller shafts, water-cooled piston 
rods of marine oil engines, turbine blades, locomotive springs, 
pump rods in oil wells, boilers and super-heater tubes, and so 
on. In many cases corrosion-fatigue failures were eliminated 
by introducing corrosion-resisting materials. The McAdam 
experiments with corrosion-resisting steels showed that such 
steels give very satisfactory results in corrosion-fatigue tests. 
Recent experiments with special bronzes ® showed that 
phosphor bronze and aluminum bronze, tested under ex- 
tremely corrosive conditions, have a remarkable corrosion- 
fatigue resistance, which compares favorably with that of the 
best stainless steels. 

Protective coatings * of parts subjected to corrosion- 
fatigue and surface cold work % were also successfully used in 
eliminating corrosion-fatigue failures. 








8° See McAdam, Trans. Am. Soc. Mech. Engrs., Applied Mech. 
Divis., 1928. 

% See T. S. Fuller, Trans. Amer. Soc. Steel Treat., Vol. 19, 1931, p- 97- 

2H. J. Gough and D. G. Sopwith, “Journal Inst. Metals,” Vol. 49, 
P- 93, 1932. 

s H. J. Gough and D. G. Sopwith, “Journal Inst. Met.,’”’ Vol. 60, 
P- 143, 1937. 

“D. G. Sopwith and H. J. Gough, “Journal of the Iron and Steel 
Inst.,” 1937. 

% O. Föppl, O. Behrens und Th. Dusold, “Zeitschr. f. Metallkunde,” 
Vol. 25, 1933. 
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Effect of residual stresses. During heat treatment of 
machine parts and during welding of structures, considerable 
residual stresses are usually produced, and the question arises 
what effect these stresses may have on the endurance limit. 
The experiments with quenched steel specimens tested in the 
rotating beam fatigue testing machine showed ° that, due to 
application of cycles of reversed stresses, the initial residual 
stresses are reduced to less than one quarter of their initial 
value and that the effect of these stresses on the endurance 
limit is negligible. Similar conclusions were obtained also 
from fatigue tests of welded I-beams.*” 

The effect of surface finish on the endurance limit has also 
been studied. Tests were made on 0.49 per cent carbon steel 
with an ultimate strength of 95,000 lbs. per sq. in. and an 
ordinary endurance limit of 48,000 lbs. per sq. in. By taking 
100 as the endurance limit for highly polished specimens, the 
following results were obtained for various finishes: °° ground 
finish 89, smooth-turned finish 84, rough-turned finish 81. 
Tests with 0.02 per cent C steel (Armco iron) gave for the last 
two types of finish 92 and 88 respectively. Similar experi- 
ments were made with 0.33 per cent C steel by W. N. Thomas,°*? 
who measured the magnitude of the scratches in various 
finishes with a microscope; other experiments have been made 
by W. Zander.! 

The tables on pages 497 and 498 give the results obtained 
in static and endurance tests of certain steels often used in 
engineering. 





96 See H. Bühler und H. Buchholtz, “Stahl u. Eisen,” Vol. 53, p. 1330, 
1933, and Mitteil. Forsch. Inst., Verein. Stahlwerke, Dortmund, Vol. 3, 
P- 235, 1933- , 

97 E, H. Schulz und H. Buchholtz, “Stahl u. Eisen,” Vol. 53, p. 545, 
1933. 
38 See H. F. Moore and J. B. Kommers, Bulletin No. 124, loc. cit., 
p. 683. 

9 W. N. Thomas, Engineering, Vol. 116, 1923, p. 483. Recent 
development in investigating surface roughness is discussed in the paper 
by S. Way, see reference 111, p. 455- 

10 W. Zander, Dissertation, Technische Hochschule Braunschweig, 


1928. 
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80. Fatigue and Stress Concentration.—In discussing 
stress concentration produced by sharp variation in the cross 
sections of bars or shafts (see Chapter VII), it was indicated 
that such stress concentration is especially damaging in the 
case of varying stresses. In machines stress concentration is 
always present owing to fillets, grooves, holes, keyways, etc., 
in their parts, and experience shows that most of fatigue cracks 
start at points of stress concentration. Several examples of 
such failures will now be briefly discussed. Figure 277 repre- 





Vie. 277. 


sents ! fatigue failures of circular shafts with transverse 
circular holes subjected to the action of reversed torsion. 
The maximum stress in such a case occurs at the ends of the 
diameters of the hole inclined 45 degrees to the axis of the 
shaft (see p. 317). At these points the cracks start and 
gradually develop along a helical path following the direction 
of one of the principal stresses. Figure 278 represents the 
torsional fatigue failure of a shaft of a large motor-generator 
set which unfortunately operated near resonance.!% The 

1 See paper by A. Thum, “Forschung,” Vol. 9, p. 57, 1938. 

12 This figure and the following three are taken from the paper by 
R. E. Peterson presented at a conference on “Strength of Materials 
Problems in Industry,” Mass. Inst. Techn., July, 1937. The mechanism 


of cracks growth is discussed in the-paper by R. E. Peterson, Journal af 
Appl. Mech., Vol. 1, p. 157, 1933. 
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crack started at the keyway, where a high stress concentration 
takes place, and gradually developed along the helical path. 





Fic. 278. 


The helical crack corresponding to the direction of the second 
principal stress can also be seen on the photograph. F igure 
279 represents torsion failure of a shaft of a Diesel driven 
generator. A high stress concentration at the small radius 
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fillet resulted in several helical cracks, which, joined together, 
produce a saw-tooth appearance. In Fig. 280 are shown the 
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fatigue cracks, which gradually developed at the roots of the 
gear teeth at points of high stress concentration produced by 
the bending of the teeth as cantilevers. Finally, Fig. 281 
represents a characteristic fatigue failure of a heavy helical 
spring. The crack started from the inside, as theory predicts 
(see p. 272, Part I), and again follows the direction of one of 
the principal stresses. All these pictures clearly demonstrate 
the damaging action produced by stress concentration, and 
make it clear that this factor must be seriously considered in 
the design of machine parts. 

The early fatigue tests made with specimens having sharp 
changes of cross section showed that there was a reduction 
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in strength due to stress concentration, but this reduction was 
usually found to be much smaller than would be expected 
from the magnitude of the calculated factor of stress concen- 
tration. For instance, in the case of flat steel specimens with 
small circular holes subjected to direct stress the theoretical 
factor of stress concentration is equal to three (see p. 313), 





Fig. 281. 


and if the magnitude of the peak stress is the controlling 
factor in endurance tests, it would be expected that the 
tension-compression load required to produce fatigue failure 
of specimens with holes would be about three times smaller 
than that for specimens without holes. However, the experi- 
ments showed that in this case the reduction in strength due 
to stress concentration is small as compared with the calcu- 
lated effect.% To explain this discrepancy and to give 
necessary information for designers, a very extensive series 
of tests were made by R. E. Peterson at the Westinghouse 
Research Laboratories.* Geometrically similar cantilever 
test specimens varying in diameter from 0.1 in. to 3 in. with a 





1% B, P, Haigh and J. S. Wilson, “Engineering,” Vol. 115, pP. 446, 
1923. 
104 R, E. Peterson, Trans. A. S. M. E., “Journal Appl. Mech.,” Vol. 
I, P- 79, 1933, Vol. 1, p. 157, and R. E. Peterson and A. M. Wahl, Trans. 
A. S. M. E., Journal Appl. Mech., Vol. 3, p. 15, 1936. 


& 
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fillet or with a transverse circular hole and of different ma- 
terials, as given in the table below, were tested in special 
fatigue testing machines. 


TasLe or Marerrats Usep 1N Tests 


























Chemical Composition i Y.P. Ult. | Elong. 
Steel c {Mal sil s| p [Ni] cl Mo Ibs./in? lbs./in.2 | per tent 
Medium! carbon | 0.45] 0.79] 0.18 9-03}9.013] — | — | — || 32,500 | 76,000} 32 
Ni-Mo? 9.52) 0,68) 0.19) — |o.o1r4] 2.96] — | 0.38 45,500 | 97,000] 26 
Ni-Cr3 0.541 0.65] — | — | — 71.38! 0.64) — 91,000 |120,000} 24 











1 Normalized: 1560 F, air cooled. 

2 Normalized and drawn: 1750 F, air cooled; 1460 F, air cooled; 1160 F, furnace 
cooled. 

* Quenched and drawn: 1475 F, oil quenched; 1200 F, furnace cooled. 


The results of these tests for specimens with fillets are given 
in Fig. 282, The smaller diameters of the specimens are 
taken as abscissae while the ordinates represent the ratios k; 
of the endurance test loads for plain specimens to the endur- 
ance test loads found for the corresponding test specimens 
with stress concentration. Similar results were also obtained 
for specimens with transverse holes. The horizontal lines in 
Fig. 282 give the values of the factors of stress concentration 
obtained for each proportion of the fillet by a direct measure- 
ment of strain at the points of maximum stress concentration 
(see p. 341). These values are designated by k; and are called 
theoretical values of stress concentration in the following dis- 
cussion. If the fatigue strength of the specimens depends 
only on the peak stress, k; must evidently be equal to &,. 

On a basis of his tests, R. E. Peterson came to the following 
conclusions: - 

(a) In some cases fatigue results are quite close to theoretical 
stress concentration values. This conclusion is of great prac- 





10 The description of these machines is given in the paper by R. E. 
Peterson, Proc. Am. Soc. Test. Mat.; Vol. 29, p. 371, 1929. 
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tical importance, since a general idea seems to exist, based 
on some early experiments, that fatigue data for stress- 
concentration cases are always well below theoretical values, 
ie., on the safe side for design purposes. 











Lo o 05 1.0 is 20 ZS 3.0 
d= SMALL DIAMETER, IN INCHES 
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(b) Fatigue results for alloy steels and quenched carbon steels 
are usually closer to theoretical values than are the corresponding 
fatigue results for carbon steels not quenched. It was expected 
in these tests that theoretical values k; would be reached for 
all steels provided specimens were made large enough, but 
Fig. 282 shows that the fatigue-data curves for normalized 
0.45 per cent carbon steel are apparently asymptotic to values 
considerably below the theoretical. a 

(c) With a decrease in the size of specimen the reduction in 
fatigue strength due to a fillet or hole becomes somewhat less; and 
Jor very small fillets or holes the reduction in fatigue strength is 
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comparatively small. This can be clearly seen from the curves 
in Fig. 282. 
Another way of presenting fatigue test results showing 


the extent to which theoretical values k; of stress concentration 
are reached, is obtained by introducing the quantity 


_ kzi! 
q ki r’? (a) 


which is sometimes called the sensitivity index. As k; ap- 
proaches the value k, the value of g approaches unity, and 
when the stress concentration has only a small effect on fatigue 
strength, ky is close to unity, and g approaches zero. By 
using the experimental data given in Fig. 282 and by plotting 
the values of g against the diameter magnitudes d, the curves 
shown in Fig. 283 are obtained. It is seen that the sensitivity 
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index is not a constant. It depends not only on the kind of 
material but also on the size of specimens. In the case of 
alloy steels and for larger specimens g approaches the value 
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of unity, while for a coarser material, 0.45 per cent carbon 
steel, it approximates a somewhat lower value.1° Similar 
curves were also obtained for the specimens with transverse 
holes. 

On the basis of the above discussion the use of the theoretical 
value k; of stress concentration can be recommended in the 
design of larger size machine parts and in the case of the finer- 
grained steels, such as alloy steels and heat-treated carbon 
steels. In the cases of smaller dimensions and coarser ma- 
terials the reduced values of the stress concentration factor 
which, from equation (a), are 


ky = (kı ~ 1) +1 


can be used. The values of g, obtained experimentally for 
fillets and holes and represented for the case of fillets by the 
full lines in Fig. 283, can be used as a guide in selecting the 
proper values of k; in other cases of stress concentration. 

To explain the “size effect” in fatigue tests it is necessary 
to consider grain size of crystalline materials. When we 
speak of geometrically similar specimens of the same material, 
their metallographical structure obviously is not geometrically 
similar, and that fact may affect the fatigue tests. If we 
consider a region of peak stress, a different result would be 
expected when only few grains are contained in that region 
than if many thousands are contained in the same region. 
The relationship between the sensitivity index q obtained 
from fatigue tests and the grain size of the materials used is 
discussed in a recent paper by R. E. Peterson.1° 

It can be appreciated that the problem of reducing the 
damaging effect of stress concentration is of primary impor- 
tance to designers. Some lowering of stress concentration 
can be obtained by a proper change in design. For instance, 





106 Tests of cast iron have shown very small effect of stress concen- 
tration on fatigue tests results. A. Thum and H. Ude, Zeitschr. V. D. L., 


Vol. 74, p. 257, 1930. 
107 See Stephen Timoshenko Anniversary Volume, p. 179, 1938. 
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the design can be considerably improved by eliminating sharp 
reentrant corners and introducing fillets of a generous radius, 
by designing fillets of a proper shape, by introducing relieving 
grooves, etc. But all these measures are sometimes not 
sufficient to eliminate fatigue failures. As an important ex- 
ample of this kind let us consider the typical failures which 
occur at the wheel seat of locomotive and railroad-car axles, 
at the wheel or bearing seats of automobile axles, at the 
pressed or fitted bits of long drill rods in oil-well operations, 
etc. All these cases of fitted members subjected to the action 
of variable stresses have been a constant source of fatigue 
failures. Considering, for example, the case of a wheel-hub 
pressed on the axle, Fig. 284, a, we can see that a high stress 


fa) 
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concentration is produced at the reentrant corners m and 7. 
During rolling of the axle the reversal of stress at points 7 
and z takes place, and finally a fatigue failure over the cross 
section mz, such as shown in Fig. 285, may occur. Stress 
concentration can be somewhat reduced by introducing raised 
seats and fillets as shown in Fig. 284, 4. A further improve- 
ment is obtained by introducing the relief groove a, Fig. 
284, b. Although such changes are in the right direction, 
they are not sufficient in this case. Experience shows that 
the mere press-fit of a hub on an axle, Fig. 284, 2, reduces the 
fatigue strength vf the axle to less than half of its initial 
strength, while the changes shown in Fig. 284, 4, raise the 
fatigue strength of the axle perhaps no more than 20 per cent. 
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To improve the condition and eliminate fatigue failures, 
the surface cold-rolling of the axle in the region of stress 
concentration has been successfully applied. The early ex- 
periments 1° with surface cold work were made on small 
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specimens, and to get sufficient information for practical 
application, an extensive series of laboratory tests with larger 
specimens were made. Three types of fatigue tests made by 
O. J. Horger at the laboratory of the University of Michigan 1° 





18 The improvement of fatigue strength by surface cold-working was 
introduced by O. Féppl, “Stahl u. Eisen,” Vol. 49, p. 575, 1929. It was 
applied in various fatigue tests at the Wohler-Institut. See Mitteilungen 
d. Waohler-Instituts, Vol. 1 to Vol. 37, 1929-1940. See also A. Thum 
und F. Wunderlich, Mitteilungen d. Materialpriifungsanstalt, Techn. 
Hochsch. Darmstadt, Vol. 5, 1934, and R. Kihnel, “Stahl u. Eisen,” 
Vol. 110, p. 39, 1932. 

19 The description of these experiments is given in the papers by 
O. J. Horger, Journal of Appl. Mech., Vol. 2, p. 128A, 1935; and O. J. 
Horger and J. L. Maulbetsch, Journal of Appl. Mech., Vol. 3, p. 91A, 
1936. The work done at the Westinghouse Research Laboratories is 
described in the paper by R. E. Peterson and A. M. Wahl, Journal of 
Appl. Mech., Vol. 2, 1935, p. 1A. 
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are shown in Fig. 286. The properties of the materials used 
in these tests are listed in the table below. 


Marertats Usep ror Tests 1N Fic. 286 





Chemical Composition Y.P. Ult. 
Steel Elong. 


C|Mn| P | S | Sif Cr | Ni |/tbs./in2) Ibs./in.2| Pot ce” 











S.A.E! 1045 9-47) 0-72] 0.015] 0.034] 0.23] 0.03] 0.05]! 47,800 | 88,800/ 32 





2.75 per cent? 
Nickel 0.24) 0.86] 0.034] 0.021/ 0.241 — | 2.79]| 86,300 [111,000] 23 
| 




















1 Normalized 1620 F and Drawn 11mg F. 
? Quenched 1475 F and Tempered 1150 F. 


The endurance limits obtained for S.A.E. and for Ni steel 
from the usual cantilever beam fatigue tests are 34,000 lbs. 
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per sq. in. and 48,000 Ibs. per sq. in. respectively. After 
pressing on the sleeve, as in tests type 4, Fig. 286, the endur- 
ance limit of S.A.E. steel was 
reduced to 15,000 lbs. per sq. 
in. In tests of types B and C 
the endurance limits were found 
to be 12,000 lbs. per sq. in. and 
14,000 lbs. per sq. in. respec- 
tively. This indicates that = == 
owing to press-fit the fatigue Toso STP 
strength of specimens was di- ’ Al Rollers 
minished to less than one-half 7, j Axle 
of its initial value. Similar re- Af 
sults were also obtained for Ni 
steel specimens. To improve 
the fatigue strength the surface 
of the rest of the specimens was cold-rolled before pressing on 
the sleeves or hubs by using the device shown in Fig. 287. 
A lathe was adapted for this rolling operation by supporting 
the specimen in lathe centers and the rolling device in a 
transverse slide fixed to the lathe carriage. To secure a 
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sufficiently smooth surface after rolling, the feeds giving more 
than 40 threads per inch were used. 

The results of fatigue tests of Type C, Fig. 286, made with 
cold-rolled specimens, are shown in Fig. 288. It is seen from 
these tests that the fatigue strength of S.A.E. steel specimens 
increased, due to cold rolling, to a value more than twice their 
initial strength. Similar results were also obtained with Ni 
steel specimens. 
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A further step in the investigation of the effect of cold- 
rolling on fatigue strength was made by building special large 
fatigue-testing machines, in which full size locomotive axles 
can be tested. Figure 289 represents one of these machines." 
The arrangement is similar to that used in type C tests in 
Fig. 286, and is the same as was used by Wohler in his famous 
fatigue tests of axles. 

Another case of fatigue failure under the action of highly 
concentrated stresses is represented by the surface failure of 

10 Three m Reltnea ofthis Gudaxe-votking at present in the research 


laboratory of the Timken Roller Bearing Company, Canton, Ohio. 
Figure 285 is taken from these tests. 
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rollers and gears under the repeated action of contact pressures 
during rotation. Considering two rotating rollers pressed 
together by the forces P, Fig. 290, we can calculate the maxi- 
mum compressive stress at the surface of contact 

by using the formulas of art. 66. In the case |, 
of an ideally smooth surface this calculated stress 

is the true Stress, and the surface fatigue strength 

of rollers of a given material will depend only 

on the magnitude of this stress. In actual cases 

the roller surface has various kinds of uneven- 

ness, the magnitudes of which depend on the jg 
kind of surface finish. Several examples of sur- 

face finish are shown™ in magnified form in Fig. 291. 
Naturally the surface roughness will affect the pressure dis- 
tribution at the surface of contact of the rollers in Fig. 290, 


299, 





Fic, 291. 


and as a result of local overstressing at the points of the most 
unfavorable irregularities fatigue cracks will start earlier than 





11 This picture and the two following are taken from the paper by 
S. Way presented at the meeting of the American Gear Manufacturers 
Association, May, 1940. Various methods of investigation of surface 
finish are described in the S. Way paper published in the “ Proceedings of 
the Special Summer Conferences on Friction and Surface Finish,” Mass. 
Inst. Techn., June 1940. In this paper a complete bibliography of the 
subject is given. 
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in the case of smooth rollers. This indicates that the fatigue 
strength of rollers depends on the degree of roughness of their 
surface. 

Experiments show that if the surface fatigue tests are 
made with lubricated rollers, surface fatigue cracks grow to 
pits. Pitting cracks, which sometimes develop in rollers and 
gears under service conditions, are very undesirable, and 





Fic. 292. 


considerable efforts were extended in studying the causes 
of pitting. These investigations showed that the causes of 
growth of pitting cracks are of a hydrodynamical nature. 
The pitting cracks assume a direction that slopes obliquely 
into the metal; they are roughly in the form of a conical surface 





12 Such investigations were made at Westinghouse Research Labora- 
tories by S. Way; see his paper in Journal of Applied Mech., Vol. 2, 1935- 
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so that they meet the surface in a curve in the form of a 
parabola, or V, with the vertex of the V being the part that 
during rotation is run over first. In Fig. 292, representing 
the magnified photograph of a roller surface, the starting 
point of a pit crack is shown by an arrow. It is seen that any 
oil that enters such a crack will tend to be trapped as the 
crack passes under the loaded region. A high oil pressure in 
a €rack will produce high tensile stresses at the end of the 
crack and the crack may be driven further into the metal. 
This theory explains why oil is necessary for pitting crack 
growth and why changing the direction of rotation or relief 
of oil pressure in the crack stops crack growth. 

To obtain comparative values of pitting resistance of 
various materials, the fatigue tests were made “ with pairs 
of rollers, Fig. 290, one of each pair being 1.576 in. in diameter, 
the other being 1.500 in. in diameter, and the width of the 
test surface being 0.g00 in. All rollers had a finely ground 
surface on which the maximum depth of irregularities was 
between 0.0001 in. and 0.00018 in. The speed of rotation 
was between 300 and 00 r.p.m., with lubrication by an oil 
bath of a machine oil of viscosity 700-goo seconds Saybolt at 
the operating temperature. The maximum compressive 
stress, given by equation (295), p. 359, and calculated for 
compressive load just sufficient to cause at least one pit per 
square inch of test surface in Io million cycles was defined as 
the pitting limit of the material. The results of these tests 
for the case of 0.45 per cent carbon steel and for various heat 
treatments are represented in Fig. 293 by the curve B. The 
hardness numbers ™ of the tested rollers are taken as the 
abscissas, and the corresponding pitting limits make up the 
ordinates. For comparison, a straight line giving for the 
pitting limit the values 324 times the hardness number is 
also shown. Since pitting is a fatigue failure, we would expect 
the pitting strength to increase proportionally to hardness. 





U3 See S. Way paper, reference 103. 
™4 The hardness numbers can be considered proportional to the 
ultimate strength of the surface Jayer of the roller’s material. 
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The experiments showed that the assumption of a linear rela- 


tionship between pitting strength and hardness is on the side 
of conservatism. 


The curve 4 in Fig. 293 gives the values of the pitting 
limits found from the experiments with gears made of the 
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same material as the previously discussed rollers. The con- 
ditions at the surface of contact of gear teeth are somewhat 
different from those we had in rollers, the principal difference 
being the fact that rolling is associated with sliding. This 
difference of conditions results, as we see, in some increase of 
the pitting limit. 





\ 
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81. Causes of Fatigue—Although a great amount of 
data concerning strength in fatigue has been accumulated, up 
to now no fundamental theory has been established to explain 
the cause and the mechanism of the phenomena. A fatigue 
fracture was formerly attributed to “crystallization” of the 
metal, making it brittle. Such a theory was advanced on the 
basis of the appearance of the fracture (see p. 432). 

We now know that the individual crystals remain un- 
changed during an endurance test except that there may be 
some “slipping” within these crystals. 

Bauschinger was the first to start investigation of cycles of 
stress. Heloaded and unloaded the specimens slowly and used 
sensitive extensometers to establish the stress-strain relation 
under these conditions. In this manner he showed that the 
proportional limits in tension and compression are not fixed 
points for a given material and that they may be displaced by 
submitting a specimen to cycles of stress. To explain the fact 
that the endurance limit for steel under reversed stress is 
sometimes lower than the proportional limit obtained from 
static tests, Bauschinger advanced the theory that the ma- 
terial as received from the manufacturer may have its pro- 
portional limits in tension and compression raised by cold 
work and that the true or natural proportional limits are those 
which are established after submitting the material to cycles 
of stress; these natural proportional limits are supposed to 
define the safe range in fatigue tests. 

This idea of Bauschinger was developed further by 
Bairstow." Using a slow loading and unloading machine (2 
cycles per minute), with a Martens mirror extensometer fixed 
on the specimen, he obtained the stress-strain relation for 
cycles with various ranges of stresses. Figure 294 represents 
some of Bairstow’s results obtained with axle steel (yield 
point 50,000 lbs. per sq. in. and ultimate strength 84,000 lbs. 
per sq. in.) under reversed stress (mean stress equal to zero). 
The line Z represents the initial tension-compression test with 








45 J. Bauschinger, loc. cit., p. 409. 
16 L, Bairstow, Phil. Trans. Roy. Soc., Vol. 210A, p. 35, 1911, London. 
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the range 31,400 lbs. per sq. in.; within these limits the stress- 
strain relation evidently follows accurately the straight line 
law."7 After this the specimen was subjected to cycles of 
reversed stresses of 31,400 and it was observed that the 
initial straight line 4 develops gradually into a loop of definite 
shape. This loop as obtained after 18,750 cycles is repre- 
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sented by the curve B. It can be seen that in this case the 
initial proportional limits were higher than the so-called 
natural proportional limits shown after many cycles of 
reversed stress. Since these limits are below the 31,400 lbs. 
per sq. in., a cyclical permanent set equal to the width mn was 
produced. The loops C, D, and E were obtained after a 
number of cycles of reversed stress equal to 335500, 37,500 
and 47,000 lbs. per sq. in. respectively sufficient apparently to 
stabilize the size of the loops. When the width of these loops 
was plotted against the corresponding maximum stress, 
Bairstow found that the results of his experiments gave 





ny The gage length in these tests was only o.5 in. and the small “elastic 
hysteresis” could not be detected by Martens extensometers. 
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approximately a straight line. The intersection of this line’ 
with the stress axis determines the range of stress at which 
there is no looping effect. The range of stress defined in this 
manner was assumed by Bairstow to be the safe range of stress, 
and subsequent endurance tests have verified this assumption 
with sufficient accuracy. Since then various methods for the 
rapid determination of fatigue ranges on this basis have been 
developed.!"8 

This measurement of hysteresis loops suggested by 
Bairstow to determine the safe range of stresses can be replaced 
by calorimetric measurements. The area of the loop repre- 
sents the energy dissipated per cycle. It is transformed into 
heat, and the quantity of this can be measured. The first 
experiments of this kind were made by Hopkinson and 
Williams,"° who showed that the areas of the loops as de- 
termined by calorimetric methods agree within 6 per cent with 
the area determined by extensometer measurements. In 
these tests it was shown also that it is possible to have a 
certain amount of hysteresis which will never cause destruc- 
tion, and this can be considered as the true “elastic hys- 
teresis.”” Some short-time methods for determining endur- 
ance limits have also been developed on the basis of these 
calorimetric measurements. 

The first attempt to explain the mechanism of fracture in 
endurance tests was made by Ewing and Humfrey.”° They 
used a rotating specimen of Swedish iron with a polished 
surface and examined this surface with a metallurgical 
microscope after applying cycles of reversed stress. They 
found that, if stresses above a certain limit were applied, s/ip 
bands appeared on the surface of some of the crystals after a 
number of cycles. As the cycles were repeated the number of 
slip bands increased and some of the previous slip bands 





us See book by H. J. Gough, Chapter 10, loc. cit., p. 428. See also 
E. Lehr, Die Abkiirzungsverfahren, Dissertation, Stuttgart, 1925. 

19 B, Hopkinson and G. T. Williams, Proc. Roy. Soc. (A), Vol. 87, 
1912. 

20 J, A. Ewing and J. C. W. Humfrey, Phil. Trans. Roy. Soc. (A), 


Vol. 200, 1903, p. 241. 
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seemed to broaden out. This broadening process continued 
till finally cracking occurred, the crack following the marking 
of the broadened slip bands. They found that a reversed 
stress of 11,800 lbs. per sq. in. could be applied millions of 
times without producing any slip bands. A stress of 15,400 
Ibs. per sq. in. produced only one isolated slip band in the 
region examined after three million cycles and this line was 
confined to the middle portion of the crystal. From these 
tests it was concluded that 15,400 lbs. per sq. in. was the 
endurance limit for Swedish iron. On the basis of such 
investigations the theory was advanced that cycles of stress, 
which are above the safe range, produce slip bands in indi- 
vidual crystals; if we continue to apply such cycles of stress 
there is a continual sliding along the surfaces accompanied by 
friction, similar to that between sliding surfaces of rigid bodies. 
As a result of this friction, according to the theory the ma- 
terial gradually wears along the surfaces of sliding and a 
crack results. 

Further investigation in this direction 2% showed that slip 
bands may occur at stresses which are much lower than the 
endurance limit of the material. They may develop and 
broaden, as was observed by Ewing and Humfrey, without 
leading to the formation of a crack. This shows that the 
appearance of slip bands cannot be taken as a basis for 
determining the endurance limit and cannot explain the 
mechanism of fatigue cracks. It seems probable that more 
light will be brought on the causes of fatigue by testing single 
crystal specimens and by going into the study of the molecular 
structure of crystals.1” 

82. Mechanical Properties of Metals at High Temper- 
atures.—There are many cases in which parts of engineering 
structures are submitted simultaneously to the action of 
stresses and of high temperatures. Such conditions are found 
for instance in power plants and chemical industries. Due 
to the modern tendency to increase the initial temperature of 


12 H. J. Gough and D. Hanson; Proc. Roy. Soc. (A), Vol. 104, 1923. 
12 See H. J. Gough, Phil. Trans. Roy. Soc., Vol. 226, 1926, 
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steam ?% in power plants, the question of the strength of 
materials at high temperature has become of practical 
importance, and a considerable amount of research work has 
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Fig. 295. 


been done in this field. Experiments show that the yield 
point and ultimate strength of metals in tension depend very 
much on the temperature. Several tensile test diagrams for 
medium carbon steel at different temperatures are shown in 
Fig. 295.% Up to about 250° Centigrade the ultimate 





; Guy 

123 Mellanby and Kerr, Proc. Inst. Mech. Engr., London, 1927; > 

H. L., Proc. Inet. Mech. Engr., 1929, and The Engineer, Vol. 147, 1929, 
. 136. i a 

p Ja A bibliography on this research work can be found in the, Sym- 
posium on effect of temperature on the properties of meta Sr roc. 
Amer. Soc. Test. Matls., Vol. 24, 1924. See also paper by H. J. Frenc , 
H. C. Cross and A. A. Peterson, Technologic Papers of the Bureau o 


Standards, No. 362, 1928. ; / 
125 See report of work done at the Westinghouse Research Laboratory 


by R. B. Wilhelm, Proc. Amer. Soc. Test. Matls., Vol. 24, part 2, 1924, 
p. 151. 
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strength of the steel increases, but with further increase in 
temperature it drops off rapidly. Also the yield point be- 
comes less pronounced as the temperature increases and at 
300° C. it cannot be distinguished on the diagram. In Fig. 
296 the first portions of the same diagrams are shown to a 
larger scale. These show that the proportional limit of the 
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steel diminishes as the temperature increases. At the same 
time there is a decrease in the slope of the straight portions of 
the diagrams, and hence in the modulus of elasticity. All the 
results obtained in the above tests are summarized in Fig. 297, 
which shows that, while the strength of the material decreases 
as the temperature increases, its ductility, as characterized by 
elongation and reduction in area, increases. 

Experiments at high temperatures show that the results 
of tensile tests depend very much on the duration of the test. 
As the duration of the tensile test increases, the load necessary 
to produce fracture becomes smaller and smaller. In Fig. 298 
are shown the tensile test diagrams for the same steel as above 
at 500° C. and for test durations of 6 minutes, 70 minutes and 
240 minutes respectively. It is evident from this that tensile 
test data obtained from the usual short duration tests (lasting 
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say 15 or 20 minutes), as given in Fig. 297, are useful only for 


3 126 
cases in which the, loads act but a short time. 


For loads acting over a long period of time and at high 
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Fic. 297. 
temperature, as for instance the weight of a structure or steam 


pressure in power plants, we need additional information 
regarding the time effect. Experience shows that under suc 





26 To eliminate time effect, vibration tests have been used in dez 
termining modulus of elasticity. See paper by G. Versé, Journa 


_ Appl. Mech., Vol. 2, 1935. 
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conditions a continuous deformation, “creep,” may take 
place, which is the most important factor to be considered in 
design. Although a considerable amount of research work i 

this direction has been done ”” and much more is now in pro i 
ress, the question of the behavior of metals under ‘high 


temperature and prolonged loading cannot b i 
completely cleared. s oF De considered 
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In most experiments of this kind the gradual elongation of 
materials under prolonged tension is studied. Tensile test 
specimens at high temperature are submitted to a certain 





27 See papers: J. H. S. Dickenson, Journal of Iron and S 

Vol. 106, 1922, p. 103; H. J. French and W. A. Tucker D eaa 
Papers, Bureau of Standards, No. 296, 1925; T. D. Lynch N L Mochel 
and P. G. McVetty, Proc. Amer. Soc. Test. Matls., Vol. 25, part 2 
1925; H. J. Tapsel and J. Bradley, Engineering, Vol. 120 1925, pp. 61 
and 746, and Journal Inst. of Metals, Vol. 35, 1926, p. 753 P. G. MeVetty 
and N. L. Mochel, Trans. Amer. Soc. Steel Treating, Vol. 11, 1926 
p: 733 A. E. White and C. L. Clark, Trans. Amer. Soc. Mech. Eng., 

ol. 48, 1926, p. 1075; H. J. Tapsell and W. J. Clenshaw, Dept. of Sci- 
entific and Industrial Research, Eng. Research, Report No. 1 1927. 
Information regarding more recent publications see in the book by H.: J. 
Tapsell, Creep of Metals,” 1931; see also Symposium, A. S. T. M 
Chicago, 1931; E. L. Robinson, Journal Appl. Mech., Vol. 1 p. 145 1933 
and P. G. McVetty, Proc. Am. Soc. Test. Math., Vol. 37, 1937. 
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constant load and temperature, and the progressive creep under 
this load is investigated. 
The results of such experiments made for a given tem- 


perature and for various values of the load can be represented 
128 


by time-extension curves, such as is shown in Fig. 299. 
Curve 4 represents a typical 
creep curve for a relatively 
high stress. After application 
of the load creep proceeds at 
a gradually diminishing rate. 
At point a an inflection occurs 
and the creep rate begins to in- 
crease until the test specimen 
breaks. The curve B, cor- 
responding to a somewhat 
smaller load, has a similar 
shape. Owing to lower creep 
rates it takes a longer time 
to produce fracture. As the 
load is further reduced, sim- 
ilar tests on different speci- 
mens give curves C, D, E, 
F and G. As the stress diminishes, a longer and longer 
time is required to obtain the inflection point on the creep 
curve. To determine the inflection points for such curves as 
F and G, tests of extremely long duration would be required. 
It is seen that, as the stress decreases, the creep curve is 
essentially a straight line for a progressively longer period of 
time as it approaches its inflection point. The working 
stresses encountered in practice are usually below that corre- 
sponding to the curve G; hence the assumption that the creep 
curve approaches a straight line is sufficiently accurate for 
practical purposes. The slope of this line gives us the mini- 
mum creep rate for a given stress and a given temperature. 










Deformation ———= 








128 This figure and the three following are taken from McVetty’s 
papers; see Mechanical Engineering, 1934, p. 149 and Proc. Am. Soc. 
. Test. Mat., Vol. 34, 1938. . 


468 STRENGTH OF MATERIALS 


The magnitude of this creep rate diminishes as the stress 
decreases, but there is no conclusive evidence that it will 
ever vanish—that is, that there is a limiting stress at which 
the specimen can indefinitely resist the stress and high 
temperature. 

In studying the progressive creep of tensile test specimens 
under constant load and high temperature, two phenomena 
must be kept in mind: (1) hardening of the material due to 
plastic strain, and (2) removal of this hardening or “ softening” 
of the material due to the prolonged action of the high tem- 
perature. The mechanism of plastic flow at high temperature 
is the same as at room temperature. The plastic deformation 
is due to sliding of the metal. This sliding is accompanied 
by an increase in the resistance to sliding, which represents 
the strain hardening (p. 412). 

The rate at which the effect of strain hardening is removed 
depends on the temperature. It was mentioned before (p. 
409) that the effect of strain hardening can be eliminated in a 
short time by annealing metal at a certain high temperature 
which depends on the kind of metal. But the same effect can 
be obtained at much lower temperatures acting over a longer 
period of time. It has been shown,” for instance, in investi- 
gating the softening of cold worked copper, that the softening 
produced in 12 minutes at 300° C. would take 10.4 days at 
200° C. and that apparently it would take about 300 years to 
produce the same softening at 100° C. 

The time-extension curves, Fig. 299, show that during the 
initial extension the rate of extension gradually diminishes. 
This is due to strain hardening. At the inflection point a 
certain constant rate of extension is established at which the 
hardening and softening counteract each other; that is, the 
strain hardening produced by creep is continuously destroyed 
by the softening effect of the high temperature, and creep 
continues at a constant rate depending on the magnitudes of 
stress and temperature. 


129 See Pilling and Halliwell, Proc. Amer. Soc. Test. Matls., Vol. 25, 
1925. See also R. W. Bailey, Journal Inst. of Metals, Vol. 35, 1926. 


` . 








MECHANICAL PROPERTIES OF MATERIALS 469 


Since we always have to consider progressive creep in 
members subjected to the simultaneous action of high tem- 
perature and stress, the design must be based on the assump- 
tion of a certain duration of service of the structure and of a 
certain amount of permanent deformation which can be con- 
sidered as permissible. The working stresses must be chosen 
in each particular case so that the permanent deformation of 
the structure during its lifetime will not exceed a definite 
limit depending on the type of structure. The purpose of 
long-duration high-temperature tests is to furnish the designer 
with sufficient information for a satisfactory calculation of the 
above mentioned permanent deformations due to creep. 

The duration of the laboratory tests usually does not 
exceed a few thousand hours, and for the prediction of the 
creep deformation during the lifetime of a structure some 
extrapolation of the laboratory test results becomes necessary. 
The experiments with various steels show that in the first 
portion of the creep curves, Fig. 299, the excess of creep rate 
above the minimum creep rate decreases geometrically as time 
increases arithmetically. Hence, denoting by e the total 
inelastic elongation at a certain time ¢, by v the corresponding 
creep rate, and by v the minimum creep rate, we can take for 

the creep rate the expression *° 


= ae _ vo + ce, (a) 


in which c, w and æ are certain constants which must be de- 
termined from the creep curves. Take, for example, a metal, 
the creep curves of which for several values of stress and for 
a constant temperature 850° F. are given in Fig. 300. Meas- 
uring the slope in five points of each of these curves, we obtain 
the five values of the creep rate for each stress at five differ- 
ent values of ¢, and the curves shown in Fig. 301 are con- 
structed. The horizontal asymptotes to these curves evi- 
dently give us the values of vo for the applied values of stress. 





: F z 
130 See reference 128. For comparison methods of extrapolation of 


test data see J. Marin, Proc. Am. Soc. Test. Mat., Vol. 37, p. 258, 1937. 
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Plotting now the values of log (v — vo) against time, we obtain 
the system of inclined parallel lines which indicate that the 
assumed expression (a) is satisfactorily chosen. From these 
lines the values of constants ¢ and « in expression (4) are 
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obtained by measuring the ordinates of the lines at ¢ = o and 
their slope. The plastic elongation is now obtained by the 
integration of equation (a) which gives 


e€ = @ + v — “et, (b) 
where ¢ is a constant. 

Applying this equation to some specific value of 4, for 
which the plastic elongation is known from F ig. 300, the value 
of € can be calculated. Hence all the constants entering in 
the equation (4) are determined by using the curves of Figs. 
300 and 301, and we can now apply this equation for calculat- 
ing e for any given interval of time. In this way the curves 
shown in Fig. 302 are obtained. Having such a system of 
curves for a definite material and a definite temperature, a 
designer can readily select the proper value of working stress 


if the lifetime of the structure and the permissible plastic 
deformation are given. 
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In our previous discussion it has been assumed that plastic 
flow is accompanied by strain hardening. Experiments show 
that with increase in temperature the strain hardening be- 
comes less and less pronounced. 
The maximum temperature at 
which strain hardening is ob- 
served varies with the material, 
and in the case of steels it varies 
with the composition of the 
steel. For instance, with mild 
carbon steel (0.17 C) at a stress 
of 2,200 lbs. per sq. in. no 
strain hardening was observed *! 
at a temperature of 647° C. 
Under such conditions the time 
extension curve has a shape 
such as shown in Fig. 303; Les °° #25, 24 86 ion 
the rate of creep increases con- Fre. 302. 
tinuously with the time. It is 
interesting to note that the two kinds of time-extension 
curves shown in Figs. 299 and 303 are associated with different 

types of fracture. When strain 
hardening is present, yielding at a 


302109 
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$ certain point in the specimen in- 
5 creases the resistance at this point 
X and the next sliding occurs at 
Fine some other cross section. As a 
Fie. 303. result of this a uniform elongation 


takes place and the specimen re- 
mains cylindrical up to the beginning of “necking.” When 
strain hardening is absent, the local yielding which begins at 
the weakest cross section spreads at a decreasing rate towards 
the ends of the specimen. As a result of this the two parts 
of a broken specimen are tapered from the ends to the cross 
section of fracture. 


181 Book by H. J. Tapsell, loc. cit., p. 466. 
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Under the prolonged action of high temperature a metal- 
lographic transformation in metal takes place of such a nature 
that the resistance of the steel to creep is reduced. This effect 
is more pronounced in the case of high carbon steels. To 
reduce this structural transformation it is necessary to apply 
a suitable heat treatment assuring the metallographical 
stability.¥82 

Most of the data regarding the strength of metals at high 
temperatures has been obtained from simple tension tests and 
the strength of metals under combined stress remains an 
unexplored field. In order to get some information about the 
creep of steel under such conditions Mr. Bailey made some 
interesting tests with lead. This metal has a low melting 
point and creep phenomena occur at room temperature. 
Experiments with combined stresses are much simpler at this 
temperature and may throw some light on the behavior of 
steel under combined stresses at high temperature. 

The long-duration high-temperature torsion tests with thin 
tubular steel specimens were made at the University of 
Michigan by F. L. Everett. This kind of test has some 
advantages as compared with usual tensile tests, since the 
plastic torsional deformation does not affect the cross- 
sectional dimensions of specimens and since smal! volume 
changes owing to temperature fluctuation and to metallo- 
graphical transformation do not affect the measured angle 
of twist. 

Before concluding this discussion it should be noted that 
progressive creep may produce a redistribution of stresses in 
parts submitted to the simultaneous action of stresses and 
high temperatures. At points of high stress concentration 
the rate of creep is larger and hence creep will result in a more 
favorable stress distribution. This fact must be considered in 





132 See F. R. Hensel and E. I. Larsen, Trans. Am. Inst. Min. Metalg. 
Engrs., Vol. 99, P. 55, 1932. 

133 See paper presented at the World Power Conference, Tokyo, 1929. 

11 Trans. Am. Soc. Mech. Engrs., Vol. 53, p. 117, 1931. 
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design. Several examples of this kind have been discussed by 
Mr. Bailey. 


83. Various Strength Theories.“—The mechanical prop- 
erties of structural materials have chiefly been investigated 
with testing machines which subject specimens to the simplest 
sort of stress conditions. Most of our information regarding 
the strength of metals is obtained from simple tensile tests, 
while the strength of brittle materials such as stone or concrete 
has mostly been studied by compression tests; we also have a 
certain amount of information regarding the strength of 
materials in shear. The strength of materials under more 
complicated stress conditions than these has only been in- 
vestigated in exceptional cases. In order to have some basis 
for determining working stresses for the conditions of com- 
bined stress which are often encountered in design, various 
strength theories have been advanced. The purpose of these 
theories is to establish laws by which we can, from the 
behavior of a material in simple 
tension or compression tests, pre- 
dict the condition of failure under 
any kind of combined stress; here 
failure signifies either yielding or 
actual rupture whichever may oc- 
cur first. 

In the most general case the 
stress condition of an element of a 
stressed body is defined by the 
magnitude of the three principal stresses, oz, a, and ez, Fig. 





Fig. 304. 








135 R. W. Bailey, Inst. Mech. Eng., 1927. Engineering, Vol. 124, 
1927, p. 44. Vol. 129, 1930; Inst. Mech. Engrs., 1935. See also C. R. 
Soderberg, Journal Appl. Mech., Vol. 1, p. 131, 1933; G. H. MacCullough, 
Journal Appl. Mech., Vol. 1, p. 87, 1933. J. Marin, Journal Franklin 
Inst., Vol. 226, p. 645, 1938. 

"6 A description of these theories can be found in papers by H. M. 
Westergaard, Jour. Franklin Inst., 1920; A. J. Becker, Bull., nr. 85, 
Eng. Expt. Stat., University of Illinois; F. Schleicher, Zeitschr. f. Angew. 
Math. u. Mech., Vol. 5, 1925, p. 199. A. Nadai, Journal Appl. Mech., 
Vol. 1, p. 111, 1933. 
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304. The following relation between the algebraic values of 
principal stresses is assumed: 


Tr > Oy > oz, (a) 


in which tension is taken positive and compression negative, 
The oldest theory, the so-called maximum stress theory 1 takes 
the maximum stress as the criterion for strength and assumes 
that, in the case of ductile materials, yielding starts in an 


becomes equal to the yield point stress of the material in simple 
tension or the minimum stress becomes equal to the yield 
point stress of the material in simple compression. This 
makes the conditions for yielding 


oz = Cy_p, 
or 


— 7 
Oz = OYP., 


(309) 


in which cy.p. is the yield point in tension and oy.p.’ the yield 
point in compression. There are many evidences contra- 
dicting this theory. We have seen, for instance (Fig. 214), 
that in the case of simple tension sliding occurs along planes 
inclined to the axis of the specimen, i.e., on planes where the 
tensile stress is not a maximum. It is known also that a 
homogeneous and isotropic material, although weak in simple 
compression, may sustain very large hydrostatic pressures 
without yielding. This indicates that the magnitude of the 
maximum tensile or compressive stress alone does not define 
the condition for yielding. 

Another strength theory, attributed usually to Saint 
Venant, is the so-called maximum strain theory. In this 
theory it is assumed that yielding of a ductile material starts 
either when the maximum strain (elongation) becomes equal 
to the strain at which yielding occurs in simple tension or when 
the minimum strain (compressive strain) becomes equal to the 





: . ' 
187 Sometimes called Rankin’s Theory. 
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unit strain in simple compression. That is, from eqs. (43, 
Part I), either 





OY.P. 
F- pluto) = om 
or 1 (310) 
Cz OY.P. 





ETEC +o) = SF 


There are evidences against this theory also. For instance, 
when a plate is subjected to tension in two perpendicular 
directions, the maximum strain theory indicates that the yield 
point must be higher than in the case of simple tension, 
because the elongation in each of the two directions is some- 
what decreased by the tension in the perpendicular direction. 
This conclusion is not supported by experiments. Experi- 
ments with specimens under uniform hydrostatic pressure also 
contradict this theory. 

Much better agreement with experiment, at least with 
ductile materials having oy.p. = cy.p.’, is given by the 
maximum shear theory, which assumes that yielding starts 
when the maximum shearing stress becomes equal to the 
maximum shearing stress at yield point in a simple tensile 
test. Since the maximum shearing stress is equal to half the 
difference between the maximum and the minimum principal 
stresses, the condition for yielding is 9 


2(6z — 02) = fov.p.. (311) 


In machine design the maximum shear theory is now generally 
used for ductile materials. This theory is in good agreement 
with experiment and is very simple to apply.“ 





88 See Wehage, Mitteilungen d. Techn. Versuchsanstalten, p. 89, 
rlin. ; 
eee Th theory is supported by the experiments of J. J. Guest, Phil. 
Mag., Vol. 50, 1900, p. 69. See also L. B. Turner, Engineering, Vol. 86, 
p- 169; W. A. Scoble, Phil. Mag., 1906, December, and 1910, January; 
C. A. Smith, Engineering, Vol. 88, p. 238. ; o. ; 
140 The comparison of various strength theories as applied in machine 
design is given by J. Marin, “ Product Engineering,” May, 1937. 
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The quantity of strain energy stored per unit volume of 
the material has also been proposed as a basis for determinin 
starting of yielding." By using the general eq. (192) (p. 30 j 
Part I) and equating the energy for the case shown in Fig tos 
to the energy at yield point in simple tension, the condition of 


yielding is found to be 
I 
w= JE (o + 6,2 + T2) 


oy. 


H 2 
< E (oxy + TyOz + O70 2) = SE . (312) 





To compare the various strength theories let us consider the 
case of pure shear. In this case the maximum tensile stress is 
equal to the maximum compressive stress and to maximum 
shearing stress (article 16, Part I). Then 


z = — 0: = T}; Cy = 0. 


Assuming that the material has the same yield point in tension 


and compression, the conditions for yielding according to the 
various theories are 





T = y.p. from eqs. (309), 
I 

T= yp ore. from eqs. (310), 

T= ley» from eq. (311). 


Equation (312) for this case gives 


TŻ +u) _ Typ? 


w = E a? 





from which 


p= Ir, 
Val + n) 


8 11 This proposal was first made by Beltrami, Rendiconti, p. 704, 
‘ g Math. Annalen, P- 94, 1903; see also Girtler, Sitzungsberichte 
a tener Akad, Vol. 116, IIa, 1907, p. s09, and B. P, Haigh, Engi- 

ing, Vol. 109, 1920, p. 158, and Brit. Assoc. for the A sci 

Reports, Edinburgh, 1921. © Adv. of Science, 
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Taking u = 0.3, as for steel, we find: 


= oy.p. from the maximum stress theory, 


7 
T = 0.770y.P. from the maximum strain theory, 
T = O.$0cy.p, from the maximum shear theory, 
T = 0.620y.pP. from the maximum strain energy theory. 


It may be seen that the difference between the various theories 
in this particular case * is a considerable one. If we have a 
circular shaft in torsion, for instance, and assume a certain 
value for Tmax = Ty.p./n, we will find from eq. (149), Part I, for 
the various strength theories, the following ratios of diameters: 


oy ee i: 1.09 1.26 : 
TiN Gat 0.50 $ Vo.62” or I: LOQ: 1.26: 1.17. 











Fic. 305. 


Figure 305 compares graphically the four theories presented 
above for the case when there are only two principal stresses 
(c; = 0) 1 and oy.p. = oy.p.’.. The lines in the figure repre- 





12 Comparisons of various strength theories in application to various 
design problems are given in the paper by Roth; see Zeitschr. f. Math. u. 
Phys., Vol. 48, 1902. 

13 See papers by A. J. Becker, loc. cit., p. 473, and B. P. Haigh, 
loc. cit., p. 476. 
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sent the values ofc, and oy at which yielding Starts, according 
to the various theories. The maximum stress theory is 
represented by the square 1234. The lengths O4 and OB 
represent the yield points in simple tension in the x and y 
directions respectively. In the same manner 4’ and B’ 
correspond to simple compression. Point 1 represents equal 
tensions in two Perpendicular directions, each equal to the 
yield point in simple tension. The maximum stress theory 
states that there is no yielding at any point inside of the 
Square 1234. The maximum strain theory is represented by 
the rhombus 5678. Since a tension in one direction reduces 
the strain in the perpendicular direction, two equal tensions, 
according to the maximum strain theory, can have much 
higher values at yielding (as represented by point s) than 
with the maximum stress theory (point 1). If the two 
principal stresses are equal and opposite in sign, the maximum 
strain theory (points 6 and 8) indicates that yielding starts at 
lower values than the maximum stress theory would indicate. 
The maximum shear theory is represented by the irregular 
hexagon 41B4'3B'4. It coincides with the maximum stress 
theory when both principal stresses are of the same sign, but 
there is considerable difference between the two theories 
when the principal stresses have opposite signs. Equation 
(312) for the maximum strain energy theory reduces, for two- 
dimensional problems, to 


on" + oy — 2UOrOy = oy p.”, 


By plotting this we obtain the ellipse shown in Fig. 305, en- 
closing all the points at which no yielding takes place, ac- 
cording to the maximum strain energy theory. 


The maximum strain energy theory was further developed by 
Huber." In order to bring the theory into agreement with the 





1 M: T. Huber, Czasopismo technizne, 1904, Lwov (Lemberg). See 
also R. v. Mises, Göttinger Nachrichten, Math. Phys. K1., 1913, p. 582; 
H. Hencky, Zeitschr. f. Angew. Math. u. Mech., Vol. 5, 1925, p. 11s; 
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fact that materials can sustain very large hydrostatic pressures 
without yielding, Huber proposed, when the average stress aCe. 
+ oy + 02) is compression, to split the strain energy into two parts, 
one due to the change in volume and the other due to the disto , 
and consider only the second part. Using the notation 


dio, + oy + oz) =? 


and eq. (45) (Part I) for the unit change in volume A, the strain 
energy due to the change in volume is 








A 3(1 ~— 2p) _ t= 2n J2. 
w=” = oF P 6E (oz + ay + c3) 


Subtracting this from the total energy w (eq. 312), we find for the 
energy of distortion 

I+u _ oJ (ar 
we Oo W= GR Lee — oy)? + (or a2)? + (oy a2)? | (3 3) 
In case p < 0 it was proposed to use w instead of the total energy w 


iti f yielding. 
as Tin also to pure shear and to simple tension we find, 


from eq. 313, for shear (sz Tz = T; oy = O) 


ate? 
W = E 








and for tension (0+ = 6; oy = oz = 0) 
-Eta 
Ww = 3E 
The condition of yielding in shear is 
G+? (uoy? 


E 3E 
from which 1# 
T= 7 ov.p. = 0.5570¥.P.. (314) 





F. Schleicher, loc. cit., p. 473, and M. Roś and A. Eichinger, Proc. 
. Congress for Applied Mechanics, 1926, Zürich. , 

ee ean experiments by W. Lode, Zeitschrift f. Physik, Roe 36, 
1926, p. 913, Forschungsarbeiten, nr, 393» 1928, and of M. Ro a 

. M } ; 
A. Eichinger, Materialpriifungsanstalt an d. E. T. i irich, 926 

i i Berichte, nr. 28, 1928, and nr. 34, 1929, agre 

a asion Be strain energy theory than with maximum shear theory, 
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The maximum shear theory was given a further development by 
O. Mohr. In this development he made use of the representation 
of stress conditions on an element 
of a stressed body by circles, as 
explained in article 18, Part I. In 
this representation the normal and 
shearing components of the stress 
acting on any plane are given by 
the coordinates of a certain point 
in the shaded areas (Fig. 306). 
Points lying on the same vertical 
line such as MN represent the 
stresses on planes with the same 
normal stress e and with various 
shearing stresses. It is natural 
to assume that the weakest of all 
these planes is the plane with the maximum shearing stress, whose 
stress condition is represented by the point M lying on the outer 
circle. Repeating the same reasoning with points lying on any 
other vertical line, we finally arrive at the conclusion that the 











Fic. 306. 





Fic. 307. 


weakest plane must be one of the planes whose stress conditions are 
represented by points on the outer circle ANC. Hence the outer 
circle alone is sufficient to determine the limiting stress condition, 
Le., the stress condition at which yielding begins. In Fig. 307 the 


but in most cases the difference between these two theories is not sc 
large as to make it of practical importance to introduce the maximum 
energy theory in machine design. For further development of this theory 
see the paper by F. Schleicher, loc. cit., p. 473- See also W. v. Burzyński, 
Sweiz. Bauz., Vol. 94, 1929. ' l 

16 O. Mohr, V. D. I., Vol. 44, 1900, p. 1524. See also his “ Abhand- 
lungen aus dem Gebiet d. technischen Mechanik,” sec. ed., p. 192, 1914, 
Berlin. . . 
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length OA represents the yield point in simple tension and the 
circle with the diameter O4 represents the condition for yielding in 
simple tension. In the same manner the circle with the diameter 
OC represents the condition for yielding in simple compression, and 
the circle with the diameter DB represents the condition for yielding 
in pure shear. If several circles of this kind are obtained for a 
given material by experiments, the envelopes of these circles, in 
this case MN and M,M,, can be constructed. Then Mohr assumed 
that any stress condition at which yielding would start is represented 
by a circle tangent to these envelopes. Assume, for instance, that 
the envelopes MN and M,N, can be replaced by straight lines 





Fic. 308. 


(Fig. 308). Then, knowing the limiting condition in simple tension 
(sz = oy.p.) and in simple compression (e, = oy.p.’), the conditions 
for yielding in pure shear can easily be obtained. From the figure, 


r 
AT TP oyp. — Typ. 


OF = FG = FH = 1G = 2LK = 3" cos o. 


. wpa: d by 
Then the stress producing yielding in pure shear, represente 
the radius OD of the circle with center at O and tangent to MN, is 


Typ, = OD = OF cos p = i(oy.p, — Syp.) cos o. (a) 


The angle p may be calculated from the triangle KLP, from which 


PK: PL? V- oyroyr @) 
se = O PK Hop. oyr.) 
Substituting in (a) 
Typ, Oy. p. e 
Tyer T oyp, — yp, () 
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when oy.p, = — oy.p.’, eq. (c) coincides with the maximum shear 
theory. If we apply eq. (c) to cast iron 7 and assume that the 
ultimate stress in compression is four times the ultimate stress in 
tension, we find for the ultimate stress in shear, from (c), 


40uie 





Tult = = 0.8ou = 0.8 ult. str. in tension. 


Cult 


This is in satisfactory agreement with experiments made by C. 
Bach with hollow cast iron cylinders. Very extensive experiments 
with marble and sandstone have been made by Th. v. Kármán 149 
and R. Böker.150 l 


84. Working Stresses.—The problem of choosing an 
adequate factor of safety in design of structures and machine 
- parts is of the utmost practical importance. If this factor is 
taken too low, making the working stresses too high, the 
structure may prove weak in service. On the other hand if 
the working stresses are too low the structure becomes un- 
necessarily heavy and uneconomical. In discussing the vari- 
ous factors to be considered in choosing working stresses let 
us take a simple example of tension of a prismatical bar. We 
assume that the yield point of the material is taken as the 
basis for determining the working stress; then the safe cross 
sectional area 4 is obtained from the equation: 


TY.P. P 


n SA (a) 





We see that the cross-sectional area depends on the magnitude 
of the external load P, on the yield point of the material, 
ox.p., andon the factor of safety z. Obviously the magnitude 
of this factor, which is sometimes called the factor of ignorance, 
depends on the accuracy with which we know the quantities in 
eq. (a), namely, the external load and the mechanical prop- 





“7 In the case of brittle materials the above theory applies to the 
ultimate stresses, instead of yield point stresses. 

18 C, Bach, Elastizität und Festigkeit, 7th ed., p. 362. 

19 Th. v. Kármán, Forschungsarþeiten, nr. 118; see also V. D. I., 
Vol. §5, 1911. 

150 R, Böker; Forschungsarbeiten, -nr. 175/176. 
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erties of the material, and on the accuracy with which this 
equation represents the maximum stress. 

There are cases where the external forces are known with 
good accuracy. We know exactly, for instance, the hydro- 
static pressure acting on a dam if the depth of the water is 
known. We know accurately the centrifugal forces acting in a 
rotor having a definite angular velocity. But in the majority 
of cases the forces are known only approximately and the most 
unfavorable loading condition for a structure can be estimated 
only on the basis of long experience. Consider, for instance, 
the design of a bridge. The weight of the bridge itself and the 
weight of the train moving across the bridge may be known 
with satisfactory accuracy. But in designing the bridge 
dynamic effects must be taken into account. Due to the 
balance weights the pressure of a locomotive wheel on the rail 
is not constant and the maximum pressure is larger than the 
static pressure. Under the action of the moving and varying 
loads the bridge will be brought into vibration and under such 
conditions the problem of determining the forces in individual 
members of the bridge becomes extremely involved. Another 
type of forces acting on the bridge, which we do not know 
accurately, is wind pressure. The magnitude of such forces 
is usually estimated on the basis of experience with existing 
structures. From this discussion it is obvious that if eq. (a) 
represents the condition of safety for a member of a bridge, the 
force P is not known to us exactly and can be estimated only 
with some approximation. The accuracy with which the 
estimate can be made will affect the magnitude of the factor of 
safety. 

The magnitude of cy». is also not an exactly known 
quantity. It may vary to a certain extent for the same 
material, and this variation depends on the homogeneity of 
the material. It is quite natural therefore that in the case of 
such homogeneous materials as steel the factor of safety may 
be taken lower than in the case of such materials as wood or 
stone. 


The accuracy of the formula itself must also be con- 
n. 
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sidered in choosing the factor of safety. Equation (a) can be 
considered very accurate for calculating the stresses in a 
tensile test specimen (see Fig. 248) because special precautions 
are taken to apply the load centrally and to distribute it 
uniformly over the weakest cross section. But again taking as 
an illustration the design of a member of a bridge, it can be 
appreciated that eq. (a) is only a rough approximation 
depending usually on the assumption that there are ideal 
hinges at the joints. The actual stress condition in such a 
member is very far from simple tension. Due to rigid joints 
the members of a bridge truss undergo not only direct stress, 
but also bending. The corresponding bending stresses are 
sometimes of a considerable magnitude and if they are not 
taken into account and the simple eq. (a) is used in determining 
the cross sectional area of the member, then the inaccuracy of 
eq. (a) in this case is usually compensated for by increasing the 
factor of safety. 

From this discussion it can be seen how difficult it would 
be to give any definite recommendations regarding the 
magnitude of the factor of safety and how much this factor 
depends and always will depend upon the experience and 
judgment of the designer. 

In the following discussion it is assumed that the forces are 
established on the basis of experience with past practice and 
that the mechanical properties of the material are known. 
Methods are then considered for determining the effect of 
various kinds of stress conditions on the choice of working 
stresses. Knowledge of this enables us to design a structure in 
such a manner as to have the same factor of safety in all 
parts of the structure. It is obvious that this latter require- 
ment must always be fulfilled if the design is to be economical, 
because the ultimate strength of a structure is determined by 
the strength at the weakest place. 

Let us begin the discussion with the cases in which the 
stresses remain constant, as, for instance, in structures submit- 
ted only to static loads or in rotors of machines running con- 
tinuously at the same speed: The first question to be 
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considered is whether to take the yield point or the ultimate 
strength as the limiting stress in determining the working 
stress. In the case of ductile materials, such as structural 
steel, it seems logical to take the yield point as the basis for 
determining working stresses, because the considerable de- 
formations, which take place at yield point, are seldom per- 
missible in engineering structures. In the case of brittle 
materials, such as cast iron or concrete, the working stresses 
are usually taken as some part of the ultimate strength. 

Knowing the yield point cy.p. of a ductile material, the 
working stress in tension or compression Is 


oy = TYP., () 
n 


where z is the factor of safety. In structural engineering this 


factor is often taken equal to 2. If the most unfavorable 
loading condition is taken, the factor of safety is sometimes 
lowered to 1.5. It must be noted that when the loading is 
static and the material is ductile the stress concentration due 
to holes or reéntrant corners is usually disregarded, and the 
maximum stress is calculated from simple equations such as 
eq. (a) for direct stress, eq. (149), Part I, for twist and eqs. 
(58), Part I, for bending. 

After having established the working stress for simple ten- 
sion and compression, the working stress for any other stress 
condition is usually determined on the basis of the maximum 
shear ™® theory (p. 475), from which we find for pure shear 


To = >=: (c) 


This magnitude of working stress for shear must be used in all 


151 Tt is assumed that the yield point in tension and compression is 
the same. ; i OPON 

182 Sometimes the calculations are made for two different conditions: 
(1) the usual service loading condition and (2) emergency condition, 
when the most unfavorable loading condition possible is assumed. A 
lower factor of safety is used for this second condition. 

153 Application in design of other theories has been discussed by J. 
Marin, “Product Engineering,” May, 1937. 
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cases of combined Stresses; that is, the structure is designed 
so as to make 


Or — Oz Oy pP 


I . 
ee a g 





in which oz and o, are the maximum and the minimum 
Principal stresses respectively, so that the left side of eq. (d) 
represents the maximum shearing stress. In the particular 
case of combined bending and twist of a circular shaft (art 62) 
Part I, we have, for example, —o 





Ts — F; 16 
Ca T e = TRV E Me, 


from which 


In the case of brittle materials the working stresses in 
tension and compression are 


Dult Suit” 
Ty = =. g! = t 
a a TE, (e) 


in which oui, is the ultimate strength in tension, cui the ulti- 
mate strength in compression and 7 is the factor of safety 
For such materials as concrete or cast iron this factor is usually 
taken comparatively high, varying in various cases from 4 to 8. 
Once we have the working stresses for tension and compres- 
sion, the working stress for any other stress condition can be 
obtained by using Mohr’s theory as explained on p. 480. In 
practice the maximum stress theory (p. 474) is often used in 
the case of brittle materials; that is, the dimensions are 
determined so as to have the maximum tensile stress not 
larger than the working stress in simple tension and the 
maximum compressive stress not larger than the working 
Stress in compression. It must be noted that for brittle 
materials the stress concentration must be taken into account 


(see Chapter VII) in calculating these maximum tensile and 
compressive stresses. 
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It was assumed in the above discussion that the principle 
of superposition holds, which means that the maximum stress 
is proportional to the load. Hence the factor of safety n, 
which we use in determining the working stress, applies also 
to the external loads, and we can state that the yielding in 
the structure begins under the load which is 7 times the actual 
safe load. If the principle of superposition does not hold, 
the maximum stress is no longer proportional to the load, 
and it is necessary to apply the factor of safety to the load 
and determine the dimensions of the structure in such a 
manner that the yielding will begin only if the acting loads 
are increased # times. The application of this method to the 
case of combined bending and direct stress is discussed in 
art. 4 (see p. 32). This method is recommended also in the 
design of columns on a basis of the assumed inaccuracies (see 
p- 255, Part I). 

In discussing plastic deformations in structures, it was 
pointed out that instead of applying the factor of safety to 
the load at which yielding begins, we can apply the factor 
of safety to the load at which a complete failure of the struc- 
ture occurs. Some applications of this latter method of design 
are discussed in article 68. Sometimes, as, for example, in 
aeroplane design, both methods are applied and the two 
different factors of safety are used—one with respect to the 
load up to which no yielding occurs, and the other with respect 
to the load sufficient to produce the complete collapse of the 
structure. 

In the case of variable stresses the problem of selection of 
working stresses becomes more complicated, since the stresses 
produced by dynamic causes, such as vibrations and impact, 
are usually known with much less accuracy than the statically 
produced stresses, and also the properties of materials under 
the action of variable stresses have not yet been completely 
studied. As a basis for determining working stresses the 
fatigue tests are usually taken in this case. If for a given 
material there are sufficient test data to construct an em- 
pirical curve, such as Gerber’s parabolas, or straight lines such 
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as are shown in Fig. 276, the working stress can be selected on 
a basis of such curves. In most cases, however, we do not have 
such complete information, and a decision regarding working 
stresses must be taken on a basis of the known endurance 
limit o for reversed stresses (Cmar = — min) and the yield 
point stress in tension Syp. 

A method sometimes successfully applied in the design of 
machine parts will now be discussed. We shall begin with 
a direct variable stress and solve it in two parts, constant 
mean stress and reversed stress, given by the formulas: 

Tmax F Gmin, Tmax — Omin 


on = 5 ; o, = 5 
Taking om as abscissa and ø, as ordinate, we can represent 
any variable stress by a point in the on, e, plane shown in Fig. 


309. In this figure, let 4 represent the yield point in a static 





Fic. 309. 


tension test (e, = o), and B the endurance limit for reversed 
stress (€m = o). Having these two limiting stresses, let us 
assume that the limiting stress conditions ! for other cases are 
represented by points on the straight line 4B. From the 





4 This method is used in machine design of the Westinghouse 
Electric and Manufacturing Co.; see papers by C. R. Soderberg, Trans. 
A. S. M. E., Vol. 52, p. 52, 1930; Journal of Appl. Mech. Vol. 1, p. 131, 
1933. See also A. M. Wahl, “Machine Design,” 1938. 

155 The limiting stress condition is defined as that which produces 
a failure; that is, fatigue fracture or stretching beyond the permissible 
limit. 
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discussion given on page 434 it is evident that such an as- 
sumption is on the safe side as compared with Gerber’s 
parabolas and the straight lines of Fig. 276. If we divide O74 
and OB by the factor of safety n, we obtain points determining 
the straight line CD, parallel to 4B, which represents safe 
stress conditions. From this line we can determine the safe 
value of om and o, for any value of the ratio o-/om. For 
example, for the stress condition represented by the point G, 
om = OF, o, = FG, and from the similar triangles GFC and 
DOC we find 














Op s , A 
Typ. Oy.p 
n m 
from which 
I Or Om 
an (315) 
z S Ove 315 
and 
T I g I 
Or = — om = pa (316) 
3 
n I 4 Oe Om n I 4 Ty.p, Or 
Oy p. Or Te Om 


It is seen that for any given value of the ratio o,/om the 
allowable values of o, and om are obtained from equations 
(316) if the values of e. and cy» are known from tests, and 
the magnitude of the factor of safety n is selected. As an 
illustration of the application of these equations let us assume 
that a prismatical bar of steel having oy.p. = 42,000 lbs. per 
sq. in. and se = 30,000 lbs. per sq. in. is submitted to repeated 
stresses, varying between the limits o and maze Then 

Tmax Tm 


O, = Om = —— — =I 
T m 2? T, 3 


and for n = 2 we find, from eqs. 316, 


o, = 32222 i. 8,750 lbs. per sq. in.; 


I 
1.4 





= 8,750 lbs. per sq. in. 
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Hence 
Tmax = Om + o, = 17,500 lbs. per sq. in. 


In the above discussion it is assumed that we are dealing 
with a prismatical bar and that the direct stress is obtained 
by dividing the axial force by the cross-sectional area of the 
bar. If the form of the bar is such that there is stress con- 
centration at certain points, as, for example, in a bar with 
fillets or in a bar with a hole, this stress concentration must be 
considered in selecting allowable stresses. Experience shows 
that a satisfactory design is obtained if the stress concentra- 
tion is considered only in dealing with the variable portion of 
the stress and disregarded when calculating the constant mean 
stress. Some justification of this procedure is obtained if we 
consider the case in which the acting forces increase above the 
allowable limit and some yielding of a ductile material, such 
as steel, occurs at the points of high stress concentration. As 
a result of such yielding, cycles of stress finally will be estab- 
lished for which omas = yp. Since for cycles in which 
Tmax =Syp the range of stress is practically independent of 
the magnitude of the mean stress,® the omitting of the factor 
of stress concentration in the calculation of mean stress does 
not effect the conclusion regarding the fatigue strength. 
Using the symbols om and c, for the nominal values of stresses 
(neglecting stress concentration) and the symbol & for the 
factor of stress concentration, which is applied only to variable 
stress, we obtain the allowable values of om and a, by sub- 
stituting ko, instead of o, in equations (315) and (316), which 
gives 




















I ko, T. 
noo tae (317) 
n Te Ty p. 
o. = Te I s Cy p I (318) 
"kn Fe Om? m n Typ. kor 
I -+ I + — 
oyp ko, Oe Om 





156 See R. E. Peterson’s discussion in Proceedings Am. Soc. Test. Mat., 
Vol. 37, 1937. : 
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Considering again the bar of the previous example and as- 
suming, for example, that the local stress concentration is such 
that k = 2, we obtain from equations (318) 





30,000 = bs. .in.; 
Or = Xa TT 5,530 lbs. per sq 
t+ 1.4 2 
= 42,000 I = lbs. per sq. in.; 
m= STI EL X 2 52530 Per sq 
Omax = Or + Om = 11,060 lbs. per sq. in. 


Equations (318) can also be used in bending. Suppose, for 
instance, that a shaft of steel with oy.p. = 42,000 lbs. per sq. 
in. and sẹ = 30,000 lbs. per sq. in. is bent by its own weight 
while rotating. Then om = o and, assuming, for example, 
n = 2 and k = 1.7, we would have 


Or = 3 = >F = 8,800 lbs. per sq. in., 


which represents the maximum nominal bending stress allow- 
able in this case. 

Since the endurance limit in shear is usually not far from 
half the endurance limit in reversed direct stress (see p. 435) 
we can assume that the maximum shear theory, which was 
originally proposed for constant stresses, applies also in cases 
where fracture occurs due to fatigue.” Hence for pure shear, 
using the notations t, and Tm for the reversed and constant 
parts of the stress, and & for the factor of stress concentration, 


we find, from eqs. (318), 











I Typ. I ; 
th =e; Tth =a oll br, (319) 
r 2kn + Te Tm n p p ZE iTr 

Typ. kr; Te Tm 





187 Application of various strength theories to fluctuating stresses is 
discussed by J. Marin, Journal Appl. Mech., Vol. 4, p. 55, 1937. 
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Assume, for example, that a shaft of the same material as 
above is submitted to a pulsating torque such that Tmi 
= 2Tmax and that the dimensions are such that the factor of 
stress concentration at the fillets (see p. 335 isk = 1.7. Then 
Tm = Tmax + Tmin = 3 _. Tmax — Tmin I 


2 4 Tmax Tr = 2 = 4 Tmaxe 


Assuming a factor of safety n = 2, we find, from eq. (319) 


z, = — 39000 I 
2X17X2 Ty 3 1,950 lbs. per sq. in.; 
L4 1.7 
tm = OO L T 866 lb 
"T = §,860 lbs. per sq. in.; 
ti + 1.4 xf 


Tmax = Tm + Tr = 7,810 lbs. per sq. in. 


Equation (319) can also be used for the general case of stress 
condition represented in Fig. 304, provided the plane of 
maximum shear remains immovable in the material, while the 
principal stresses vary.4® In this case 


C2 — C — 
Tmax = a Trin == Tx ~ Oz 
2 max? min 2 
min 


and the quantities 


— Tmax + Tmin 
™ =~ and Tr = 
2 


are determined from eqs. (319). 


There are sometimes more complicated cases, when not only the 
magnitude of the maximum shearing stress but also the position in 
the body of the plane in which it occurs changes. The simplest 
case of this kind is that of combined bending and torsion. F Pehi 
case the nominal value of the maximum sh “is (see eq, 


161, p. 278, Part I) earing stress is (see eq. 








158 iti 
Such a condition we have, for example, in the case of combined 


reversed bending and reversed torsion i i 
] sion if the bendin i 
moments are in phase. ' g and the torsion 
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Tmax = < VM? + Mè, (g) 
where M and M, are the maximum values of the bending and 
of the twisting moments respectively. In calculating the 
diameter d from this equation we substitute Sy p./20 for Tmaxs 
as for static conditions, and take care of fluctuation of stresses 
by multiplying M and M, by certain numerical factors m and 
m, so that the equation for determining d becomes 








aoe = 1°. VM + (mM). (320) 
The values of m and m, depend on the relative values of the 
moments M and M; and on their fluctuation. A satisfactory 
working formula will be obtained if the values m and mı are 
chosen so as to satisfy the two extreme conditions: (1) when 
M: = 0, and we have a fluctuating bending and (2) when 
M = o, and we have a fluctuating torque. For these two 
extreme conditions equation (320) gives 





16 
“an T ai ™M ” 
6 . 
xe = T mM, (i) 


The first of these equations corresponds to the fluctuating 
bending and the second to the fluctuating torsion. Both 
these cases were already discussed, and we have only to adjust 
the factors m and m, so as to bring equations (4) and (2) 
into coincidence with the previous equations (318) and (319). 
Let us begin with the case of fluctuating bending and use the 
symbols Mm and M, for the mean value and the variable 
value of the fluctuating bending moment M, so that 


M = Mm + M.. (j) 
The corresponding nominal values of stresses are 


Mm 2M, 
om = =: and or = = > (k) 
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and 
wa 


3 
M = Mn + M, = > (om + 97). 


Substituting this value of M in the equation (4), we obtain 





“= M(om + ar). (/) 


n 


If there is no stress concentration, this equation must coincide 
with equation (315). Hence 





mom + or) Or 4 Om 
Typ, Te Typ. ° (m) 
and 
I+ Or Typ 

m= ——2m_ h., (n) 

T, 

I+ — 

Om 


Since Typ, Fe and the ratio o,/om are known, the factor m is 
readily calculated from the equation (7). If there is stress 


concentration, the equation (/) must coincide with equation 
(317) and we obtain 


m = —————. (0) 


Considering in the same manner the fluctuating torque given 
by equation (i), we obtain 





mı = - e m (p) 
r= ? 
Tm 


in which kı is the factor of stress concentration in torsion, 
which is generally different from k, the factor for bending. 

It is seen that for given values of the fluctuating bending 
and torsion moments the values of the factors m and m can 
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be calculated from equations (0) and (p). The necessary 
diameter is then obtained from equation (320). 


As an example take a shaft of the same material as considered 
before and assume that the bending moment M is completely re- 
versed 159 and the torque fluctuates in such a way that M: 
= (M)n(t + 0.1). If the proportions of fillets are such that the 
factor of stress concentration in bending ' k = 1.7 and the factor 
of stress concentration in twist kı = 1.7,! then by substituting 
Om = O and Tr = O.ITm, we obtain from eqs. (o) and (p) 


_ IXP. _ . I+1.7 X1.4 XO.1 
m=k z. =1.7 X14 = 2.38; m= thot 


The diameter of the shaft can be obtained by substituting these in 
eq. (320). 

In the previous discussion it was assumed that the di- 
mensions are determined by strength considerations only. 
There are sometimes additional requirements which must be 
considered in design. There are cases in which a limiting 
deflection is prescribed and must be taken as a basis for 
calculating the dimensions. The deflection is of great im- 
portance in cases in which vibration of the system is to be 
considered. Sometimes there are requirements regarding the 
maximum deflection of beams or girders. Shafts must some- 
times satisfy requirements regarding the angle of twist per 
unit length. 

In the case of structures submitted to the action of high 
temperature the design must be based on the assumption of a 
certain duration of service of the structure and of a certain 
amount of distortion which can be considered as permissible. 
The working stresses are chosen so that the distortion of the 
structure during its life time will not exceed: a definite limit 
depending on the type of structure (see art. 82). 








= 1.13. 





189 This is always the case when the rotating shaft is under the action 
of loads fixed in space. 

160 If we determine k from the same table as used for the two-dimen- 
sional problem shown in Fig. 210, we shall always be on the safe side. 

161 It is assumed that the stress concentrations in bending and twist 
are at the same point. This is approximately true at the fillets of shafts 
of variable diameter. 
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From all this discussion it may be seen th 
working stresses is a very important and at t 
very complicated problem. 
safety z the designer must al 
ence. The above discussio 
working stresses for various 


at the choice of 
he same time a 
In establishing the factor of 
ways be guided by past experi- 
n giving a comparison of the 
stress conditions is not intended 
to replace the use of past experience but may be helpful in 
interpreting this experience and in arriving at a design which 
is equally strong in all parts. It may be useful also in making 
comparisons of different designs and in comparing the 
strengths of existing structures. The study of actual failures 
and the investigation of the causes of these failures in the light 
of the above theoretical discussion form a very useful method 
for acquiring a deeper knowledge of the strength of our struc- 
tures.’ Combining such an analysis of failures with theo. 
retical investigations of the stress distribution in various cases 
and with laboratory investigations of the strength of materials 
under various stress conditions will enable us to accumulate a 


economy of material and in grea 


ter reliability for structures 
and machines. 





162 In this respect such 


publications as Technical Reports, British 
Engine, Boiler, El. I 


nsurance Co. are of great practical importance, 
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Numbers refer to pages 


Arch, hinged at the ends, 94 
buckling of a circular, 219 
Assembly stresses in built-up cylinders, 
241 


Balls and rollers, 355 
Ball bearings, stresses in, 359 
Bars, curved, Chapter I, 65 
Beams, on elastic foundation, 1 
on elastic supports, 20 
Belleville spring, 182 
Bending, beyond elastic limit, 362 
combined with direct stress, 25 
in thin shells, 164 
of bars with small curvature, 104 
of curved bars, 65 
of curved tubes, 107 
of helical springs, 308 
of thin plates, 119 
Buckling load, 184 
effect of shearing force on, 209 
energy method in investigating, 199 
Buckling, lateral, of beams, 229 
of bars of variable cross section, 198, 
207 
of built-up columns, 211 
of a circular arch, 219 
of a circular ring, 216 
of compression members, 184 
of latticed struts, 211 
of a pillar uniformly loaded, 205 
of plate girders, 228 
of plates, 224 
of a rectangular frame, 195 
of tubes, 219 
of tubular sections, 228 
Buckling with torsion, 295 
Built-up, columns, 211 
cylinders, 241 
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Carbon steel, effect of carbon on the 
tensile properties, 397 
fatigue tests on, 497 
high temperature tests of, 463 
mechanical properties of, 497 
overstrain of, 406 
Cast iron, compression tests on, 404 
Castigliano theorem, application to curved 
bars, 81 
Center of twist, 51, 292 
Chain link, 87 
with a stud, 93 
Circular hole, in rotating disc, 246 
in tension member, 313, 317 
in twisted shafts, 317, 324 
with a bead, 317 
Circular membrane, 144 
Circular plate, loaded at the center, 146 
of a variable thickness, 145 
symmetrically loaded, 135 
uniformly loaded, 139 
with concentric loading, 149 
with a hole at the center, 151 
Circular ring, bending by two opposite 
forces, 80 
buckling of, 216 
deflection curve of, 101 
twist of, 172 
Cold work effect, in tension, 406 
in fatigue, 436 
Cold rolling of surface, 451 
Collapse of tubes under external pressure, 
219 * 
Columns, theory of, 184 
Combined, bending and compression, 25 
bending and tension, 39 
Combined stress, failure under, 473 
Compound cylinders, 241 
Compression of balls and rollers, 355 
Compression tests, 403 
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Concentration of stress, Chapter VII, 312 
in shafts of variable diameter, 335 
in tension compression members, 312 
in torsion of tubular sections, 326 
in twist of shafts, 317, 324 
Conical ring, 182 
Conical tank, 161 
Contact stresses, 355 
Continuous struts, 35 
Corrosion fatigue, 439 
Creep at high temperature, 466 
Creep rate, 467 
Creep in torsion, 472 
Critical load, 184 
determination of, by energy method, 
199 
for a bar with built-in ends, 188 
for a bar with one end built-in, another 
hinged, 190 
for a hinged bar, 187 
for a pillar, 187 
for continuous struts, 191 
Critical pressure for a circular ring, 216 
for an arch, 219 
for a tube, 219 
Critical stress, 189 
Crystal, mechanical properties of, 413 
Curved bars, bending perpendicular to the 
plane of initial curvature, 112 
bending stresses in, 65 
deflection of, 79 
neutral axis in, 66 
of circular cross section, 73 
of rectangular cross section, 69 
of T and I cross section, 72 
of trapezoidal cross section, 71 
theory of bending of, Chapter II, 65 
with circular axis, 101 
with small initial curvature, 104 
Curved tubes, of circular cross section, 107 
of rectangular cross section, 111 
Cylinder, built-up, 241 
deformation of thick-walled, 236 
deformation of thin-walled, 162 
plastic deformation of, 389 
shrink fit stresses in, 241 
stresses in, 239 





thermal stresses in, 174 
thin, with spherical heads, 164 
Cylindrical shell, 162 
thermal stresses in, 173 
Cylindrical surface, bending of plates to 
a, lig 
Cylindrical tube, buckling under pressure, 
219 
deformation symmetrical about the 
axis, 165 
shrink fit stresses in, 169 
with reinforcing ring, 169, 171 


Damage curve, 437 
Damping properties of materials, 427 
Deflection of beams, under direct and lat- 
eral loading, 25 
on elastic foundation, 1 
with small initial curvature, 104 
Deflection, of circular rings, ror 
of conical rings, 182 
of curved bars, 79 
of flanges, 180 
Deflection of plates, circular, having cen- 
tral hole, 151 
circular, with clamped edge, 139 
circular, with supported edge, 140 
rectangular, 155 
rectangular, long, uniformly loaded, 119 
Deflection of rails, 8 
Deflection of struts, 25 
of tie-rods, 39 
Discontinuity stresses in thin-walled ves- 
sels, 165 
Discs, rotating, of constant thickness, 245 
stresses in, 247 
of varying thickness, 253 
Dovetail joint, 322 
Drum, rotating, 169 
Ductility, 399 
and stress concentration, 322 


Effect of time, in tensile tests, 423 
in high temperature tests, 464 

Effective elongation, 401 l 

Effective width, 55, 112 

Elastic foundation, beams on, 1 
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Elastic, hysteresis, 426, 461 
stability, 185 
Elastic properties, effect of speed on the, 
425 
effect of temperature on the, 462 
Elliptical hole, in tension member, 318 
in twisted shaft, 325 
Elliptical ring, go 
Elongation, in tensile test, 400 
effective, 401 
Endurance limit, in bending, 430 
in combined stress, 435 
in shear, 435 
Endurance test, 429 
Energy method, in column theory, 199 
Euler’s column formulae, 185 
Exponential law, 405 
Eye-shaped ends, 85 


Factor, of safety, 482 
of stress concentration, 319 
Failure, types of, 418 
Fatigue failures, 443 
Fatigue of metals, 428 
causes of, 459 
corrosion and, 439 
effect of cold work on, 436 
effect of form of test bars on, 442 
effect of residual stresses on, 441 
effect of speed on, 437 
effect of surface finish on, 441 
effect of understressing or overstressing 
on, 436 
temperature effect on, 438 
Fillets, stress concentration produced at, 
320, 335, 339 
Flanges of tubes, bending of, 180 
Flexural rigidity of a plate, 120 
Flywheel rim, stress in, 98 
Foundation, elastic, 1 
Fracture, various types of, 418 
Frames, buckling of, 195 


Gears, fatigue failures in, 444, 458 
Grooves, effect on stress concentration, 
in tension member, 319, 338 
in twist, 325 
effect on the type of fracture, 421 








Girders, buckling of the web of, 228 


Helical springs, 304 
High temperature tests, 462 
Hole, circular, in tension member, 313 
in twisted shaft, 317, 324 
reinforced, 317 
Hole, elliptical, 318 
Hook, stresses in a, 75 
Hydrodynamical analogy in torsion, 324 
Hysteresis, 423 
elastic, 426, 461 
loops of, 427 
model for demonstrating, 427 


I-beams, buckling of, 229 
torsion of, 275, 283 


Keyway, stresses at, 325 


Lamé’s theory of thick-walled cylinders, 
236 

Lateral loads on struts, 25 
on tie-rods, 39 

Latticed struts, 211 

Link of a chain, stress in, 87 
with a stud, 93 

Local bending in thin shells, 165 

Local stress, at fillets, 320, 335, 339 
at holes in a tension member, 313 
at holes in a twisted shaft, 317, 324 
at keyway, 325 

Loop of hysteresis, 427 

Lueders’ lines, 343 


Membrane analogy in torsion, 267, 387 
Membrane, circular, 144 
Membrane stresses, in shells, 164 
Middle plane of a plate, 130 
` Models, in stress analysis, 342 
Modulus, of foundation, 1 
reduced, 365, 369 
Mohr’s strength theory, 480 
application in twist of cast iron, 482 


Neutral, axis in curved bars, 66 
surface in a plate, 130 
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Notch, hyperbolic, stress concentration 
produced by, 321, 338 


Overstrain, strain hardening, 406 
effect on fatigue, 436 
Overstraining, of materials in machine 
parts, 409 
recovery after, 407 
residual stresses due to, 416 


Photo-elastic method, 346 

Pillars, 184 

Pipes, bending of curved, 107 
buckling of, 219 
flanges, of, 180 
reinforced, 171 

Piston ring, 92 

Pitting cracks, 456 

Pitting limit, 457 

Plasticity, Chapter VIII, 362 

Plastic, bending, 362 
torsion, 383 
deformation of thick cylinders, 389 

Plate, bending to a cylindrical surface, 119 
buckling of, 224 
circular, loaded at the center, 146 
circular, symmetrically loaded, 135 
cricular, with a central hole, 151 
circular, with concentric loading, 149 
pure bending of, 129 
rectangular, 121, 155 
thermal stresses in, 133 

Polarized light, application in stress meas- 

urements, 346 

Proportional limit, 397 
initial, 460 
natural, 460 

Pure bending of plates, 129 


Railroad track stresses, 8 
Range of stress, in fatigue tests, 429 
effect of average stress on, 434 
safe, 459 
Rate of extension at high temperature, 
467 j 
Rectangular plate, 155 
buckling of, 224 
Reduced length, 189 


Reduced width, 57 
Reduced modulus, 365, 369 
Reduction of area, 401 
Residual stresses due to plastic flow, 379, 
386, 392, 416 
experimental determination of, 382 
Reversed stress, 429 
Rings, circular, bending by two opposite 
forces, 80 
circular, bending by forces perpendicu- 
lar to the plane of the ring, 112 
circular, buckling of, 216 
elliptical, go 
stresses in rotating, 248 
symmetrical, submitted to uniform 
pressure, 89 
with parallel sides and semicircular 
ends, 87 
Rollers, stresses in, 355 
fatigue failure of, 454 
Rotating discs, of variable thickness, 253 
solid of uniform thickness, 245 
with the hole at the center, 246 
Rotor, stresses produced by inertia forces, 
in 249, 252 
Roughness of surface, 455 


Season cracking, 418 
Sensitivity index, 448 
Separation failure, 418 
Shaft, fatigue failure of, 443 
non-circular, 265 
of variable cross section, 329 
stress concentration in, 329 
Shear center, 53, 292 
Shear theory, 475 
application to thick-walled cylinders, 
240 
Shearing force, effect on critical load, 209 
Shell, thin, 159 
local bending in, 164 
Shrink fit stresses, 241 
Single crystal, mechanical properties of, 
413 
strain hardening of, 413 
‘Size effect in fatigue tests, 449 


_Slenderness of a strut, 189 


Sliding failure, 418 
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Slip bands, 415, 461 
Speed effect, in compression tests, 424 
in tensile tests, 425 
Spherical shell, thin, 160 
Spherical seat, 356 
Spiral spring, go 
Spring, Belleville, 182 
spiral, go 
helical, 304 
fatigue failure of, 445 
Square plate, rectangular plate, 115 
Stability, elastic, Chapter IV, 184 
Standard specimens, 396 
Strain energy, 476 
Strain hardening, at room temperature, 
406 
at high temperature, 471 





of aluminum, 407 
of copper, 409 
of single crystals, 412 
of wire, 411 
Strength theories, 473 
Strength at high temperature, 465 
Stress concentration, Chapter VII, 312 
and fatigue, 442 
at the point of load application, 352 
in bending, 335 
in tension, 313 
in torsion, 324, 329 
Stresses, residual, 379, 386, 392, 416 
thermal, 133, 258 
Struts, 184 
approximate formulas for deflections of, 
49 
laterally loaded, 25 
latticed, 211 . 
trigonometric series applied to bending 
of, 44 
Superposition method, 29 
limitation of, 59 
Surface failure, 454 
Surface rolling, 453 
Surface roughness, 455 


Tank, conical, 161 
cylindrical, 173 
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Temperature effects, on the elastic prop- 
erties, 462 
on the modulus of elasticity, 464 
Tensile test, 396 
Thermal stresses, in cylinders, 258 
in cylindrical shells, 174 
in plates, 133 
Theory of strength, 473 
maximum shear, 475 
maximum strain, 474 
maximum strain energy, 476 
maximum stress, 474 
Thick-walled cylinder, 236 
plastic deformation of, 389 
Thin-walled cylinder, 162 
local bending in, 164 
Three moment equation, 36 
Thrust, on columns, 184 
of an arch, 94 
Tie-rods laterally loaded, 39 
Time effect, in tension, 423, 465 
at high temperature, 465 
Torsion, beyond elastic limit, 383 
hydrodynamic analogy in, 324 
membrane analogy in, 267 
of a circular ring, 177 
of channels, 275, 288 
of I-beams, 275, 283 
of non-circular shafts, 265 
of rolled profile sections, 274 
of shafts of variable diameter, 329 
of thin strips, 301 
of tubular sections, 278 
Torsion and tension, 299 
Torsion at high temperature, 472 
Torsional buckling, 295 
Trigonometric series, application to bend- 
ing, 44 
Tubes, local bending in, 164 
thermal stresses in, 173 
Twist center, 53, 292 


Ultimate strength, 397 
effect of high temperature on, 465 
in shear, for cast iron, 482 
Ultimate value of bending moment, 370, 


371 
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Ultimate load, on a beam, 377 for ductile materials, 485 
for simultaneous bending and torsion, 
Variable cross section, buckling of bars 492 
of, 198, 207 ‘| for variable stresses, 487 


shafts of, 329 
Vessels, subjected to internal pressure, 159 


local bending in thin, 164 Yield point, 397, 398 


at high temperature, 464 


Working stresses, 482 bending beyond, 362 
for brittle materials, 486 raising of the, 406 
for combined bending and compression, speed effect on, 425 


32 under combined stress, 473 





